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Preface 



When I planned this book seven years ago I had my graduate students at the 
University of Ulm in mind, diploma as well as doctoral students, who often asked 
me what literature they should work with. I used to suggest a list of ten to twenty (for 
my taste: excellent) treatises on NMR. Apparently this did not make them entirely 
happy. The difficulty which newcomers to the field face is to practise and to apply 
theoretical formalisms from different sources while still learning the principles of 
NMR and being actively engaged in NMR research. Although the text presented 
here is largely based on my lecture notes, the result is a ‘‘working book” rather than 
an introduction. It is intended to provide direct access to the basic information one 
needs for NMR diffusometry, relaxometry, and tomography applications. 

A “working book” is certainly not suitable to be read starting on page one and 
then carrying on until the last page. Boldly extrapolating my own reading habits to 
those of the typical scientist I am sure that this is not the way in which monographs 
of this kind are read nowadays. So my aim was to produce a treatise that offers easy 
and quick access for the reader to relevant matters of interest. I tried hard to ease 
the comprehension of NMR principles by extensive cross-referencing among the 
sections and chapters. 

Tomography, diffusometry and relaxometry are fields based on common phys- 
ical principles. The combined use of such techniques provides synergistic insight 
into physicochemical material properties of an object. Therefore I focused on the 
methodology offered by NMR in this respect. On the other hand, I virtually ig- 
nored conventional NMR spectroscopy apart from what is needed for spectroscopic 
tomography. This appears to be justified because liquid and solid-state NMR spec- 
troscopy is represented in the vast NMR literature to a much greater extent than 
are the three fields to which this book is devoted. 

The two middle parts, “Molecular Motion” and “Localization and Imaging,” are 
mainly of a methodological nature. They are framed by representations of a more 
axiomatic character. The first part “Spin Coherences and Echoes” gives full-length 
treatments of elementary pulse sequences where relaxation, diffusion, and localiza- 
tion effects are not yet accounted for. The fourth part offers a look-up compendium 
of the formalisms needed in basic NMR theories. The working book character is 
particularly obvious in this latter part. Researchers and PhD students are busy peo- 
ple and do not have much time for dealing with background formalisms. My aim 
therefore was to supply a compilation of the theoretical framework relevant for NMR 
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expressed in a consistent way. In particular, I carefully avoided “burying” important 
formalisms in the text. The intention is to permit straightforward access to what is 
needed while working analytically with NMR problems. Rules, basic principles, and 
algebraic techniques should be at hand and ready for use at any time. This part of 
the book is intended to “accompany” the reader while browsing in the text. 

Part IV certainly cannot replace an introductory treatise on NMR. I avoided 
any “handwaving arguments” which can be so helpful for the beginner (although 
they are almost never really convincing!). On the other hand, complex formalisms 
and implicit definitions are circumvented as far as possible. The intention was to 
provide reasonably tutorial explanations one can “live” with. 

The part on “Spin Coherences and Echoes” pays tribute to the fact that - pos- 
sibly with the exception of more recent force detection experiments - almost ev- 
erything observable in magnetic resonance refers to coherences or is based on its 
conversion into coherences. Fundamental spin-coherence phenomena are treated 
in a closed form. Coherence manipulation is the magic formula disclosing the un- 
matched beauty of NMR. 

The representations in Parts II and III, “Molecular Motion” and “Localization 
and Imaging,” are the logic follow-up to coherence and echo methods utilized for 
practical measuring techniques. Although I attempted to give an idea of the vast 
variability of NMR methodology, the primary aim was to emphasize the principles 
of representative experimental protocols. How can we study the manifold ways mor- 
phology, texture, or heterogeneity reveal themselves? What is the type of molecular 
dynamics in a structured environment? The central two parts of the book framed 
by the elementary coherence and echo formalisms on the one hand, and by the 
analytical NMR toolbox on the other, are likely to tone in with the fields of interest 
of those who felt attracted by the book title. 

The organization of the main text can also be viewed in a more hierarchical way. 
The first part demonstrates pulse sequences suitable for the production of coher- 
ences in the form of spin echoes using different coherence pathways. Relaxation and 
diffusion are not yet considered. The same sort of pulse schemes are more or less 
revisited in the second part, but with thermal equilibration now taken into account. 
Irreversible processes such as relaxation, self-diffusion and exchange are treated. In 
the third part, localization comes into play. Practically all principles outlined in the 
first two parts are now combined with imaging and volume selection procedures. 

This book is meant to be neither a literature review nor a historic survey! Even 
a moderate attempt of this sort would unavoidably result in an oeuvre such as the 
“Encyclopedia of NMR” [163] which has a range one order of magnitude larger. The 
literature references I have listed in the bibliography are intended as a suggestion 
for further reading. They were not consistently selected according to any original 
priority. On the contrary, I have preferred references where further citations of pre- 
vious development are listed. In particular, there are many citations of monographs 
and review articles. 

The above outline of the philosophy of this treatise will, hopefully, convince the 
reader that my aim was to provide a book for the researcher’s desk rather than for his 
or her bookshelf! I would be happy if I should have succeeded in achieving this goal. 
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During my struggle with the preparation of this book, I remembered the words 
of Jim Brown whose office I had the pleasure to share while I spent my sabbatical 
at the University of Kent at Canterbury two years ago. He once tried to reassure 
me by stating that “one can never finish writing a book, one can merely abandon 
it.” Although I do not really have the feeling of doing so at this instant, I must 
admit that it was a long, hard slog with many temptations to break off. This is the 
time when I must thank all my friends, colleagues and coworkers for supporting, 
teaching, inspiring and encouraging me in the course of this work and earlier. I 
enjoyed much fruitful cooperation and discussion, helping me to advance my view 
of the subject of this book. Representative to many others I would like to mention 
Jerzy Blicharski, Myer Bloom, Bernhard Blumich, Cesare Borgia, Robert Botta, Paul 
Callaghan, N. Chandrakumar, Dan Demco, R. R. Ernst, Nail Fatkullin, Franz Fujara, 
Eichii Fukushima, Farida Grinberg, Genevieve Guillot, Ulrich Haeberlen, Siegfried 
Hafner, Morley Raise, Jukka Jokisaari, Stefan Jurga, J. Karger, Joseph Klafter, Win- 
fried Kuhn, Bruno Maraviglia, Peter McDonald, Robert Muller, Narczys Pislewski, 
Jack Powles, Daniel Pusiol, H.W. Spiess, John Strange, Jan Weis. My thanks are 
also due to the numerous students who have passed through this laboratory, and, 
last but not least, to Hans Wiringer, Klaus Gille, and David Tomalin who so kindly 
assisted me in the computer work involved with this book. 

Ulm, August 1996 Rainer Kimmich 




Principles of magnetic resonance? Great! 

Principles of science? More and more! 

What about principles of humanity? 

Dedicated to W. K., B. S., and all those who never cease to explore our 
determination, examine the facts, and take action with social devotedness. 
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Frequent Symbols and Abbreviations 



Symbols meant to represent vectors, matrices, or tensors as whole arrays are typed 
in bold face. No distinct printing style is normally used for operators. 



A 

ADLF 

AJCP 

ADRF 

(a)x, ip)x, (r)x 

AQ 

AW 

B 

Bd 

Be 

Bloc 

Bp 

BPP 

Br 

Brf 

BWR 

Bo 

B[ 

b(sI) 

cc 

COSY 

CP 

CPMG 

CSA 

cw 

CYCLCROP 

CYCLPOT 



attenuation factor 

adiabatic demagnetization in the laboratory frame 
adiabatic / cross polarization 
adiabatic demagnetization in the rotating frame 
eigenfunctions for spin “up” and “down” 

Euler angles 

RF pulses (moduli of the flip angles: a, y; rotating- 

frame phase direction: x) 

acquisition 

Anderson/Weiss (theory) 
magnetic-flux density 

magnetic-flux density in the detection interval 
magnetic-flux density effective in the rotating frame 
local magnetic-flux density contribution by secular in- 
teractions 

magnetic-flux density in the polarization interval 

Bloembergen/Purcell/Pound (theory) 

magnetic-flux density in the relaxation interval 

magnetic-flux density of the (linearly polarized) RF field 

Bloch/Wangsness/Redfield (theory) 

stationary main magnetic-flux density in z direction 

stationary component of the RF flux density 

in the rotating frame (modulus: Bi) 

rotating-frame amplitude of the spin-lock RF pulse 

complex conjugate 

correlated spectroscopy 

cross polarization 

Carr/Purcell/Meiboom/Gill method 

chemical-shift anisotropy 

continuous wave 

cyclic cross polarization 

cyclic polarization transfer 
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D 

d.c. 

DO (subscripts: do) 
DOPT 

^l,m 

e 

E 

S 

EFG 

^0 

erf(x) 

erfc(x) 

ESR 

n 

EXSY 

F 

F 

^{} 

EG 

FID 

FFT 

FT 

FWHM 

<P 



<b 

g(t\G(t) 

gic^zz) 

g(z) 

G 

Yn 

rii>r22,F33 

h (h) 

H 

Hcs 



n, 



nf 



He 

Hi 

Hj 

Hf 



self-diffusion coefficient 
direct current 
dipolar order 

dipolar order polarization transfer 
Kronecker symbol 

(positive) elementary charge if not Euler’s number 
echo amplitude if not electric field strength 
unity operator 
electric field gradient 
electric field constant 

error function: erf(x) = (2/->/n) / exp{— w^}dw 

0 

complementary error function: erfc(x) = 1 — erf(x) 
electron spin resonance 

asymmetry parameter (or anisotropy constant) 
exchange spectroscopy 
quantum number of the total spin 
total spin vector operator (in units h) 

Fourier transform 

field cycling 

free-induction decay 

fast Fourier transformation 

Fourier transform 

full (line) width at half maximum 

azimuthal angle; phase shift; eigenfunction 

wavefunction; phase shift 

electrostatic potential 

(reduced) time (auto) correlation function 

chemical-shift anisotropy lineshape function 

slice profile along the z direction of the laboratory frame 

gradient of the main magnetic-flux density 

gyromagnetic ratio 

principal axes values of the EFG tensor 
Planck’s constant (divided by 27 t) 

Hamilton operator (in energy units) 

Hamilton operator of chemical shifts 
Hamilton operator of dipole-dipole interaction 
secular part of the Hamilton operator of dipole-dipole 
interaction 

truncated Hamilton operator of dipole-dipole interaction 
Hamilton operator effective in the rotating frame 
Hamilton operator of spin interactions in general 
Hamilton operator of / coupling 
secular part of the Hamilton operator of / coupling 
Hamilton operator of quadrupole coupling 
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Hf 


secular part of the Hamilton operator of quadrupole cou- 
pling 


Hrf 


Hamilton operator of the interaction to the RF field 


Ho 


Hamilton operator of the Zeeman interaction 


i 


imaginary unit 


I 


spin quantum number 


I{co) 


reduced intensity function (spectral density) 


I 


spin vector operator (in units h) 


/x> 


Cartesian components of the spin vector operator (in 
units h); the same symbols are used in laboratory and 
rotating reference frames 


I^yl- 


raising and lowering operators (in units h); the same 
symbols are used in laboratory and rotating reference 
frames 


^{} 


imaginary part 


INEPT 


insensitive nuclei enhanced by polarization transfer 


1ST 


irreducible spherical tensor 


/ 


(indirect) spin-spin coupling constant (in v units) 


JCP 


/ cross-polarization 


kB 


Boltzmann’s constant 


LAS 


laboratory axes system 


LOSY 


localized spectroscopy 


m 


complex transverse magnetization if not a magnetic 
quantum number 


MAGROFI 


magnetization grid rotating-frame imaging 


M 


magnetization in the laboratory frame 


M' 


magnetization in the rotating frame 




magnetization components in the rotating frame along 
the x'y y\ and z' axes, respectively 


Mo 


equilibrium (Curie) magnetization 


MQC (subscripts: mqc) 


multiple-quantum coherences 


MRI 


magnetic resonance imaging 


MRSI 


magnetic resonance spectroscopic imaging 




magnetic dipole moment 


Po 


magnetic field constant 


n 


(spin) number density if not a count number 


NMR 


nuclear magnetic resonance 


NOE 


nuclear Overhauser effect 


NOESY 


nuclear Overhauser effect spectroscopy 


nQC 


n-quantum coherence 


NQR 


nuclear quadrupole resonance 




carrier (angular) frequency 


COe 


Larmor (angular) frequency in Be 


COl 


Larmor (angular) frequency 


COq 


Larmor or resonance (angular) frequency in Bq 
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0)1 

Q 

P^P 

PAS 

PGSE 

/ // 






Q 



r 



^{} 

RF (subscripts: rf) 

RMTD 

P 

Pc 



Ps 



Po 

RODI 

Ri 

Ri 

s 

S 

SECSY 

^xy ^yy 



S+,S- 



SGSE 

sinc(x) 

SL (subscripts: si) 
SLOP! 

SO (subscripts: so) 

SQC (subscripts: sqc) 

o 

o 

Oq 

t 

Tsy te 

TRy tr 



Larmor (angular) frequency in Bi 
(angular) frequency offset or solid angle 
probability or probability density 
principal axes system 
pulsed-gradient spin-echo (diffusometry) 
primes indicate quantities and operators referring to ro- 
tating, rotated or tilted coordinate frames; in context 
with spin operators, primes are only used if needed for 
unambiguity 
wavefunction 

electric field gradient in 33 direction (of the PAS) divided 
by e 

nuclear quadrupole moment 
position vector 
real part 
radio frequency 

reorientation mediated by translational displacements 
density operator 
charge density 
spin density 

equilibrium density operator 

rotating-frame relaxation dispersion imaging 

spin-lattice relaxation rate 

transverse relaxation rate 

spin quantum number if not signal intensity 

spin vector operator (in units h) 

spin echo correlated spectroscopy 

Cartesian components of the spin vector operator (in 

units h); the same symbols are used in laboratory and 

rotating reference frames 

raising and lowering operators (in units h); the same 
symbols are used in laboratory and rotating reference 
frames 

steady-gradient spin-echo (diffusometry) 
sine function = sin(7rx)/(7rx) 
spin-lock pulse 

spin-locking polarization transfer 
scalar (or /) order 
single-quantum coherence 
reduced density operator 
chemical shift shielding tensor 
reduced equilibrium density operator 
time 

echo time 
repetition time 
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t- 

f+ 

T 

T 

Til) 

Td 

Ti,j 

Tl,m 



T, 

tSL 

Tl 

Tip 

Tl 

Tl* 

Tie 

Tip 

tp 

Tc 

T,Ti,T2,.. 

U 

l^yy l^z 

& 

0 

VOSING 

VOSY 

XyyyZ 



\m 



time just before an RF pulse 

time immediately after an RF pulse 

absolute temperature 

Dyson time ordering operator 

irreducible spherical tensor operator of rank \ 

dipolar-order relaxation time 

element of a second-rank Cartesian tensor 

component of an irreducible spherical tensor operator of 

rank / 

quadrupolar-order relaxation time 

duration of a spin-lock pulse 

time domains in multi-dimensional experiments 

spin-lattice relaxation time 

spin-lattice relaxation time during a spin-lock pulse 
transverse relaxation time 

time constant of the FID in the presence of Bq inhomo- 
geneities 

transverse relaxation time effective under multiple-pulse 
irradiation 

transverse relaxation time during a spin-lock pulse 

length of a preparation pulse 

pulse width 

correlation time 

intervals in pulse sequences 

unit vector with the polar coordinates (p, i?, 1 

unit vectors along the x, y, z axes 

polar angle 

tilt angle of the effective magnetic-flux density 
volume-selective spectral editing 
volume-selective spectroscopy 
Cartesian laboratory frame coordinates; 
as subscripts of spin operators also referring 
to rotating-frame coordinates 
spherical harmonics 
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Spin Coherences and Echoes 




CHAPTER 1 



Introductory Remarks 



Time-domain magnetic-resonance signals normally are a result of a finite transverse 
magnetization precessing about the main magnetic field [154].^ As formulated in 
more detail in Sect. 47.1, a finite transverse magnetization can only appear if the 
spin states, i.e., primarily the wave functions, are in-phase. Such coherences in turn 
are readily generated by radio-frequency (RF) pulses exciting the whole sample in 
a more or less homogeneous, but nevertheless perfectly phase-coherent, manner. 

One of the most fundamental phenomena in the field of magnetic resonance is 
the occurrence of spin echoes. In the course of an RF pulse experiment the trans- 
verse magnetization appears to fade away irretrievably but reappears, for instance, 
after some manipulation with the aid of one or more other pulses. 

The possibility of reviving spin coherences in the form of a spin echo indicates 
that the preceding coherence loss was, in a sense, of an apparent nature. On the 
one hand, we are dealing here with the average magnetization of the whole spin 
ensemble from which the magnetic-resonance signal originates. Fading induction 
signals definitely indicate that the average transverse magnetization declines. How- 
ever, the object under investigation may consist of an ensemble of ‘Tsochromats.” 
This term again stands for an ensemble, but now with respect to all sorts of interac- 
tions. An isochromat is thought to comprise all spins or spin systems with identical 
Zeeman, chemical-shift, quadrupolar, dipolar, and scalar spin interactions. That is, 
the quantum-mechanical coherence within a selected isochromat goes on the whole 
time an echo can be generated. In this sense, echo formation stands for refocusing 
of isochromat coherences where the ensemble of isochromats is subject to a distri- 
bution of spin interactions, spatially, orientationally, structurally, or chemically. 

The formation of a spin echo stipulates that the isochromat coherences still 
exist at the time the echo is to occur. The limit is given by spin relaxation which is 
extensively treated in Part II of this book. Complete relaxation in the proper sense 
means that coherences on any level have evanesced. 

Spin-bearing particles are certainly not the only quantum-mechanical objects 
which can be subject to echo effects. It is more a question of the lifetime of the 
quantum-mechanical states and the experimenter’s ability to generate these states 
in a coherent way before manipulating them within their lifetime. For instance, 
the development of lasers producing ultrashort light pulses made it possible to 



^This statement does not refer to magnetic-resonance experiments based on ^-radiation, 
optical or force microscopy detection schemes (see Sections 32.3.2 and 35.3). 
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excite optical transitions coherently by a first pulse. It then becomes feasible to 
intervene in the evolution of the light emission process by a second pulse before the 
emission of the photon is completed and before the photon has left the experimental 
setup [18, 190]. Echo phenomena may thus be classified generally as refocusing 
processes of quantum-mechanical coherences by pulsed manipulation of a system 
which underlies a certain distribution of (defocusing) interactions. 

Spin echoes are nevertheless peculiar effects: there is an unparalleled diversity 
of phenomena of this sort. The interactions leading to defocusing of coherences can 
be of very different natures. What began with Hahn’s pioneering work in 1950 [186] 
dealing with “Hahn echoes,” as they are known nowadays, led to a whole class of 
experiments. The first part of this book is devoted to the description and treatment 
of the basic principles of spin echoes. 

Spin echoes appear if spin coherences, which have been spoiled by the influ- 
ence of a distribution of interactions within a spin ensemble, are refocused. We 
distinguish isolated spins from spins forming a spin system due to spin interac- 
tions. Isolated spins adopt states which can be suitably described by the single-spin 
eigenfunctions or linear combinations thereof. 

By contrast, the states of spins forming a system are defined as global states.^ A 
spin system consists of all particles interacting with each other via dipole-dipole, 
scalar or / couplings (see Chap. 46). In a solid the interaction network may span 
the whole sample so that the spin system more or less comprises all spin-bearing 
particles. In a non-viscous isotropic liquid where molecular motions are fast enough, 
the anisotropic parts of the interactions average out over the time scale of magnetic 
resonance so that the size of the spin systems may be restricted to a molecule or a 
molecular group with a few spin-bearing nuclei. 

Isolated spins underlie Zeeman interaction to the external (but potentially in- 
ternally modified or partly shielded) magnetic field. Another coupling to which 
isolated spins 7 > 1/2 can be subject is interaction of the electric quadrupole mo- 
ment of the spin-bearing nucleus with electric field gradients originating from the 
surrounding charge distribution (see Table 46.1 on page 420). 

Although occurring with isolated spins, quadrupolar echoes of spins 7=1 are 
of a similar nature to those of dipolar coupled equivalent spins 1/2. The reason is 
that the interaction Hamiltonians have a common analytical structure as concerns 
the operator composition (see Sect. 46.3). Moreover, note that dipolar coupled spin 
1/2 pairs form triplet states with a total spin oi F = I and singlet states with a 
total spin F = 0. Only the triplet states contribute to NMR signals and are therefore 
responsible for any visible phenomena such as spin echoes. Thus the effective spin 
quantum numbers are the same. 

In all cases considered here, we assume that the quantization direction is that 
of the external magnetic field, i.e., we are dealing with “high-held cases” only.^ 



^In this context, one differentiates equivalent from inequivalent spins. Equivalent spins 
refer to quantum-mechanically indistinguishable particles. In particular this means that the 
magnetic quantum numbers of the individual system members cannot be “good.” 

^In low-field or even zero-field situations, the axis of quantization is determined by the cou- 
pling tensor itself. The dominating Hamiltonian may then be due to dipole-dipole or quadrupo- 
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Fig. 1.1. Scheme of the intervals of spin manipulation in a typical spin-echo experiment 



A typical spin-echo experiment consists of a series of different intervals of spin 
manipulations. Figure 1.1 shows a simple scheme which represents most species of 
spin echoes.^ 

The experiment usually begins with the spins in thermal equilibrium. An RF 
pulse sequence is applied, the first pulse(s) of which coherently excite(s) the spins. 
RF pulses applied in the “preparation interval” thus serve the generation of appro- 
priate spin coherences. This does not necessarily mean single-quantum coherences 
(or transverse magnetization). It may also be of interest that, with coupled spins, 
multiple-quantum coherences can be produced by appropriate pulse sequences 
within the preparation interval. 

The next interval is usually characterized by the absence of any RF pulses, so 
that the spin coherences evolve freely. This means that the coherences are dephased 
by distributions of the spin interactions. The purpose of the subsequent “mixing 
interval” is to initiate the refocusing process, eventually leading to an echo in the 
free-evolution interval thereafter. 

There are two ways of spin manipulation serving this end: 

• the phases of the spin states can be changed coherently by one or more RF 
pulses so that coherences lagging behind are promoted and coherences hurrying 
on ahead are placed back. 

• the sign of the Hamiltonian responsible for dephasing of the coherences can be 
reversed so that the coherences evolve “backwards.” 



lar interactions. Spin echoes can also be produced under such circumstances. A quite conven- 
tional experimental procedure employing the usual RF pulse sequences is feasible in pure nu- 
clear quadrupole resonance (NQR) [108], for example, provided that the NQR frequencies are 
high enough for direct signal detection. More recently zero-field experiments with quadrupo- 
lar [29] as well as with dipolar [513] coupled nuclei have been suggested on the basis of the 
field-cycling technique (see Chap. 15). In this case, coherent zero-field states are produced by 
non-adiabatically switching the magnetic field off or by applying a d.c. “90° pulse” while the 
external magnetic field is off. The evolution of the zero-field coherences is then probed by non- 
adiabatically switching back to a high magnetic field after a certain interval, or by another d.c. 
“90° pulse. ” In the high detection field, the magnetization into which the zero-field coherences 
have been transferred can be detected conventionally. Zero-field spin echoes can be generated 
by applying weak d.c. pulses of the magnetic field in the zero-field interval. That is, the RF 
pulses of conventional echo experiments are substituted by d.c. field pulses corresponding to 
the “zero carrier frequency” of the experiment. 

^With rotary echoes (see Chap. 3), for instance, the terminology used for the intervals must 
be understood in a more figurative sense. 
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Examples of the former category are all sorts of Hahn spin echoes, whereas gradient- 
recalled echoes or magic echoes are representative of the latter. 

After the refocusing interval, the spin echo arises and the spin coherences are 
reestablished. If the coherences are of the single-quantum type, an echo signal can 
be acquired in the “detection interval.” Echoes of multiple-quantum coherences 
remain invisible and must first be transferred to single-quantum coherences by 
further RF pulses before they can be detected as an indirect signal. 




CHAPTER 2 



Isolated Spins in Inhomogeneous Fields 



In this chapter, the evolution of coherences of uncoupled spins in inhomogeneous 
magnetic fields is treated. The attenuation of echo signals by irreversible effects such 
as relaxation or translational diffusion is not yet considered, but will be discussed 
in detail in Part II. 



2.1 

Two-Pulse Hahn Echo 

Hahn spin echoes [186] are the response of primarily isolated spins to RF pulse 
sequences of the type displayed in Figs. 2.1 and 2.2. For simplicity, all couplings, 
except the Zeeman interaction to an (inhomogeneous) magnetic field, are assumed 
to be negligible or are ignored, i.e., we concentrate on the basic principle of this sort 
of echo and defer the potential modification of its appearance by other interactions 
until later. 

The coherences prepared by an initial RF pulse are dephased by magnetic field 
inhomogeneities so that the total FID disappears faster than expected from the at- 
tenuation by relaxation or translational diffusion alone. It can easily be perceived 
that dephasing of coherences by a (stationary) distribution of local Larmor fre- 
quencies is a reversible process, whereas attenuation by relaxation or translational 
diffusion is irreversible.^ In this chapter we merely consider the reversible atten- 



4f the magnetic field is particularly homogeneous so that coherences exist for a relatively 
long time without getting spoiled by inhomogeneities, so-called “radiation damping” [1, 45] 
comes into play as a third sort of irreversible attenuation mechanisms: Coherences manifest 
themselves as a precessing magnetization which again produces a rotating magnetic field. 
Hence, an oscillating voltage is induced in the pick-up RF coil. The corresponding current in 
the resonance circuit causes a secondary oscillating magnetic field which tends to drive the 
magnetization vector towards the z direction. The term “damping” is justified because Zeeman 
energy is dissipated in the resistive elements of the probehead circuit. One should, however, 
bear in mind that the magnitude of the magnetization is not changed, and the transverse 
component may even rise if the initial flip angle was greater than 90°. 

It is also known that in probeheads with high quality factor Q, back action of the coil on the 
evolution of spin coherences can arise [310] leading to “artifacts” in high-field high-resolution 
NMR. An operational remedy is the application of dephasing/rephasing field-gradient pairs in 
the non-acquisition intervals of the RF pulse sequence so that coherences are spoiled when 
not needed for acquisition. Other possibilities are (i) gated tuning of the probehead during the 
RF pulses and acquisition only [307]; (ii) feedback suppression of high currents in the RF coil 
except during the excitation pulses [64]; (iii) the use of composite RF pulses [504]. 
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uation of coherences. Irreversible phenomena will be covered in Part II of this 
book. 

Let us now consider an ensemble of isolated spins J in a magnetic field 

B(r) = Bq G • r (2.1) 

where G = V5(r) is the field gradient at position r. The field gradient is to stand for 
all inhomogeneities of the field irrespective of the provenance. All field components 
perpendicular to the z axis can safely be neglected. The Hamiltonian during RF 
irradiation can then be written as (see Chap. 46) 



'H = —YnhIziBo + G • r) - lynhBiIx cos coct (2.2) 

where we have assumed that the RF flux density oscillates along the x axis of the 
laboratory frame. The carrier frequency is assumed to be resonant at the position 
r = 0 so that coc = coq = YnBo- As outlined in Sect. 48.8, the transformation to the 
reference frame rotating with cOc about the z axis leads to the effective Hamiltonian 

7i,e — * 0 YrfiBiIx (2.3) 

V /V / 

% 

where the spin operator component Ix now refers to the rotating frame. The rapidly 
oscillating component of the RF field practically averages out and has therefore 
been discarded. In the high-temperature approximation, the equilibrium density 
operator at position r is according to Eq. 47.24 

_ 1 + YnhB(r)Iz/(kBT) _ 1 + YufiBoIz/iksT) 

Tr{f} ~ Tr{f} 

= u biz (2.4) 

where a = l/Tr{£} and b = YnhBo/(kBTTr{£}), 

Figure 2.1 illustrates the sequence producing two-pulse Hahn spin echoes. Sym- 
bolically it may be represented by 

(n/2)x — Ti — (P)y — T — (acquisition) (2.5) 

The pulse amplitude Bi is assumed to be much larger than the offset field G • r valid 
in the rotating frame defined above.^ The first term in Eq. 2.3 can therefore be ne- 
glected as long as the pulses are on. The solution of the rotating-frame Liouville/von 
Neumann equation, Eq. 48.75, for the first 90° pulse of length = 7r/(2|y„|Ri) is 
(Sect. 48.5.2)3 



p(0+) = 

= u bly ( 2 . 6 ) 

^Such pulses are usually designated as “hard.” 

^Instants just before and immediately after an RF pulse are specified by the time at which 
the pulse occurs supplemented by — and -h signs, respectively. 




2.1 Two-Pulse Hahn Echo 



RF pulses 



0 I, 

signals 



^ 2t^ l 

Fig. 2.1 . Sequence of two RF pulses generating a Hahn spin echo in inhomogeneous magnetic 
fields. The scheme at the bottom is to represent an envelope of the expected NMR signals. 
The flip angle of the second pulse preferably (but not necessarily) is 180°. With coupled spin 
systems, the second pulse may lead to coherence transfer in addition to the refocusing effect. 
The pulse phases have been chosen arbitrarily and refer to the treatment in the text. The 90° 
phase shift between the pulses is assumed in order to have in-phase initial FID and spin-echo 
coherences. 

where we have assumed that the circularly polarized Bi RF field component rotating 
synchronously with the rotating frame is aligned along the axis. Equation 2.6 
represents coherences with a magnetization aligned along the + 7 ' axis of the ro- 
tating frame for positive gyromagnetic ratios (compare Sect. 48.5.3). 

Free evolution in the inhomogeneous offset field represented by the first term 
in Eq. 2.3 leads to the Liouville/von Neumann solution at time t = ti — 

p(n-) = p(0+) 

= a + b ly 

— a b (ly cos (pi -F Ix sin (pi) (2.7) 

where the local precession angle in the rotating frame is 

(pi =Yn(G- r) Ti = Q.Ti (2.8) 

The angular frequency Q. = Q.(r) represents the local offset from the resonance 
frequency coq. 

In order to derive the transverse magnetization we must form the average of the 
density operator over all offsets Q(r) occurring in the spin ensemble: 

(p(ri-)>n = a + b {ly{cos(pi)a + Ix{sin(pi)a) (2.9) 

Using Eq. 47.6, we obtain for the complex transverse rotating-frame magnetization 

m(Ti-) = M'^ + iMy 

= ny„h Tr{ {p(Ti-))a (Ix + Uy) } 

= Mo{{sin^i)a + f(cos^i)n} 

= m(0+) 





( 2 . 10 ) 
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where n is the number density of the spins, m(0+) = zMo, and Mq is the Curie 
magnetization (see Eq. 47.31).^ Depending on the distribution of the offset fre- 
quencies at different positions the superposition of the local coherences tends to be 
destructive so that the transverse magnetization cancels. 

After the interval ri, a second RF pulse is applied with the rotating RF field 
component arbitrarily chosen along the -\-y' axis. Assume an unspecified flip angle 
P for the time being.^ The density operator immediately after this pulse at the time 
t = Ti-\- is then 

p(n-l-) = a -\-b (I y cos (pi -f Ix sin (pi) 

= a-\-b[Iy cos(pi -h (Ix co$P -h Iz sinp) sin^i] (2.11) 

At an evolution interval r later, when time f = Ti + r, we have 

P(^i + ^) = a-\-b[ ly cos (pi 

-j_ ^^i(piz P + Iz sin p) sin (pi ] 

= a-\-b{[Iy cos (p -h Ix sin (p] cos (pi 

-h [ (Ix cos (p — ly sin (p) cos jS + 4 sin jS ] sin (pi } 

= a b{ /^[sin (p cos (pi + cos (p sin (pi cos jS] 

+ ly [cos (p cos (pi — sin (p sin (pi cos p] 

-h/z sin^i sin^} (2.12) 

where 

(p = Yn(G-r)T = QT (2.13) 

The average over all offsets Q(r) (i.e., over all “isochromats”) in the spin ensemble, 

(p(ti-\-t))q = a-\-b{Ix[(sin(p cos(pi)Q -f {cos (p sin (pi ) q cos/ 3] 
-\-Iy[{cos(p cos(Pi)q - {sin(p sin^On cosjS] 

+ 4 (sin^i}n sin^} (2.14) 

leads to the complex transverse magnetization in the rotating frame (see Eq. 47.6) 

m(Ti + t) = nYnfiTr{{p(Ti -h t))q(Ix + ily)} 

^Generalizing this result leads to a relation of the local complex transverse magnetization 
after a free evolution interval t to the initial complex transverse magnetization: 

m(r,0 = 

t 

where cp{r, 0 = / D(r, t') dt'. 

0 

^Flip angles are given throughout as magnitude values of the actual precession angle about 
the effective field in the rotating frame. 
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= ^{(sin(^ - <jPi))a + (sin(^ + 

+ {sin(^i - (p))qcosP + (sin(<pi + ^))nCOSjS 

+1 ({cos((p — (Pi))q-\- {cos((p <Pi))q 

-{cos((p- (Pi))qCosP (cos(^ + ^i))nCosj3)} (2.15) 

The two-pulse Hahn spin echo reveals itself as the maximum of the {cos((p — (pi )) q 
terms. The condition for the maximum is obviously 

(pi = (p or r = Ti (2.16) 

If the Bq gradient is strong enough, a broad distribution of the phase angles can 
be expected, so that {cos((p + (pi))Q ^ (sin(^ + (pi))ci ^ 0. The amplitude of the 
two-pulse Hahn spin echo is thus 

m(2ti) = i ^ (1 — cos )5) = i Mq sin^ ^ (2.17) 

With the RF pulse phases assumed here, the transverse magnetization is aligned 
along the y axis of the rotating frame, that is in-phase to the initial FID. 

If the flip angle p of the second RF pulse is adjusted equal to 180° the initial 
coherences are fully refocused (apart from potential relaxation and diffusion losses). 
If P = 90°, only half the initial transverse magnetization is recovered. The other 
half is transferred to the z' direction by the second RF pulse as discussed in the 
following section. 

Note that in principle two-pulse spin echoes appear with any combination of 
flip angles with the exception of integer multiples of 180° for the first and integer 
multiples of 360° for the second pulse. If the first pulse is not a 90° pulse as assumed 
above, the transverse magnetization is reduced by a factor of sin a where a is the 
flip angle. 

The phases of the RF pulses are also inessential for the echo formation process. 
The coherences tend to be dephased already when the second RF pulse is applied 
so that all coherence phases relative to the pulse phase occur anyway. If the two 
pulses were chosen in-phase instead of in quadrature, the initial FID and the spin 
echo were antiphase in contrast to the above result, but the signal amplitudes and 
the flip angle dependences were the same. 



2.2 

Three-Pulse Hahn Echoes 

Let us now turn to Fig. 2.2 illustrating the pulse sequence 

(nl2)x — Ti — {nl2)y — T 2 — (.Ttl2)y — r — (acquisition) (2.18) 

Continuing the treatment with Eq. 2.12 and setting the flip angle of the second pulse 
P = 7t/ 2, we obtain at the end of the second interval, at the time f = n + T 2 — 

p(^i + T 2 —) = a-^b{IxCos(pi sin (p 2 ly cos (pi cos (pi -f- h sin (pi } (2.19) 
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(}),(?), ff), 




Fig. 2.2. Hahn spin echo envelopes produced by three RF pulses. The flip angles preferably (but 
not necessarily) are 90°. The pulse phases were arbitrarily chosen in order to get the FlDs and 
echoes in-phase. A prerequisite for the production of distinct echo signals is a sufficiently in- 
homogeneous magnetic field. The nomenclature of the indicated signals is: single-pulse signals 
are labeled by the letter A, two-pulse (or primary) echoes by the letter B, and three-pulse echoes 
by the letter C. That is, Ai, A2, A3 are free-induction decays immediately after the RF pulses; 
Bi, B2, B3 are primary spin echoes formed by the second or third RF pulses from any of the 
preceding free-induction decays; Ci is the secondary echo formed by the third RF pulse from 
the primary echo Bi; C2 is the stimulated echo. With ideal 90° RF pulses, the free-induction 
decays A2 and A3 and - consequently - the echo B2, refer solely to z magnetization restored by 
spin-lattice relaxation in the pulse intervals. Otherwise, these signals (dotted lines) may also 
be indicative of imperfections of the 90° flip angles. 

The local coherence phase is shifted in the second interval by the angle 

(p 2 = Yn(G-r)T 2 = QT 2 (2.20) 

The third 90° pulse produces 

pin + ^’ 2 +) = a -{-b{-Ix sin (pi +7^ cos (pi cos q >2 h cos (pi sin ^ } (2.21) 

The subsequent free evolution during a period r leads to 

pin + + r) = a-\-b{ —ilx cos (p — ly sin (p) sin (pi 

+ ily cos (p -i- Ix sin (p) cos (pi cos (p 2 
Iz COS (pi sin (p 2 } (2.22) 

where the coherences are subject to further local phase shifts 

<p = y„ (G • r) r = nr (2.23) 

Forming the average over all offsets f^(r), 
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(P(ti + T 2 + t ))^2 = a-\-b {ix (sin (p cos cpi cos q >2 — cos (p sin (pi )q 
+ ly { sin <p sin <pi + cos <p cos (p\ cos (p 2 )a 
+ Iz { cos (pi sin (P 2 ) a} (2.24) 

we obtain for the complex transverse magnetization in the rotating frame (see 
Eq. 47.6) 

m(Ti + i 2 + t) = ny„ftTr{(p)Q(Ti + 12 + t)(Ix + ily)} 

= ^{{sin((p -\-(pi- (p2))a - (sin(^i + ^ - (p))ci 

+ (sin(^ + <P 2 - ^i))n + (sin(^ + ^1 + ^))n 

-2 (sin(^ + ^i))a + 2(sin(<p - <pi)}n 

+i [2(cos(^ - (pi))a -2(cos(^ + ^i)}a 
' ^ 

- C2 

+ (cos((p (pi — (p 2 ))a + {cos((pi -\- (p 2 — (p))a 

' V ' V ^ 

^ Cl if q>2>(pi 

+ {cos((p + (p 2 — (pi))o. +(cos(^ + ^1 + ^)}q]} (2.25) 

' V ^ 

Cl if (p2<(p\ 

The terms underbraced in the expression above indicate non-destructive super- 
positions of coherences for vanishing arguments of the cosine functions. At the 
corresponding evolution times additional spin echoes appear. 

Altogether a three-pulse sequence can produce five spin echoes. 

a) A primary echo (Bi in Fig. 2.2) after the first two pulses at time t = 2ii, which 
we already know from Sect. 2.1. The only prerequisite is that 12 > Ti, so that the 
third RF pulse does not interfere with the echo formation. The amplitude of the 
unrelaxed complex transverse magnetization is (Eq. 2.17) 

m(2n) = ^Mo (2.26) 

The other four echoes appear as a result of the action of the third RF pulse. 

b) The stimulated echo^ is marked by the symbol C 2 in Fig. 2.2 and occurs under 
the condition that 



(p = (pi or T = Ti (2.27) 

Its amplitude in terms of the unrelaxed complex transverse magnetization is 

m(2ri -|- T 2 ) = — Mq (2.28) 



^Note that we comply with Hahn’s original definition of the stimulated echo [186] which 
refers to isolated spins in inhomogeneous magnetic fields. Coherence-transfer or spin-order 
transfer effects generated in coupled spin systems are therefore considered as phenomena of a 
different physical origin even if the echo-time schedules coincide (see Sect. 7.2, for instance). 
In order to avoid confusion, the term “stimulated echo” should therefore not be used under 
such circumstances. 
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The stimulated echo represents components of transverse-magnetization iso- 
chromats “stored” by the second pulse in z’ direction^ during the interval T2 (last 
density operator term in Eq. 2.19, 4sin^i). These magnetization isochromat 
components are “read out” and refocused by the third RF pulse as the stimulated 
echo. 

c) The secondary echo (Ci in Fig. 2.2) appears for 

i.e., r = T2 - Ti > 0 (2.29) 

The unrelaxed echo amplitude is 

m(2i2) = 7 Mo (2.30) 

4 

The corresponding signal arises after the coherences of the primary echo (Bi in 
Fig. 2.2) have been refocused by the third RF pulse. The secondary echo can be 
traced back to the density operator term ly cos (p 2 cos <pi in Eq. 2.19. 

d) Another primary echo (B3 in Fig. 2.2) emerges for 



(p = (P\-\-(p 2 or t=zti-\-T 2 (2.31) 



The amplitude of the unrelaxed complex transverse magnetization at this instant 
is 



m(2ri +2T2) = - Mo 
4 



(2.32) 



This echo is formed by refocusing the part of the initial coherences (Ai in 
Fig. 2.2) that has neither been “stored” in z' direction nor refocused by the 
second RF pulse. It originates from the density operator term Ix sin (p 2 cos (p\ in 
Eq. 2.19. 

e) The fifth echo phenomenon that may appear in this context, the primary echo 
B2 in Fig. 2.2, is not included in the above treatment because ideal 90° pulses 
were assumed, and spin-lattice relaxation was neglected. In reality none of these 
conditions is fulfilled exactly. As a consequence, an FID arises after the second 
RF pulse (A2 in Fig. 2.2). These coherences are refocused by the third RF pulse 
for 



(p = (p 2 or T = T 2 



(2.33) 



leading to a further echo of primary nature (B2 in Fig. 2.2) at time t = ii -\~ 
2 t2. The echo amplitude depends on the degree of the pulse imperfections and 
relaxational recovery during the first pulse interval. 



2.3 

Gradient-Recalled Echo 

The gradient recalled echo is of particular interest in context with soft-pulse slice 
excitation (Sect. 25.1.3) and fast imaging techniques (section 25.4.3). The coherences 



''This does not mean that a net z magnetization arises! 




2.3 Gradient-Recalled Echo 



15 



(t)« 




Fig. 2.3. Typical RF and field-gradient pulse sequence for the formation of a gradient echo 
(drawn as a schematic envelope). 



are dephased by field gradients which are deliberately applied with these methods. 
The application of a subsequent gradient pulse with opposite sign (see Figs. 2.3 and 
25.1) reverses the dephasing effect, that is, the dephasing Hamiltonian, so that an 
echo appears. 

The initial 90° RF pulse is assumed to excite the sample homogeneously. Field 
gradients due to magnet inhomogeneities are neglected relative to the externally 
controlled gradient pulses. At the time t = ti the density operator thus takes the 
form of Eq. 2.7 where the field gradient G defining the dephasing angle (pi, Eq. 2.8, 
is equated with the externally controlled, spatially constant gradient G: 

p(z, Ti) = p(z, 0+) (2.34) 

The gradient direction is arbitrarily assumed parallel to the 2 : axis, so that the 
dephasing angle at a position z is 



(p\ = (pi (Zy Ti) = YnGZTi (2.35) 

At the time t = Ti the gradient direction is reversed^ so that the evolution 
of the spin coherences is also reversed, and the coherences begin to rephase in a 
subsequent interval r by a precession phase angle 

(p = (p(Z, T) = -YnGZT (2.36) 

The local density operator evolves according to 

p(z, Ti + r) = p(z, Ti) 

= a-\-b [ix sin A(p + ly cos A^] (2.37) 

^That is, the sign of the Hamiltonian is reversed, whereas with the Hahn-echo pulse se- 
quences the coherences and their phases are changed. 
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where the net dephasing angle at time f = Ti + r is 

A(p(z, = cpi - YnGzT = YnGz(Ti-T) (2.38) 

For T = T\ the density operator becomes independent of z owing to A(p = 0. The 
complex transverse magnetization is then 

m(2ri) = m(0+) = /Mq (2.39) 

This is the maximum of the gradient-recalled echo, recovering the whole initial 
transverse magnetization in the absence of relaxation. The transverse magnetization 
is aligned along the y axis of the rotating frame for the RF pulse phase assumed in 
this treatment. 



2.4 

Multiple Echoes 

Apart from Hahn echoes of the type described in Sects. 2.1 and 2.2, “multiple 
echoes” can appear after the same RF pulse sequences provided that a field gradient 
is present. Under suitable circumstances, a series of echoes then follows the ordinary 
Hahn echo in multiples of the pulse spacing [58, 122, 138]. 

With the formalisms depicted in Sects. 2.1 and 2.2, Hahn echoes were shown to 
be the consequence of the coherence evolution of static nuclei in stationary field 
gradients. In these treatments it was tacitly assumed that the Larmor frequency is 
linearly related to the externally applied inhomogeneous field at the position of the 
nucleus (see Eq. 2.1) at any time: 

+ G • r) (2.40) 

However, in the presence of field gradients this relation becomes a nonlinear func- 
tion of the gradient after the second RF pulse owing to the influence of the demag- 
netizing field in the sample.^ 

At the beginning of the spin-echo experiment, the demagnetization field is uni- 
form because the magnetization M is generated by the external magnetic field. The 
internal field in the sample is reduced by an amount proportional to the external 
flux density and depending on the sample shape. If the sample may be approached 
by a homogeneous ellipsoid, the internal magnetic flux density is 

Bi=Bo-—NM (2.41) 

471 

where N is the demagnetization factor.^® 



^We are dealing here with two-pulse sequences. Recently three-pulse echo phenomena also 
related to the demagnetizing field, namely the multiple nonlinear stimulated echoes (NOSE) 
were discovered [12]. 

^®The demagnetization factor of a long cylinder with the axis aligned along Bq vanishes; that 
of a thin slab to which Bq is normal takes the value 47 t. 
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The situation changes after the second RF pulse of a sequence is applied in 
the presence of a field gradient: the initially uniform spatial distribution of the 
magnetization and, hence, that of the internal magnetic flux density are modified 
by the coherence evolution in the first pulse interval and the action of the second 
pulse. 

As an example, we treat the same pulse sequence as in Sect. 2.1 (Fig. 2.1). 
The field gradient G is assumed to be spatially constant and aligned along the z 
direction, that is = G where Ro,z = ^o- The density operator of the nuclei, 
situated at positions with the coordinate z, just after the second RF pulse is then 
(see Eq. 2.11) 

p(z, Ti+) = a-\-b[Ix cosjS sin^i(z) + ly cos^i(z) + Iz sin (3 sin^i(z)] (2.42) 
where 

= YnGzTi =QGn=kiZ (2.43) 

The local, gradient-induced frequency offset from resonance is 



QG = YnGz (2.44) 

Furthermore, a “wave number” describing the spatial modulation of the phase shift 
(pi along the z axis may be defined as 

fci = YnGri (2.45) 



The three terms in the brackets of Eq. 2.42 correspond to the three magnetization 
components. We note that all of these are spatially modulated. The z component 
forms a kind of “magnetization grid,” 



Mz(z, ri-h) 



HYnh Tr{p(z, ri+)/z} 
Mo sinj3 sin(nG^i) 
Mo sinp sin(kiz) 



with extrema at positions 



(2; -h 1)7T 

Z = ± ; 

2ki 



(j = 0,l,2,...) 



(2.46) 



(2.47) 



At these positions, the z component of the magnetization is alternatingly positive 
and negative. 

As the magnetization is now distributed in the form of a “grid,” the demagnetiz- 
ing field generated by the magnetization will be non-uniform too. In principle one 
can calculate the demagnetizing flux density for any given spatial distribution of the 
magnetization by first considering the magnetic flux density of the magnetic dipole 



^^Note that the spatial modulation of the z magnetization obviously disappears if the flip 
angle of the second pulse is = 180°, but is maximal for p = 90°. 
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moment M(r') d^r' of the volume element d^r' at the position r'. The corresponding 
dipole field of this infinitesimal dipole at a position r is 



dBsir) = 



Po ( 3[(r - r') • M(r')](r - r') M(r') 



47T 



f'|5 



f'|3 



3^/ 



The total demagnetizing flux density at r is then 
^3[(r-r')-M(r')](r-r') 



B6{t) 






r'\5 



M(r') 
\r - r'|3 






3^/ 



dV 



(2.48) 



(2.49) 



In the case assumed here, i.e., rotational symmetry of the spatial magnetization 
distribution around Bq, the demagnetizing field component relevant for coherence 
evolution at a position z can be shown to be that produced by a thin slab normal 
to Bq. That is [122] 

Bs(z) = jJoMz(z)Uz (2.50) 

where Uz is the unit vector of the z axis. The total offset of the magnetic flux density 
at a position z is thus 



AB(z) = Bs(z) Gz = poMz(z) + Gz 

= PqMo sm/3 sin(aGi'i) + Gz (2.51) 

The spatially modulated spin coherences now evolve in the spatially modulated 
magnetic field which is stationary in the absence of relaxation and diffusion. The 
sandwich propagator expression for the interval r after the second RF pulse is 

p(z, Ti + r) = (2.52) 

where 

(p = (p(z) = Yn [ BsA^) + Gz ] T 

= Yn [ jjqMo sin(nGi^i) + Gz ] r 
= (Q^ + Hg)! (2.53) 

The local frequency offset by the demagnetizing field is 

= YnPoMo sin(nGTi) (2.54) 

It is obviously a nonlinear function of the gradient offset Hg- 
Setting p = Tijl in Eq. 2.42 for maximal efficiency, we obtain 

p(z, ri + r) = a-hb{lx sin (p cos (pi + ly cos cp cos <pi + 7^ sin <pi } 

= a-\-bl^^Ix [sin((p - <pi) + sin(^ + ^i)] 

[cos(^ - (pi) + cos((p + ^i)] + Iz sin ^i| 

— ^ ^ I J_7+ j^^/[nG(T-Ti)+n^r] _|_ ^i[QG(r+Ti)-hOsd~^ 

+ cc + 7z sin(Qcri)} 



(2.55) 
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For the signal of the whole sample, we must take the average over all positions. 
Strong gradients lead to an equip artition of the phase angles (p(z) + (pi(z) and 
(p(z)y so that the averages of the above terms are zero unless they are independent 
of the position. The only term which can comply with this condition in principle is 
the factor exp{z'(f^G^ — for which one can expect that the phase shifts 

vanish under certain circumstances. 

This becomes obvious by analyzing this phase factor into a Fourier series: 

oo 

^iQor ^-Haan-Clsr) ^ giClGT ^ 2 . 56 ) 

£=—oo 



where 

71 

ai = — [ d(QGri) 

2n J 

— 71 



(2.57) 



The average of the right-hand side of Eq. 2.56 over all positions, that is, all phase 
angles vanishes unless 



Qgt = I Qg^i 



or 






T 

I 



(2.58) 



In this case, the phase factor before the sum in Eq. 2.56 cancels the corresponding 
term in the sum. The average over all positions is then no longer subject to de- 
structive superposition of the coherences, and we can expect multiple echoes after 
the second RF pulse in intervals of integer multiples of the pulse spacing. Note that 
the demagnetization offset, Q< 5 , normally varies weakly with the position compared 
with so that the average of the coefficients remains finite. The ordinary 
two-pulse Hahn echo appears for f = 1 with the relative amplitude 



n/Qc 



ai = 



^ f 
2n J 



-tt/Qg 



dri = - — sin 
n 






= Sine 



^6 

Q.G 



(2.59) 



where the sine function is defined by 



sinc(x) = sin(7rx)/(7Tx) 



(2.60) 



The ordinary Hahn echo is scarcely influenced by the demagnetizing field because 
the demagnetization offset tends to obey Q<5 ^ Qg- However, the higher-order 
echoes are pure refocusing effects owing to the demagnetizing-field. The first “non- 
Hahn” echo of this sort, that is, the second-order multiple echo arising for f = 2, 
for instance, has a relative amplitude 



7 T/Qg 




-71/ Qg 






^^Recall that Qs is a nonlinear function of Qg- This is represented here by the Fourier 
expansion in harmonics of Hg- 
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1 Q.G 
71 CIq 



2Q.S + O-G \ 



= sine 



2Q.S + \ 

J 



Generally, the amplitude of the echo of order i is 



(2.61) 



Ui = sine 



+ i)aG 

Q.G 



(2.62) 



The amplitudes of multiple echoes depend solely on how the frequency offset due 
to the demagnetizing field compares with that determined by the gradient. These 
phenomena disappear if either there is no finite field gradient, or in the limit of 
low Curie magnetization, that is, for low external magnetic fields, low gyromag- 
netic ratio, low spin density, and/or high temperature. As multiple echoes represent 
refocused coherences, they are subject to attenuation by transverse relaxation and 
translational diffusion as is the case with all other echoes considered up to now. 




CHAPTER 3 



Rotary Echoes 



There is a great variety of spin-coherence evolution experiments in the rotating 
frame which are quite analogous to laboratory-frame experiments. The far-reaching 
equivalence of experiments conducted in the laboratory and in the rotating frame 
has its origin in the fact that the equations of motion in both reference frames are 
formally identical (see Chap. 48.7). The basic phenomenon behind Hahn echoes is 
“Larmor precession” about the external magnetic field. The rotating-frame equiv- 
alent is ‘‘nutation” about the effective field. The first rotating-frame experiment 
which we draw attention to is the generation of rotary echoes [463]. 

The quantization direction in the rotating frame is given by the effective field 
instead of that of the external field Bq (see Sect. 48.8). The role of field inhomo- 
geneities, i.e., the Bq gradients, in the formation of Hahn echoes is therefore taken 
over by gradients of the amplitude of the rotating RF field (Bi gradients). Practi- 
cally any form of RF coil unavoidably generates RF fields which are, at least in the 
fringe-field range, sufficiently inhomogeneous for the formation of rotary echoes. 
Experiments with J5i gradients are nevertheless preferably carried out with probe- 
heads specifically designed for the production of strong Bi gradients. Simple probe 
geometries are surface and “anti-Helmholtz” coils ([3, 416], for instance). 

A typical rotary-echo experiment consists of an RF pulse with a -gradient. 
During this pulse the rotating-frame coherences are dephased. A subsequent pulse 
of the same length but with reversed phase then rephases the rotating-frame coher- 
ences so that an “echo” appears in the sense of an alignment of the total magnetiza- 
tion along the z axis. In terms of NMR signals, any misadjustment of the dephasing 
and rephasing intervals leads to a detectable FID after the two pulses, whereas the 
rotary echo per se is not accompanied by any signal. The rotary echo may be called 
the rotating-frame analogue of the gradient echo described in the preceding section 
(compare Fig. 2.3). 

Several other versions of the rotary-echo principle have been suggested in 
connection with methods for the measurement of diffusion and flow properties 
[55, 81, 216]. In particular it was pointed out that the dephasing and rephasing 
intervals of the rotating-frame coherences can be detached from each other. In the 
following we treat a typical pulse scheme of this sort which consists of two Bi 
gradient pulses.^ 



^If the laboratory-frame coherences contributing to transverse magnetization are entirely 
spoiled by transverse relaxation or Bq inhomogeneities, the second RF pulse acts solely on the 
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(a), (P), 

RF pulses 
(gradients) 



signals 



0 't| t 




Fig. 3.1. RF pulse scheme for the generation of rotary echo (RE) and Hahn two-pulse echo (HE) 
signals. The lower traces are to represent envelopes of the expected NMR signals. The pulses 
are understood to imply Bi gradients, that is, the flip angles depend on the position of the 
spins. The RF phases are irrelevant for the rotary echo if Ti ^ T^y i.e., if transverse relaxation 
and Bo inhomogeneities spoil the coherences excited by the first pulse fast enough. 



We consider the RF (Bi gradient) pulse sequence (Fig. 3.1), that is 

(a)x — Ti — (P)x — (acquisition) (3.1) 

On the face of it, there is no difference to the pulse scheme of the two-pulse Hahn 
echo (pulse sequence 2.5). Actually, the signal potentially recorded in the second 
acquisition interval is a Hahn echo, whereas (laboratory-frame) frame signals im- 
mediately after the second RF pulse reflect the formation of a rotary echo. An 
essential difference, however, is that the flip angles of the pulses, a and are now 
functions of the position due to the Bi gradient: 

a = a(r) = (r) Ta . 

P = Hr) = YnBi (r) Tp ^ ’ 

The quantities r« and are the widths of the two pulses. The discussion of the 

potential influence of spin-lattice relaxation, diffusion and flow in the treatment of 
the pulse sequence 3.1 is deferred to Part II. The RF phases are only irrelevant for the 
rotary echo if transverse relaxation and Bq inhomogeneities spoil the coherences 
before the second pulse is applied, that is T 2 ^ Ti ^ Ti,T 2 . The initial density 
operator of the “tagged” spin at a position r is 

p(ryO-) = a-\-bI, (3.3) 



magnetization left over in the z direction. This appears analogous to the stimulated-echo exper- 
iment Fig. 2.2 where the third RF pulse under equivalent field or relaxation conditions merely 
affects the longitudinal magnetization. The rotary echo produced in this way may therefore be 
termed “stimulated rotary echo” [131]. 
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The constants a and h are defined in Eqs. 47.26 and 47.27. After the first RF pulse 
we have 

p(r, 0+) = a -\-b [ly sin a Iz cos a ] (3.4) 

The second term represents coherences for spins at a position r? These evolve in 
the pulse interval according to 

p(^y Ti-) = a-\-b [ixsina sin (pi + ly sin a cos (p\ + Iz cos a ] (3.5) 



where 



(p\ = (pi (r) = a (r) Ti (3.6) 

and Q. (r) is the local frequency offset from the carrier frequency dictating the 
reference-frame rotation. The second pulse produces 

pi^y ^ 1 +) = a-\-bIx sin a sin (pi 

ly [ sin(a + )S) (1 + cos (pi) — sin(a — ^) (1 — cos (pi) ] 

-\-bIz [cos(a -f P) cos^(^i/2) + cos(a — P) sin^(^i/2)] (3.7) 

where we have replaced products of trigonometric functions by functions of the 
sum or difference of the arguments. 

The free evolution of coherences in an interval r' after the second pulse leads to 



p(r, Ti -h tO = 



b 

a+-h 



cos(a + ^) I sin ^' + i [ sin(^i + (p') — sin(^i — ] | 

— sin(a — P) I sin ^ [ sin(^i + <p') — sin(^ ~ <p')] | 

H- sin a { sin(^i — (p') + sin(^i -h (p') } 

iy sin(a -f )S) I cos -f ^ [ cos(^i - (p') + cos(^i + ^') ] | 

— sin(a — j^) I cos ^ ^ [ cos(<pi — (p') -f- cos(^i (p') \ | 

— sin a { cos(^i — (p') — cos(^i + (p') } 

-\-bIz [cos(a -h P) cos^(^i/2) -f cos(a — P) sin^(^i/2)] 



(3.8) 



where 

(p' = (p\r) = a(r)r' (3.9) 

Here we have again replaced products of trigonometric functions by functions of 
the sum or difference of the arguments. 



^Note that (p(r, 0+)) ^ 0 because of the strong dependence of a on r. That is, no FID signal 
appears after the first pulse. 
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The expressions above refer to a certain position r. The signals which can be 
detected in experiments without spatial resolution reflect the average over all po- 
sitions within the sample. Owing to the assumptions made in the above treatment, 
all occurring angles can be position dependent. We will first carry out the average 
over the phase angles (pi(r) and (p'(r) and then over the flip angles a(r) and j8(r). 



3.1 

Signal at t' = 

A Hahn echo is expected if r' approaches ti, i.e., <p'(r) ^ (pi(r). The Bq inhomo- 
geneities are assumed to be strong enough (or the intervals are set long enough) so 
that T 2 <$C Ti,r' applies, and the phase angles are equally distributed.^ In this case, 
all terms vanish which comply to one of the following conditions: 

(sin^}r = (sin^'}r = (cos^i)r = (cos^i)r 

= (sin(<pi -I- (p'))r = (cos((pi -|- (p'))r = 0 

Equation 3.8 converts then to 

{p{r,Ti+T'))r = 

a + ^Ix [ -(cos(a -I- ^))r (sin(<j»i - <p'))r + (sin(a - P))r{sin{(p - (p'))r 

-t- 2(sina)r(sin(^- ^'))r] 

+ ^Iy [ (sin(a -I- j8)>r(cos((pi - <p'))r + (sin(a - ^))r(cos(^i - <p'))r 
- 2(sina)r(cos(^i - (p'))r] 

+ ^h [(cos(a-^))r-l- (cos(a-l-/3))r] (3.11) 

Inspecting this expression, we recognize that the Hahn echo maximum is reached 
for Ti = t' when the density operator adopts its maximum. Equating (p' = (pi leads 
to 



(p(r,2ri))r = [(sin(a -I- )8))r -b (sin(a - ^))r - 2(sin a)r] 

- 1-^/2 [(cos(a - ^)>r -b (cos(a -b )3))r] (3.12) 

Hence the Hahn echo amplitude is given by the complex transverse magnetization 
(Eq. 47.7) 



m(2ri) = ^Mo [(sin(a -b ^)>r + (sin(a - fi))r ~ 2(sin a)r] (3.13) 



’Note that the difference of the phase angles is not necessarily subject to an equipartition, 
especially if the evolution times approach each other. 




3.2 Signal at = 0 
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The Hahn echo obviously disappears if 

aW = ^(r) (3.14) 

and if the flip angles are equally distributed over all possible values, so that 
(sina)j- = 0. 



3.2 

Signal at r' = 0 

The proper rotary echo reveals itself only indirectly by the eventual FID following 
the second RF pulse. Setting r' = 0 in Eq. 3.8 and executing the average over the 
phase angles according to Eq. 3.10 as above leads to 

{p(r,Ti))r = a+^Iy [{sin(a + ^))r - (sin(a - )3))r] 

+~ h [(cos(a - p))r + (cos(a + )S)>r] (3.15) 

If the flip angles are equally distributed in the full range, so that^ 

(sin(a + P))r = (cos(a + /?)}r = 0 (3.16) 

this expression turns into 

(P(r, Ti))r = a-^Iy (sin(a - p))r + ^ 4 (cos(a - jS)}r (3.17) 

The proper rotary echo is defined for the condition in Eq. 3.14. The complex trans- 
verse magnetization vanishes in this case and the total magnetization is aligned 
along the z direction: 

M,(n) = ^Mo (3.18) 

Thus no detectable signal appears. On the other hand, any deviation from the 
condition in Eq. 3.14 leads to a complex transverse magnetization given by 

m(Ti) = ^Mo(sin(a - P))r (3.19) 

This defines the amplitude and the phase of an FID signal acquired immediately 
after the second RF pulse (see Fig. 3.1). 



^Note that the mean trigonometric functions of the difference of the flip angles, (sin(a— j^))r 
and (cos (a — p))r, do not vanish if the argument is small enough to prevent equipartition of 
the argument. 




CHAPTER 4 



Solid Echoes of Dipolar-Coupled Spins 



Hahn echoes arise when the spins are reoriented by RF pulses while the field inho- 
mogeneities are stationary. The recovery of spin coherences is a matter of suitably 
manipulated spin states. By contrast, the principle of solid echoes due to dipolar 
(or quadrupolar) interaction is that the spin couplings as the coherence defocusing 
elements are also affected by the RF pulses. Solid echoes [322, 390] are the conse- 
quence of spin-state as well as spin-interaction manipulations. This is the reason 
why the RF pulse sequences, albeit very similar in many respects, require different 
pulse phases and flip angles to provide optimal solid-echo amplitudes. 

In the following treatments we disregard spin-lattice relaxation and merely take 
into account effects of the secular dipolar Hamiltonian (see Table 46.5 on page 425). 
In the time scale in which solid-echo effects can be expected this is certainly a 
rather uncritical simplification. 



4.1 

Two-Pulse Dipolar Solid Echoes 

Nuclear spins underlying dipolar coupling in solids tend to form very large systems 
which possibly comprise the whole sample. In this context ‘‘solid” means that dipolar 
interactions are not averaged out by molecular motions in the lifetime of a spin state. 
A material of this sort can be a rigid solid or just a liquid viscous or anisotropic 
enough to ensure that there is at least a residual influence of dipolar coupling on 
the evolution of spin coherences. 

Such circumstances appear to be rather complicated for a theoretical consider- 
ation. There are, however, situations and approximations enabling one to perform 
simple straightforward treatments of the coherence evolution. We discuss the fol- 
lowing two approaches of the problem.^ 

a) The total spin system is subdivided in groups of a few spins. Dipolar interaction 
among spins of different groups are neglected, which is justified if the spacings 
of the spins are much larger than those of interaction partners in a group. In 
this case the product operator formalism is applicable (see Chap. 51). The most 
elementary problem to be solved on this basis refers to an ensemble of isolated 



^The “intermediate” situation of spin pairs with weak interpair coupling was treated in [51]. 
Under such circumstances the second moment of the interpair contribution to the spectrum 
can be evaluated. 
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Fig. 4.1. RF pulse sequence for the generation of solid echoes. The lower trace is to represent 
envelopes of the expected NMR signals. 



systems of two like and equivalent spins 1/2. All important experimental features 
are already revealed at least qualitatively in this case. Although the practical 
application of the product operator formalism may be restricted to small spin 
systems not exceeding five members or so in order to avoid expressions of 
excessive lengths, formalisms of this sort model the behaviour of larger spin 
systems reasonably well. 

b) In the second approach to be dealt with here the size of the spin system is unre- 
stricted. The problem is solved by series expansions of the sandwich propagator 
expressions determining the evolution of spin coherences. 

The pulse sequence to be considered is^ 

(tt/2)jc — Tl — il3)s — T — (acquisition) (4.1) 

A scheme of this sequence with the pulse phases in quadrature is displayed in 
Fig. 4.1. Resonance offsets by external or internal field inhomogeneities are ne- 
glected. 



4.1.1 

Systems of Two Equivalent Spins 1/2 

The treatment in the following is based on the reduced density operator as defined 
in footnote 2 on page 431. The equilibrium value for a two-spin system is (see 
Sect. 47.2) 

<^(0— ) = hz + hz (4.2) 

The RF pulses are assumed to be “hard” enough to neglect all spin interactions as 
long as the pulses are on. The Hamiltonian effective in the rotating frame is then 



^This is the elementary pulse sequence eligible for the generation of solid echoes. Note that 
solid echoes can also be refocused repeatedly with the aid of further equidistant and in-phase 
RF pulses following the second pulse in intervals 2 ti . 
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(Eq. 48.95), so that the first RF pulse produces the single-quantum coherence 
terms 

ct(O-I-) = l\y + hy (4.3) 

The spin coherences evolve under the action of the bilinear spin operator (see 
Eq. 51.24): 

= ^^-^{\-Zcos^d-)hJt, = hcdh,l2z (4.4) 

^ 47T 2r^ 

Bringing the product operator rules (Table 51.3 on page 486) into use leads to the 
expression 



= ihy + hy) cos(7TQri) - {Ihxhz + 2l2xhz) sin(7rQTi) (4.5) 

The phase direction of the second pulse is at first assumed to be the y axis of the 
rotating frame. The density operator immediately after the second pulse is then 

= (hy -h hy) cos(nCdTi) - {[2hxhz + 2hxhz] cos(2j8) 

+ [2hxhx - 2hzhz] sin(2^)} sin(TrQri) (4.6) 

The last two terms represent multiple- quantum coherences (MQC) and longitudinal 
order (in this case, dipolar order (DO)) respectively.^ These phenomena cannot 
contribute to detectable signals obtained with a two-pulse sequence. For the moment 
we may therefore skip the consideration of their further evolution. It is relevant in 
context with pulse sequences consisting of three or more pulses, because then the 
conversion into detectable single-quantum coherences is feasible (see Sect. 4.2). The 
DO and MQC terms vanish for the flip angle p = njl and become maximal for 
^ = 7T/4. 

After a further evolution interval r the spin states are characterized by 

+ T)is=y = {hy + hy) ^ {cos[7TCd(ri - r)] + coslncdin + r)] 

— cos(2^) {cos[7TCrf(Ti — r)] — cos[nCd{T\ + r)]}} 

- 0-hxhz + '^hxhz) j {sin[7TQ(ri + r)] - sin[7rcrf(ri - r)] 

+ cos(2^) {sin[7TCd(ri - r)] + sin[7rcd(ri + r)]}} 

-h MQC and DO terms (4.7) 

In powders no preferential orientation of the internuclear vectors exists. The po- 
lar angle & is correspondingly distributed over all possible values. The internuclear 
distance r is a further parameter possibly subject to variations from spin system to 



^“Dipolar order” means that the spins are aligned in the local dipole magnetic field produced 
by their neighbors. The nature of this phenomenon may be visualized by considering spins with 
different precession frequencies owing to dipolar interaction. The “fast” spins tend to be in the 
spin-up state, while the “slow” spins adopt the spin-down state or vice versa. The spin states 
are thus correlated to the local field produced by dipolar coupling. 
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spin system. The consequence is that the ensemble of spin systems implies a dis- 
tribution of dipolar coupling constants Cd (see Eq. 4.4). The observable signals are 
therefore determined by the ensemble average (...) with respect to q = Cdi'&yV). 
All sine and cosine terms in Eq. 4.7 must be averaged accordingly. 

In the resulting average density operator expression the superpositions of all 
sine or cosine terms with finite arguments ncd(ri + r) or nCd(Ti — t) tend to be 
destructive. However, if the condition 



T = Tl (4.8) 

is satisfied the arguments ncd(ri — r) vanish, so that the corresponding terms be- 
come independent of the orientation. In particular, this refers to terms implying 
{cos[nCd(Ti — t)]}. The density operator then adopts a maximum, which reveals 
itself as the two-pulse "solid echo” of the single- quantum coherences. The echo 
amplitude is characterized by the first term on the right-hand side of 

(cj(2ri)|^^^) = (Ji^ + l 2 y) ^ [l ~ cos(2^>] 4- MQC and DO terms (4.9) 

Furthermore, if the flip angle of the second pulse is p = the amplitude 
of the initial FID is completely recovered.^ In this case, the complex transverse 
rotating-frame magnetization is 

m(2ri) = m(O-h) = iMq (4.10) 

The opposite situation arises for p = n. The echo signal then disappears entirely. 
This is to be compared with the Hahn echo which adopts its maximum amplitude 
for 180° refocusing pulses (see Eq. 2.17). The solid echo is maximal for pulse phases 
in quadrature as assumed in the above treatment. In contrast to the two-pulse Hahn 
echo, the echo signal disappears for in-phase pulses. The reason is that the second 
RF pulse simultaneously changes the spin states as well as the spin interactions. 
The consequence of in-phase pulses is that the refocusing tendency, arising from 
the change of the spin states, is cancelled by the opposite tendency owing to the 
modified spin interactions, or vice versa. This becomes obvious by considering the 
reduced density operator after in-phase pulses: 

<7(Ti + r)l6=x = {hy + hy) cos pcos[ncd(Ti + T)] 

- (2Iixhz + 2 l 2 xhz) cos 13 sin[7TCd(ri + r)] 

- ihz + hz) sin p cosine dTi) 

+ MQC terms (4.11) 

There is no cosine term with an argument depending on the difference of the 
free-evolution intervals, 7 tc^(ti — r), so that all trigonometric functions at all finite 



^The completeness in refocusing of dipolar phase shifts is a feature of two-spin systems. 
Larger systems show echoes with reduced amplitude (see Eq. 4.24). 
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times are subject to destructive superpositions. For /3 = the corresponding 
transverse magnetization even vanishes entirely.^ 



4.1.2 

Approximate Treatment of Multi-Spin 1/2 Systems 



Solid echoes appear in multi-spin systems under the same experimental conditions 
as described above, but the coherences are only partially refocused.^ These incoher- 
ent losses can be calculated using the product operator formalism if the spin system 
consists of a few spins only and if the mutual arrangement of the coupling partners 
follows a simple geometry. If the number of coupled nuclei exceeds three or four 
the treatment becomes more and more intractable. Under such circumstances ap- 
proximate treatments using series expansions to a certain order are more promising 
[320, 391, 448, 449]. 

In the light of the above treatment, the optimum coherence refocusing effect is 
expected for a pulse sequence consisting of two 90° pulses phase-shifted by 90°. We 
therefore consider a sequence of the type 

(jil2)x — Ti — {nl2)y — T — (acquisition) (4.12) 

The total spin components are defined by sums over all spins in the system: 

7v = ^ hv where v = x, y, z (4.13) 

k 

The respective reduced density operators before and just after the first pulse are 



cj(O-) = 7, 



(4.14) 



and 

(j(O-h) = ly (4.15) 

After the first RF pulse, the spin coherences evolve [301] according to the secular 
dipolar Hamiltonian (see Table 46.5 on page 425) 



nf = 



7^0 2k2 1 1—3 COS^ 

^ j<k 






(4.16) 



which now refers to all spins in the sample. The segmented treatment of the time 
dependence of the density operator involves the following steps which are self- 
explanatory: 

ct(ti-) = exp (7(0+) exp (4.17) 



^This statement is valid provided that inhomogeneities of the external magnetic field are 
negligible. If the spin coherences are additionally dephased by sufficiently strong field gradients, 
the relative phase of the second RF pulse may become irrelevant (compare Chap. 17). 

^An analogous statement can be made for Hartmann/Hahn cross-polarization (see 




4.1 Two-Pulse Dipolar Solid Echoes 



31 



o{ri+) = exp exp (4.18) 

o(ti + t) = exp (7 (ti+) exp (4.19) 

Thus in the acquisition interval the complex transverse rotating- frame magnetiza- 
tion is^ 



m(Ti + t) = nY„hbTr{{Ix + Uy)oiTi + r)} 

= riYnhbTr | exp [^x + Hy] exp 

exp () j/y) exp a(ri+) 

exp exp (4.20) 



where we have used the property Tr{PQ} = Tr{QP}. The sandwich operator terms in 
the parentheses can be expanded in a Taylor series about f = 0, leading to (compare 
Eqs. 48.44 and 48.45) 

= p + it[P, Q] - ^[Q, [Q,P]] + |![Q, [q, [q,p]]] _ ... (4.2I) 



Using this expansion twice and rewriting Eq. 4.20 in the form of MacLaurin series 
as far as possible, leads to 



+ r) = 



^ iT^-T)^Tr[[Hfjy?} ^ {T,-T)*Tr{[nf,in'^\ly]] 



(0) r-u(0) 



iMo 



2! 



Tr{/2} 



4! 



Wy} 



6ry Trmf + Uf, [nf,Iy]][H'^>, [H'^^Iy]]] 



( 0 ) rn^iO) 



+ - 



4! 



W} 



+ ... 



The coefficients can be expressed by the line moments 

+ 00 

My= j g{Aco)(Acoy diAco) 



(4.22) 



(4.23) 



^Note that the dipolar Hamiltonian in Eq. 4.16, refers to all spins in the sample. Therefore no 
extra average over a distribution of internuclear vector orientations is needed. There is only one 
(multi) spin system. The distribution of internuclear vector orientations is already taken into 
account by applying the total dipolar Hamiltonian. By contrast, in the treatment of an ensemble 
of two-spin systems considered in the previous section, the dipolar Hamiltonian referred to a 
single spin system out of an ensemble so that a corresponding average was essential. 




32 



4 Solid Echoes of Dipolar-Coupled Spins 



where g(Ao>) is the normalized lineshape, and Aco = co — coq is the deviation from 
the resonance angular frequency. Thus we obtain 

m(Ti -j- t) = iMo ^1 — ^ M2 + - — — ^ M4 + . . 

f 6r^^Tr{[Wf 1 
+ \ 4! Tr{Jj} +...|(4.24) 



where 



M2 



M4 



Tr{[77f,J^]^} 

Tr{l2} 

Tr{[77f,[77f,J^]]^} 

TrU^} 



(4.25) 

(4.26) 



In this way, the problem is transferred to the calculation of commutators. Ac- 
cording to the rules given in Chap. 44, we have 



[Ij-hJy]=0 (4.27) 

so that the scalar product terms of the secular dipolar Hamiltonian do not con- 
tribute. The other commutator terms can be conveniently calculated with the aid of 
Eqs. 42.72 which are valid for spins 1/2. For example, it turns out that 

i^jz^kzy^jy "F ^ky] ~ ^{^jx^kz “F ^jz^kx) 

2 I I 

[Ijzlkzyljy hyi — ~g ~ 

[Ijz^kzy [^jz^kzy Ijy “F f/cj)/]] — 4^-^^ 

2 1 1 1 
[f/zf/cz> Ujz^kzy Ijy “F ^ky]] ~ ^ H“ '^^jy^ky “F 

Relevant traces are (see Chap. 43) 

Tr{/^} = 2^~^N 

'^mjzhzJjy + hy?} = -2^-^N 
Tr{[IjAz,UjzIkzJjy+Iky]?} = 2^-^N 

According to Eq. 4.24 the signal is expected to be maximal for ri = r as already 
concluded from the two-spin treatment (see Eq. 4.8). The refocusing of the coher- 
ences tends, nevertheless, to be incomplete owing to the last term which summarizes 
the deviation from the MacLaurin series. While this term vanishes for two-spin 1/2 
systems, it represents the tendency towards incoherent behaviour with increasing 
size of the spin system. 




4.1 Two-Pulse Dipolar Solid Echoes 



33 



Nevertheless solid echoes are pronounced phenomena. Figure 4.2 shows a signal 
corresponding to the above treatment (echo in the middle after the second RF pulse). 
The dependences of the signal amplitude, on the pulse flip angles and phases, has 
been generally treated in [448]. Solid echoes in the presence of two different spin 
species are described in [450]. 







Fig. 4.2. Oscilloscope traces of the five solid echoes produced by the three-pulse sequence 4.28. 
The arrows indicate the echo maxima. The three RF pulses reveal themselves by black signal 
breaks. (Reproduced by permission from [448]) 
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4.2 

Three-Pulse Dipolar Solid Echoes 

As with Hahn echoes, the addition of a third RF pulse leads to a variety of different 
solid echoes. The treatment suggests five signals of this sort [448], all of which can 
be distinguished experimentally as shown in Fig. 4.2. The general pulse sequence is 

(oc)<Pi - - T2 - (y)cp, - (acquisition) (4.28) 

The formation of the echoes depends on the flip angles and the pulse phases. In 
order to simplify the treatment, we specify these parameters according to 

{n/2)x - Tx - {p)y - T 2 - iY)y ~ (acquisition) (4.29) 

Furthermore, we restrict ourselves to systems of two equivalent spins 1/2. The 
reduced density operator at the beginning of the i 2 interval is then readily obtained 
from Eq. 4.6 as 



a(Ti+) = Osqcijx+) + Omqc{rx+) + C7^o(^l+) (4.30) 



where 



(ysqc(ri-\-) = (hy hy) COS(nCdTi) 

-[2Iixhz + 2l2xliz] cosilp) sm{jiCdTx) (4.31) 

is the contribution of in-phase and antiphase single-quantum coherences, 

Omqci^\+) = 2Ixxhx sm{2p) sin(7TQri) (4.32) 

is the multiple-quantum coherence term,^ and 

(ydo{^\+) = -2Iizhz sin(2^) sin(7TQri) (4.33) 

represents dipolar order. 

As we are dealing with spin systems comprising only two coupling partners, 
there are no "passive” spins, multiple-quantum coherences do not evolve due to 
dipolar coupling, and neither does the dipolar order term. Provided that there is 
no relaxation or molecular reorientation, we have at the end of the i 2 interval 

^mqcijl ^2~) — ^mqci^l~^) (4.34) 

cr^o(ri+T2-) = Odo(Tx-^) (4.35) 

^This implies zero- and double- quantum coherences (see Chap. 51). Note that double- 
quantum coherences (two quanta hco) are to be distinguished from “overtone coherences” 
(one quantum hlco) [47]. The latter transitions contribute in a radiationless way to spin-lattice 
relaxation (see Chap. 12). They can also be generated by cw or pulsed excitation using “brute” 
force overtone RF or by cross-polarization techniques [105, 400, 436, 485]. The condition is that 
the spin systems under consideration are strongly coupled so that stationary superpositions of 
the eigenstates of the uncoupled system exist. 
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The single-quantum coherences evolve according to 

Osqcin T2-) = (hy hy)^{cos[nCd(ri - T2)] cos[ncd(Ti T2)] 

- cos(2/?){cos[7TQ(ri - T 2 )] - cos[7TQ(ri + T 2 )]}} 

-(llixhz + 2 l 2 xhz)^{sin[ncd(Ti + T2)] - sin[ncd(ri - T2)] 

4-cos(2/?){sin[7rQ(ri - 12 )] + sin[7rQ(ri + 12 )]}} (4.36) 

The third pulse modifies these density operators to 

+ ^2+) == {2Iixhx cos^ Y -f llizhz sin y 

-h ^(2hJ2z + 2hzhx) sin(2y)} sin (2^) sin(7TQri) (4.37) 

+ ^2+) = ~ {2Iizhz cos^ Y + ^Iixhx sin y 

- ^(2Iixl2z + 2Iizl2x) sin(2y)} sin(2j8) sin(7TQri) (4.38) 

(^(sqc)(Tl + T2+) = (hy + hy)^ {C0S[nCd(Ti ~ T 2 )] + COS[7TQ(ri + 12 )] 

- COS(2j8) {cos[7TQ(ri - 12 )] - COS[7IQ(Ti + 12 )]}} 

- — {(^Iixhz + 2 l 2 xhz) cos(2y) + (llizhz ~ ^Iixhx) sin(2y)} 
{sin[7TQ(ri + T 2 )] - sm[ncd(ri - T 2 )] 

-f cos(2^) {sin[7TQ(Ti - T 2 )] + sin[7rQ(Ti -1- T 2 )]}} (4.39) 

where C(mqc)y <^(do)y ^nd G(sqc) are the density operators derived from the expressions 
for multiple-quantum coherences, dipolar order and single-quantum coherences of 
the preceding interval. 

The further evolution under the influence of dipolar interaction in a subsequent 
interval r leads to terms with factors cos(ttqt) and sin(7TQr). These, combined 
with the trigonometric functions of the above expressions, suggest single-quantum 
coherence echo maxima at the times indicated in Fig. 4.2. 

Echoes which can be traced back to dipolar-order states and multiple-quantum 
coherences in the second interval are of particular interest. Up to now we have 
tacitly assumed that there are no resonance offsets (e.g., by field inhomogeneities 
or chemical shifts) and that relaxation is negligible. Under such conditions a^mqc) 
and O(^do) have evolved in a similar way, and share and share alike. Forming the sum 
of these two contributions. 



(^{do)(ri + T2+) + (J(mqc)(n + ^2+) = (2Iixhz + ^hzhx) sin(2y) sin (2^) sin(7rQTi) 

(4.40) 



readily leads to 
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+ T ’2 + r) + (J(rnqc)i'^l + ^2 + ^) — -(^Iixhz + 2/iz/2x)(sin[7rQ(Ti + r)] 

+ sin[7TQ(ri — r)]) sin(2jS) sin(2y) 

+i(7i^ + l2y)(cos[nCd(Ti - t)] 

— cos[nCd(Ti + r)]) sin(2^) sin(2y) 

(4.41) 

This expression must be ensemble-averaged over all dipolar coupling constants 
= Cd(^y as a function of the internuclear distance vector r. The trigonometric 
terms depending on nCd(Ti zbr) are destructively superimposed unless the argument 
is zero owing to an adequate value of the time r. That is r = ti in particular. If this 
condition is satisfied a dipolar-order/multiple-quantum coherence transfer echo 
appears, characterized by the average reduced density operator 

(cJ(^o)(2ti + T 2) + a(^mqc)(2Ti + T2)} = ^y) sin(2j8) sin(2y) (4.42) 

The corresponding complex transverse magnetization is 

m(2ri + T2) = ^Mo sin(2^) sin(2y) (4.43) 

The flip angles for maximum signal are p = y = so that 

m(2ri -f T2) = ^Mo (4.44) 

Under real conditions, the multiple-quantum coherences in the T2 interval tend 
to be defocused by resonance offsets, or will be relaxed if T 2 ^ T 2 . The eventually 
detectable single-quantum coherences originating from these multiple-quantum co- 
herences may be refocused as a coherence transfer echo if all resonance offsets 
remain constant. Refocusing a single- quantum coherence, however, takes twice as 
long as defocusing a double-quantum coherence (compare Chap. 7). Therefore, 
(<7(m^c)(2ri + T2)) = 0, and the echo at the time 2 ti + T 2 will be determined solely by 
(a(^o)(2ri +12)). The complex transverse magnetization of this dipolar-order trans- 
fer or Jeener/Broekaert echo [208] is, for the optimum flip angles p = y = tt/4, 

m(2ri -h T2) = 7M0 
4 



(4.45) 




CHAPTER 5 



Solid Echoes of / = 1 Quadrupole Nuclei 



Quadrupole nuclei with spin I = I respond to pulse sequences analogously to pairs 
of dipolar coupled, equivalent nuclei 1=1/2. The reason is that with the two- 
spin 1/2 system only triplet states (total spin F = 1) play a role. Therefore, the 
same sort of three-level system is active and the eigenfunctions are of an equivalent 
nature [455]. Nevertheless it may be instructive to treat quadrupolar solid echo 
pulse sequences directly using the operator formalism given in Chapter 52 for the 
case of axially symmetric electric field gradients. 



5.1 

Two-Pulse Quadrupolar Solid Echo 



We consider the quadrupolar-echo pulse sequence [110, 462] 

{n/2)x — Ti — {n/2)y — t — (acquisition) (5.1) 

i.e., the pulse scheme shown in Fig. 4.1 in its optimum version for = tt/2. 

The equilibrium reduced density operator is 

0(0-) = h (5.2) 

The first 90° RF pulse produces 

cr(0+) = ly (5.3) 

The corresponding coherences evolve in the first pulse interval under the influence 
of the high-field secular quadrupole interaction Hamiltonian for axially symmetric 
electric field gradients (see Table 46.4 on page 424) 

= hcoq ( 4 ^ - = hcoq A - A ( 5 . 4 ) 



where 



COn 



3e^qQ 
SI(2I - l)h 



(3 cos^ — 1) = 



3e^qQ 

Sh 



(3 cos^ 1^ — 1) 



(5.5) 



Spin-lattice relaxation, i.e., the nonsecular terms of the quadrupole Hamiltonian, 
are neglected here. The sandwich propagator expression for the first free-evolution 
interval is 






ly e 



n/mTh 



(5.6) 




38 



5 Solid Echoes of / = 1 Quadrupole Nuclei 



The evaluation is based on Eq. 52.19. The commutator of the basis operators needed 
for this purpose is (see Table 52.1 on page 496) 

[lyjl- 2/3] = + (5.7) 

That is, the quantities determining Eq. 52.19 are a = ly Oi = Izlx + Ixh^ and 
(p = cOqTi. The reduced density operator becomes 

<7(Ti-) = ly COS(COqTi) - {hh + Uz) sin(COqTi) (5.8) 

The reduced density operator just after the second pulse, (n/2)yy is derived as 

cr(ri+) = ct(ti— ) (5.9) 

In this case, the relevant commutator is (Table 52.1 on page 496) 

[ly, IJ, + IM = -2i{ll - ll) (5.10) 

implying a = 2, 0\ = ll — and <p — n/2. The evaluation of Eq. 52.20 leads to 

o{ti+) = ly COS(cOqTi) - {IJx + hh) sin(&)gTi) (5.11) 

The evaluation of the sandwich propagator expression of the next interval, 

o{t\ -\-t) = (5.12) 

requires the commutators 



Wl - 2/3, ly] = -i{IJ, + IJ,) (5.13) 

(i.e., a = ly Oi = Izlx + Ixhy <P = coq^) and 

- 2/3, + IM = ily (5.14) 

(i.e., a = —ly Oi = lyy (p = coqi). The result is 

o(ti +T) = Iy coslcOqiTi - t)] - + hk) sin[ft),(ri - r)] (5.15) 

For the derivation of the complex transverse magnetization we need the average 
over all coq values occurring in the sample. One is facing such distributions for 
powder geometries in particular. In this case, all possible polar angles & of the 
external magnetic field in the principal axes system of the field gradient tensor 
must be considered. The average reduced density operator is 

(cj(ri + t))co^ = ly {cos[cOq(Ti - r)])^,^ - (Izlx + Ixh) {sin[(Oq(Ti - t)])co^ (5.16) 

For finite arguments, the average trigonometric functions tend to be zero owing 
to the (Oq distribution. However, the cosine terms becomes independent of the 
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quadrupole coupling constant if r = ti. Then the average density operator takes the 
value 

(a(2n)}^^ = (5.17) 

This is the condition under which the quadrupolar solid echo appears. It coincides 
with that for dipolar solid echoes (Eq. 4.8). In the absence of relaxation, the complex 
transverse rotating-frame magnetization is completely recovered: 

m(2ri) = zMo (5.18) 

In the pulse sequence 5.1 the RF pulse phases were chosen in quadrature which is 
the optimum adjustment for the solid echo. By contrast, in-phase pulses produce no 
directly detectable signals after the second pulse. For example, the pulse sequence 

{nl2)x — — {nl2)x — r — (acquisition) (5.19) 

leads to a reduced density operator immediately after the second pulse (nl2)x 

<7(^1 +) = + (Ixly + lylx) (5.20) 

The first term corresponds to z magnetization, the second to double- quantum co- 
herences (see Eq. 52.9). Thus, no detectable single-quantum coherences are involved 
in this case. 



5.2 

Three-Pulse Quadrupolar Solid Echoes 

Extending the pulse sequence by a third RF pulse, 

{n/2)x - Ti - il3)y - T2 - (Y)y - ^ - (acquisition) (5.21) 

gives rise to a number of further echoes [48] in analogy to the dipolar case. A version 
which is of particular interest is the Jeener/Broekaert pulse sequence [208, 466] 

(nl2)x — T\ — (jilA)y — T 2 — (jij^y — T — (acquisition) (5.22) 

From Eq. 5.8 we derive the reduced density operator immediately after the second 
pulse, (n/4)yy as 

cr(Ti+) = ly cosicOqTi) - - I^) sin(ft),ri) (5.23) 

The right-hand side of this expression represents a combination of single-quantum 
coherences which are expressed by the first term, 



Osqc(ri+) = IyCOs(COqTi) 



( 5 . 24 ) 
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and a spin-alignment term, i.e., superimposed quadrupolar order and double- 
quantum coherences,^ which is represented by 

Osa = -ill - ll) sin(GJqri) (5.26) 

In terms of the basis operators given in Chap. 52 the operator part of the latter can 
be written in the form 

(5.27) 

The single-quantum coherences are dephased under the action of the quadrupo- 
lar Hamiltonian Hq = hcOqO 4 y whereas the spin-alignment contribution (second 
term on the right-hand side of Eq. 5.23) is not affected owing to the vanishing 
commutators (see Table 52.1 on page 496) 

[C> 4 , 04] = 0 and [O 4 , Os] ^ 0 (5.28) 



At the end of the second pulse interval the reduced density operator is thus 

o(ti + T 2 -) = [ly cosicOqTj) - {hh + hh) sin((»qr 2 )] cos(ftJ,ri) - {ll - ll) sin((»^ri) 

(5.29) 



The third pulse, (nj^yy transfers this into 

+ T2+) = [ly COSicOqTz) ~ ~ I^) sin(G>,T2)] cos(a>qri) + (Izlx + Ixlz) sin((»qTi) 

(5.30) 

After a further evolution period under the action of the quadrupolar Hamiltonian 
we finally get 

0 {Ti + T2 + t) = 0( sqc )( Ti , T 2 , t) + 0 ^sa)(ri, t) (5.31) 



where the contribution 



0’(sqc)(ri,r2,r) = [{lyCOS(COqT) + (IJ^ + Ixk) Sm(cOqT)} COS(COqT 2 ) 

- (^z - sin(&)qr 2 )] cos(m,ri) (5.32) 

originates from the single-quantum coherences in the T 2 interval, and 
<7(sa)(ri, r) = [{IJx + Ixh) cosicOqT) - ly sinfm^i)} sin(mgri) 

= ^(fzfx + /x4){sin[a)q(ri -f- r)] -f sin[co,(ri - r)]} 

-^Iy{cos[cOqiTi - t)] - cos[ftj,(Ti -|- r)]} (5.33) 



^The matrix representation of this operator term is 

1 0 -1 \ 

0 -2 0 (5.25) 

-1 0 1 y 

The off-diagonal elements refer to double- quantum coherences (compare footnote 8 on 
page 34). 
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emerges from the spin-alignment term which - in the absence of relaxation and 
molecular reorientations - is independent of the duration of that interval. 

The NMR signal is determined by the average over all cOq = cOq(&yq) values 
occurring in the sample. This average, in particular, refers to the polar angle & 
which the principal axis of the field gradient tensor forms with the z axis. In samples 
with powder geometry the average of the products of trigonometric functions in 
the above density operators tend to cancel unless the arguments are such that no 
dependence on cOq remains. 

Consider the reduced density operator (Eq. 5.33) of the spin alignment term. 
The complex transverse magnetization arising from this term is 

m(ri + T 2 + r) = ^Mo{(cos[co^(ti - r)])^^ - (cos[u)^(ri + r)])^J (5.34) 

The first cosine term reaches its maximum for r = ti as a spin-alignment echo, 
whereas the second tends to be averaged out owing to its (x)q dependence. In the 
absence of relaxation or molecular reorientations in the time scale of i 2 the spin- 
alignment echo thus recovers half of the signal that was present immediately after 
the first 90° pulse. 

In real systems, double-quantum coherences tend to relax much faster than 
quadrupolar order so that the Jeener/Broekaert or quadrupolar-order transfer echo 
is determined solely by the quadrupolar-order part of the density operator in the 
i 2 interval. The complex transverse magnetization at the echo maximum is then 

m(2ri +T2) = ^Mo (5.35) 

4 

Thus the analogy to the dipolar-order transfer echo appears to be perfect. In this 
treatment we have neither considered relaxation (see Sect. 12.2.2) nor ‘‘exchange” 
processes (see Chap. 23). The latter are understood in a generalized sense as pro- 
cesses changing the quadrupolar coupling constant in the course of the pulse se- 
quence. This in particular comprises fluctuations of the field-gradient tensor by 
molecular reorientations. 




CHAPTER 6 



Dipolar and Quadrupolar Magic Echoes 



6.1 

Principle 

In the last two chapters it became obvious that dipolar and quadrupolar echoes are 
formally closely interrelated. Equivalent phenomena occur with both interactions. 
As a further example of a solid echo we now consider homonuclear^ magic echoes 
which arise under dipolar [2, 401, 434, 435] as well as quadrupolar [243] interactions. 
For the sake of brevity we will discuss both coupling types at the same time. 

The idea of magic-echo pulse sequences is to produce coherence evolution con- 
ditions in subsequent intervals so that the sign of the interaction Hamiltonian is 
reversed. That is, the dephasing effect of free coherence evolution under the action 
of dipolar or quadrupolar couplings with “positive” Hamiltonian is compensated in 
another interval by evolution governed by interaction Hamiltonian with “negative” 
sign.2 

The nonsecular parts of the spin interaction Hamiltonians are again neglected, 
i.e., spin-lattice relaxation is not considered. The coherence evolution is suitably 
treated in the “tilted rotating frame,” where the z axis is aligned along the direction 
of the effective magnetic field (see Sects. 48.9 and 48.10). 

The secular homonuclear dipolar Hamiltonian in the laboratory frame is given 
by (Table 46.5 on page 426) 

= Y. - ih ■ h)] (6.1) 

k<l 



heteronuclear variant was suggested in [113]. 

^Another sort of “magic” reversal of the coherence evolution under the action of dipolar 
coupling is the polarization echo [382, 532]. This phenomenon even refers to (immaterial) 
spin diffusion mediated by flip-flop (zero -quantum) spin transitions. Spin diffusion is known to 
dissipate the polarization among all spins of a solid whenever the spatial distribution of the spin 
polarization is perturbed inhomogeneously. The spin displacement probability density has the 
same form as that of ordinary Fickian diffusion. Nevertheless, spin diffusion can be refocussed 
with the aid of a cyclic polarization transfer experiment where isolated spins label certain 
positions within the spin system. The principle of this quantum dynamical phenomenon is the 
same as with the magic echo: The sign of the effective coupling Hamiltonian is reversed so that 
the spin system evolves also in reversed direction. The collective nature of the evolution of the 
spin system was demonstrated by the observation of quantum interference phenomena [383] 
in a certain analogy to single-photon interference experiments (see ref. [406], for instance). 
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where ^ 

au = ^ ^ (l - 3 cos^ ^t) (6.2) 

471 2' 

The interacting spins, Ik and are labeled by subscripts k and The orientation 
of the internuclear vector, Vki, is defined by the polar angle &ki relative to Bq (i.e., 
the z axis). 

The secular quadrupolar Hamiltonian in the laboratory (“Zeeman”) frame has 
the form of (Table 46.4 on page 425) 

^(0) ^ ^ I (3 cos^ - 1) [ 34 ^ - P ] (6.3) 

for axially symmetric molecules. The quadrupole nucleus is characterized by the 
spin quantum number / > 1 and the quadrupole moment Q (i.e., the expectation 
value of the largest principal-axes value of the quadrupole moment tensor for the 
magnetic quantum number m = I). The electric field gradient at the position of 
the nucleus is specified by the quantity q, i.e., the largest principal-axes value of the 
electric field gradient tensor divided by the (positive) elementary charge e, and the 
polar angle & of this particular principal axis relative to Bq. 

The unitary transformation to the tilted rotating frame (Chap. 48), which applies 
in the presence of RF irradiation with the carrier angular frequency cOo is 

HijR = TR where (i = d, q) (6.4) 

This transformation makes use of the rotation operator. 



R = exp 



icOct ^ ^ Ijz 
j 



(6.5) 



and the tilt operator. 



r = exp I -/© Ijy I (6.6) 

where 0 is the polar angle^ of the effective field in the rotating frame relative to the 
z axis of the laboratory frame. In the case of dipolar interaction, the sums in the 
exponents refer to all spin members of the system, whereas quadrupolar interaction 
refers, of course, to single spins. 

The result of the transformation Eq. 6.4 is for the dipolar Hamiltonian 

T~id,TR = ^ + sin © cos © (6.7) 

where 




( 6 . 8 ) 



^This angle is not to be confused with the polar angles & and &ki defined before. 
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Qd = ^ J2lhz{il + ID + kzHk + 4 “)] (6.9) 

^ k<i 

( 6 . 10 ) 

Equation 6.10 represents the secular dipolar Hamiltonian in the tilted rotating 
frame. 

Analogously we obtain for the quadrupolar Hamiltonian 

'Hq,m = + Pq sin^ ^ + Qq sin © cos 0 (6.1 1) 

where 

J [ (^^)' + (^')' ] (6-12) 

Qq = l[ izU^ + n + (/+ + niz ] ( 6 . 13 ) 

Km = ^(3 cos' 0-1) (6.14) 

The latter equation expresses the tilted rotating-frame secular quadrupolar Hamil- 
tonian. 

The common feature of the Hamiltonians in Eqs. 6.10 and 6.14, is that they 
depend on the tilt angle in the form of a Legendre polynomial of second order, 

P2(cos0) = i(3cos^0- 1) (6.15) 

The appropriate variation of the tilt angle 0 in the course of a pulse sequence 
changes the sign of the spin interaction Hamiltonians and, hence, the time direc- 
tion of coherence evolution. In particular, in the absence of RF irradiation^ we 
have 0 = 0 so that P 2 = whereas resonant irradiation causes 0 = tt/2 so that 
P 2 = —1/2. The negative sign in the latter case is interpreted as a “time reversal ef- 
fect.” The general principle of magic-echo formation is to match evolution intervals 
with and without RF irradiation in a ratio 2:1. There is a manifold of operational 
pulse sequences permitting experiments of this sort [185, 479]. In the following we 
concentrate on the “magic-sandwich” variant. 



6.2 

The "Magic Sandwich" Pulse Sequence 

Typical RF pulse schemes for magic-echo experiments are shown in Figs. 6.1a, b 
[479]. The pulse sequence reads 

(n/2)^ - Ti - (n/2)y - (a)^ - (a)-^ - (7t/2)_^ ~ T 2 - (magic echo) (6.16) 

^Strictly speaking, in the case of a resonantly rotating frame and no RF irradiation, the 
effective field vanishes and a direction cannot be defined properly. In this case, one may imagine 
an infinitesimal resonance offset of the rotation angular frequency leaving a corresponding field 
component along the z direction. 




6.2 The "Magic Sandwich" Pulse Sequence 



45 



a) 



RF pulses 




signals 




b) 

RF pulses 



(f)> 

V 


(f)y 


( 


-'1 
2 /-y 




(a). 


(Ct)-x 

n T — ^ 


— 1 m 1 , 



signals 




Fig. 6.1. Typical magic-echo pulse sequences: a) with symmetric; b) with asymmetric free- 
evolution intervals. In both cases, the total free-evolution period is a third of the total echo 
time. The lower traces are to represent the signal envelopes. The phase difference between the 
initial excitation pulse and the magic sandwich is uncritical. Other relative phases merely lead 
to phase-shifted signals. 



A (7t/2)x RF pulse with a phase direction arbitrarily chosen along the x axis of the 
rotating frame excites coherences evolving during an interval ti prior to the next 
RF pulse. Time reversal is provided by the “magic sandwich” pulse applied in the 
interval between the times f — Ti and f = ii +2r«. The magic sandwich is composed 
of RF pulses characterized by (tt/2)^, {a)x, (a)-x> and {n/2)^y. The nominal flip 
angle a of the “burst pulses”, (a)x and (a)_x> corresponds to a pulse length in 
each case. 

The magic sandwich is followed by another free-evolution interval of length i 2 
after which the magic echo appears, where T 2 can be shorter than, equal to, or longer 




46 



6 Dipolar and Quadrupolar Magic Echoes 



than ii. The echo maximum representing the completely refocused coherences is 
reached after the echo time 



t — Ti + 2ia + r2 — 6r (6.17) 

where we have introduced the scaling unit 

r = -(ti + T 2 ) = y (6.18) 

The total free-evolution period is ii + 12 = 2r, whereas the overall width of the 
magic sandwich is 2(ii + 12 ) = 4r. 

The first sandwich pulse, (n/2)yy aligns the spins along the effective field pro- 
duced by the {a)±x “burst” pulses. That is, the tilt angle © changes from 0° to 90°, 
and the value of P 2 (cosS) from +1 to — The sign reversal indicates that from now 
on the evolution due to spin interactions takes place in the opposite direction. The 
{nl2)-y pulse terminating the sandwich changes the tilt angle 0 from 90° back to 
0° so that the value +1 of P 2 (cosQ) is valid again. The burst-pulse width is chosen 
to be Ta = Ti T 2 = 2r, i.e., equal to the total period for evolution under the tilt 
angle 0 = 0. The dephasing effect of the dipolar or quadrupolar interaction is 
then counterbalanced by the reverse evolution. The magic echo appears after a time 
6r. 

The phase reversal of the burst pulses, (a)±xy serves the compensation of the 
rotating-frame phase shifts caused by Bi inhomogeneities. In other words, a rotary 
echo is formed in this way (see Chap. 3). Typical examples of magic-echo exper- 
iments are reported in [23] for protons and in [243] for deuterons. Magic-echo 
schemes turned out to be particularly useful for magnetic-resonance imaging of 
solid objects (see Sect. 35.2). 



6.3 

Dipolar-Coupled Two-Spin 1/2 Systems 

The purpose of this section is to demonstrate the essence of magic-echo formation 
in the simplest case, that is, for dipolar coupled two-spin 1/2 systems consisting of 
equivalent spins I\ and I 2 . The treatment refers to the pulse sequence 6.16 (Fig. 6.1). 
The rotating-frame dipolar Hamiltonian effective for coherence evolution is (see 
Eq. 51.24) 

= hcdluhz (6.19) 

where 

Sn^ 2 

The quantities r and & are the length and the polar angle of the internuclear distance 
vector. 

The Hamiltonian effective in the rotating frame tilted by the angle 0 is modified 
according to (see Eq. 6.10) 

^ (3 cos ' 0 - = hc'diuh. 



( 6 . 21 ) 
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From this, the dipolar coupling constant effective in the tilted rotating frame is 
inferred as 

c'. =: - 3cos^#)(3cos^©- 1) (6.22) 

8tt^ 4 

The initial reduced density operator, 



^( 0 — ) — hz + hz 



(6.23) 



is converted by the first RF pulse, (n/2)xy into 



cr(0+) — I\y + l2y (6.24) 

The operators on the right-hand side correspond to single-quantum coherences 
which evolve in the first pulse interval according to (see Table 51.3 on page 487) 

o{tx-) = (hy + hy) cos(7TQTi) - (ll^hz + 2l2xhz) sin(7rQTi) (6.25) 

The first pulse of the magic sandwich, (njl^y^ transforms this into 

^^(ti+) = (hy + hy) cos(7TQTi) -h ( 2 hxhz + 2 hxhz) sin(7TC^Ti) (6.26) 

Up to now the influence of dipolar coupling has been neglected during the RF pulses 
which are assumed to be sufficiently “hard.” During the burst pulses this is no longer 
justified. The 90° phase shift of the first burst pulse results in a situation in which 
the spins evolve in the effective field under the action of dipolar interaction. 

The next steps, consequently, are to transform the density operator to the tilted 
rotating frame and to treat the coherence evolution under the action of the secular 
part of the transformed dipolar Hamiltonian. The unitary transformation leading 
to the new reference frame is 

CTre(ri+) = cr(ri+) (6.27) 

In the tilted rotating frame, the z axis is aligned along the effective field. Under 
resonant RF irradiation, the tilt angle is 0 = 7 t/ 2. Evaluating the above sandwich 
operator expression for this tilt angle^ gives 



Otr(ti-\~) = (hy + hy) COS(7TQTi) - (2hxhz + 2hxhz) sin(7TQTi) (6.28) 

The expression on the right-hand side seems to be identical with that of Eq. 6.25. 
However, note that the operator components refer to different coordinate systems. 

Each of the burst pulses is of length At the end of the first burst pulse, the 
density operator has evolved to 

omiri + T„~) = (hy + hy) cos[7r(CdTi + c'^ta)] 

- (2I1J2Z + 2l2xllz) sin[7T(QTi + c'^Ta)] (6.29) 



^For a treatment of arbitrary tilt angles see [117]. 
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The 7T phase shift of the second burst pulse is taken into account by a transformation 
to another tilted rotating frame according to 

crmiTi + r„+) = a-min + r„-) (6.30) 

Under the idealized conditions assumed here, Eq. 6.29 is not affected by this trans- 
formation apart from the fact that the spin-operator components are now defined 
in the new frame: 

+ ^a+) = (hy + hy) cos[n(cdTi + c^r«)] 

- (2hxhz + 2l2xhz) sin[7T(Qri -f c^r«)] (6.31) 

However, the phase shift between the two burst pulses becomes crucial if the RF 
field amplitude Bi were distributed inhomogeneously. In this case, a rotary echo 
(see Chap. 3) must be formed at the end of the second burst pulse in order to reach 
the full recovery of the signal. 

The evolution in the second burst interval results in 

Otr(ti + 2r„-) = ihy + hy) cos[n(CdTi + 42r„)] 

- (2Iixhz + 2hxhz) sin[7r(Qri + 42r„)] (6.32) 

The transformation back to the rotating frame, and the effect of the terminal 
(nl2)-y pulse of the magic sandwich, are formally expressed by 

cj(ri + 2r«+) = 

^-i(n/2)(Iiy-\-l2y) ^-i(n/2)(Iiy+l2y) (jj^(x-^ -|- 2r^ — ) ^iiTt/2)(Iiy-\-l2y) 

<j(ri+2ra-) 

(6.33) 

The combined application of both intercalated unitary transformations leaves the 
density operator formally unchanged, so that 

a(Ti + 2rcr-h) = (hy + hy) cos[7r(QTi -f- c^2r«)] 

- (2hxhz + 2hxhz) sm[n(CdTi + c'^2ia)] (6.34) 

Note that the spin-operator components on the right-hand side are defined by a 
reference frame other than that relevant for Eq. 6.32. 

Accounting for the evolution in the subsequent T2 interval, the reduced density 
operator is found to be 

o(Ti + 2la + T2) = (hy + hy) COS[Tl(CdTi Ql2 + 2c'^Ta)] 

+ (2hxhz + 2hxhz) sin[n(CdTi + qt 2 + 2c'dTa)] (6.35) 

The first operator term on the right-hand side corresponds to in-phase coherences, 
whereas the second term represents antiphase coherences. 
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In samples with powder geometry, the dipolar-coupling constants Cd and 
Eqs. 6.20 and 6.22, vary within a certain range according to the orientational 
distribution of the internuclear vector. We therefore form the powder average 
(a(ri + iTa + T 2 )) of the density operator given in Eq. 6.35. For finite arguments, the 
cosine and sine factors are destructively reduced in the average or even canceled. 
However, if the time intervals are chosen in such a way that the argument becomes 
zero, the cosine term no longer depends on the dipolar coupling constant. That 
is, the in-phase operator term reaches a maximum, whereas the antiphase term 
vanishes in the average. 

Thus, the condition for the magic-echo maximum is 

(cos[7r(CdTi + Cdt 2 + 2c'^Ta)]) = 1 (6.36) 

or 

Cd (ti + T 2 ) = -Ic'd Ta (6.37) 

For the tilt angle 0 = tt/ 2 during the burst pulses, the dipolar coupling constants 
are related as = —Cdl2y so that the magic-echo condition reads 



T\ T2 = Ta (6.38) 

At the echo maximum, the average reduced density operator becomes 



{a(3Ta)) — hy + hy 



(6.39) 



so that the complex transverse magnetization is recovered according to 

Tn{3Ta) = iMo (6.40) 

Obviously the total initial magnetization is restored provided that spin-lattice relax- 
ation is negligible. The condition at Eq. 6.37 also elucidates that it does not matter 
whether the two free-evolution intervals are symmetrical or not. 



6.4 

Mixed Echoes 

The magic-echo pulse sequences shown in Fig. 6.1 selectively recover spin coher- 
ences which have been defocused by bilinear homonuclear spin interactions, i.e., 
dipolar or quadrupolar couplings. On the other hand, phase shifts caused by linear 
spin interactions in combination with field inhomogeneities and chemical shifts, 
and by bilinear heteronuclear spin couplings, are not compensated. The reason is 
that the net effect of the magic sandwich vanishes in these cases. 

With Hahn two-pulse echoes (see Fig. 2.1) the situation is just reversed. This 
pulse sequence fails to refocus dephasings by bilinear homonuclear spin interactions 
as substantiated in Sect. 4.1, whereas those caused by linear spin interactions and 
bilinear heteronuclear spin couplings are compensated for. 

However, a slight modification of the symmetric magic-sandwich pulse tech- 
nique (Fig. 6.1a) permits one to generate echoes in both respects at one time. The 
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(fl (f) 




Fig. 6.2. RF pulse sequence for the production of mixed echoes (ME) by refocusing phase shifts 
due to homonuclear dipolar or quadrupolar couplings as well as those due to heteronuclear 
dipolar spin interactions and any sort of field inhomogeneities. The phases of the burst pulses 
are indicated by the letters x and —x. 



formation of such “mixed echoes” recovering coherences dephased due to linear as 
well as bilinear spin interactions is made possible by the sequence [117, 331] 

{nl2)x — T — {nl2)y — (a)x — (c()-x ~ — t — (mixed echo) (6.41) 

where the total length of the burst pulses is 4r (see Fig. 6.2). The only difference to 
the magic-echo pulse sequence (Fig. 6.1a) is that the phase of the last RF pulse of 
the magic sandwich is now opposite. 

The effect of the modification can be perceived by considering the situation 
arising when a (180°)^^ pulse is inserted into the middle of the magic sandwich. This 
pulse would act just as in the two-pulse Hahn echo sequence. If the RF amplitude Bi 
of the burst pulses is much larger than any local-field offsets AB by inhomogeneities 
or secular heteronuclear interactions, the 180° pulse can equivalently be attached 
back-to-back to the last (90°)_^ pulse. That is, in the actual mixed-echo pulse 
sequence the composite back-to-back pulse, (90°)_^(180°)^, can be replaced by 
the pulse (90°)^ with the same result. Examining the above treatment makes it 
obvious that this modification does not affect refocusing of the phase shifts by 
homonuclear bilinear spin interactions, while Hahn echo formation is activated by 
the (180°)^ pulse. Mixed echoes turn out to be particularly useful in context with 
magnetic-resonance imaging schemes for semirigid or heterogeneous materials (see 
Sect. 35.2). 




CHAPTER 7 



Coherence Transfer of i-Coupled Spins 



The influence of indirect spin-spin interaction (briefly / coupling) on the evolution 
of spin coherences becomes appreciable if the much stronger dipolar or quadrupo- 
lar interactions are largely averaged out by molecular motions. This is the realm 
of high-resolution NMR which applies to low- viscous isotropic liquids in particu- 
lar. Similar conditions can also be produced in solids by experimental averaging 
procedures such as magic-angle spinning or multi-pulse line narrowing [336]. As 
outlined before, echoes are understood as coherence dephasing/rephasing phenom- 
ena. Therefore any interaction and any measure influencing the coherence evolution 
and the coherence pathways affect the formation of spin echoes. 

In this sense, indirect spin-spin interaction is the origin of a large variety of 
phenomena. Generally, an RF pulse applied to coupled spin systems gives rise to 
the conversion of the coherence order whereas free evolution in pulse intervals 
conserves it (compare Chap. 51). The consequence is that coupled spins pursue 
different “coherence pathways” in the course of a pulse sequence. In particular, 
coherence-transfer echoes may appear which are indicative for certain coherence 
pathways. 

In the treatment of three-pulse solid echoes arising under the evolution of dipo- 
lar or quadrupolar couplings in solids, we have already encountered transfer pro- 
cesses between different orders of multiple- quantum coherences and between dipo- 
lar or quadrupolar order on the one hand, and spin coherences on the other. For 
example, it was shown that single-quantum coherence echoes in the detection in- 
terval can be traced back to multiple-quantum coherences or dipolar/quadrupolar 
order in previous intervals. Analogous effects arise with /-coupled spin systems. 
Generally, whenever three or more RF pulses are applied to a spin system with 
more than two eigenstates one must reckon with coherence or order transfer echoes 
[52, 139, 191]. 

Treatments of coherence pathways in the course of a pulse sequence must refer 
to the size and type of the spin system. All important phenomena can nevertheless 
already be demonstrated and examined in the simplest situation, a two-spin 1/2 
system AX of weakly coupled, i.e., inequivalent, nuclei A and X. We therefore restrict 
ourselves to the treatment of this case. Larger spin systems will be considered 
later in context with volume-selective spectroscopy, for instance (see Chap. 37). 
All analytical calculations will be performed using the product operator formalism 
outlined in Chap. 51. 
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7.1 

Two RF Pulses 

We reconsider the RF pulse sequence displayed in Fig. 2.1, 

{nl2)x — Ti — (P)y — i 2 — (acquisition) (7.1) 

by accounting now for / coupling effects of weakly coupled two-spin 1/2 systems 
consisting of spins I\ and I 2 . The condition for weak coupling is 

27r|/| « |f2i -^ 2 ! (7.2) 

where / is the coupling constant. Q.i and Q .2 are the (angular) frequency offsets of 
the two spins from the RF carrier. The offsets may originate from chemical shifts, 
field inhomogeneities or deliberately applied field gradients. The subscripts refer to 
the chemical shift, i.e., the offset contribution which is specific to the spin species. 

The RF pulses are assumed to be non-selective (“hard”) according to the con- 
dition 

\Yn\Bi » |ai,2| (7.3) 

so that during the pulses the effective Hamiltonian is determined by the RF contri- 
bution alone. As a further simplification, the consideration of relaxation is deferred 
until later (Part II). 

At the beginning of the pulse sequence, the spin systems are regarded as being 
in thermal equilibrium, so that the initial reduced density operator is 



cr(0-) = /iz + /2z (7.4) 

The first RF pulse, {nf2)x, changes the density operator to 



ct(0+) = Ii^ + 72^ (7.5) 

corresponding to superimposed single- quantum coherences. These evolve according 
to the rules summarized in Table 51.3 on page 487. 

At the end of the Ti interval, the density operator is of the form 

= [Zi^cos(aiTi) + /ixSin(aiTi) 

-\-I2y cos(Q2Ti) + hx sin(n 2 ri) ] cos(7r/ri) 

-[ 2/ix72z cos(f2iri) - 2 Iiyl 2 z sin(Qiri) 

-\- 2 i 2 xIiz cos(a 2 ^i) - 2hyhz sin(f 22 Ti) ] sin(7r/Ti) (7.6) 

The second pulse is characterized by a tip angle jS and a B\ field direction along 
the y axis of the rotating frame. This pulse produces five fundamentally different 
terms, ^ 

<7'(ri+) = Goqc + Oiqc + 02qc + Gso + (7.7) 



^The rules for the interpretation of the spin-operator terms are summarized in Table 51.1 
on page 482. 
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The contributions aoqcy Oiqc, Oiqc refer to zero-, single-, and double-quantum co- 
herences, respectively. Uso represents longitudinal scalar order in complete analogy 
to the dipolar- or quadrupolar-order phenomena discussed before in context with 
solids. The reduced density operator of ordinary longitudinal magnetization is aim. 

All signals are generated by transverse magnetization, i.e., by single-quantum 
coherences. In context with two-pulse sequences, it therefore suffices to concentrate 
on the term 0\qc. It consists of all sorts of in-phase and antiphase contributions (see 
Table 51.1 on page 482): 

Oiqc(n+) = [JixSin(Qiri) +72xSin(Q2Ti)] cos)3cos(7T/ri) 

+ [ Iiy COS(niTi) + l2y COS(Q2Ti) ] cos{ttJti) 

—2I\xhz [ cos^ p cos(Qiri) — sin^ ^ cos(Q 2 Ti) ] sin(7r/ri) 
—2l2xhz [ cos^ p cos(Q 2 Ti) — sin^ ^ cos(niTi) ] sin(7r/ri) 

+[ 2Iiyl2z sin(niTi) 4- 2l2yhz sin(a 2 Ti) ] cos ^ sin(7T/ri) (7.8) 

Free evolution under the influence of / coupling and frequency offsets in an interval 
T 2 following the second RF pulse leads to 



OlqciTl + Tl) = /lx { [ fll COS(QiT 2) + Uj sin(niT2) ] COS{njT2) 
-[ Us sin(Qir2) + ay cos(QiT2) ] sin(7r/r2) } 



+hx { [ «2 cos(Q 2 T 2 ) + Ui sin(Q 2 T 2 ) ] cosinjTy) 
-[ Ue sin(Q2T2) + ag cos(Q 2T2) ] sin(7r/r2) } 



~hy { [ fll sin(Qir2) — ag cos(QiT 2) ] cos(7r/r2) 
+[ a$ cos(QiT 2 ) — ay sin(QiT 2 ) ] sin(7r/r2) } 



—Iiy { [ ay sin(Q2T2) — a^ cosiCly'^i) ] cosinjty) 
+ [ Ufi cosiQyT^i) - fls sin(Q2r2) ] sin(7r/r2) ) 



+2Iixhz { [ fll sin(Qir 2 ) - ag cos(QiT 2 ) ] sin(7r/r2) 

— [ ag cos(QiT2) — Uy sin(f2ir2) ] cosinjiy) } 



+2kxhz { [ fl 2 sin(Q 2 T 2 ) - a 4 cos(fi 2 f 2 ) ] sin(7r/T2) 
-[ ag cos(Q2r2) - ag sin(Q2T2) ] cosinjTy) } 



+2hyl2z { [ ai cos(Oir2) + ag sin(QiT2) ] sin(7r/T2) 
+ [ as sin(QiT 2 ) + ay COSiCliTy) ] COSinjTy) ] 
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-\-2i2yl\z [ [ «2 008(^2^2) + (lA sin(Q2^2) ] sin( 7 r/r 2 ) 

+ [ «6 sin(n2r2) + flg cos(Q.2T2) ] C0S(7T/T2) } (7.9) 



where 

Ui = sin(Q.iTi) cos(7tJti) cos p 
U 2 = sin(Q. 2 Ti) cos(7iJti) cos p 
fl3 = cos(niri) cos(7T/ri) 

= COS(Q.2Ti) COS(ttJTi) 

Us = [ cos(niTi) cos^ ^ — cos(Q2^i) sin^ ^ ] sin(7T/Ti) 

^6 = [ cos(Q 2 ^i) cos^ — cos(Qiri) sin^ ^ ] sin(7T/ri) 
fly = sin(Qiri) sin(7T/ri) cos^ 
fl8 = sin(Q 2 ^i) sin(7T/ri) cos^ 

These formulae, albeit simple and symmetric in structure, look a bit unwieldy. 
However, as will be seen in the following discussions, this in principle is the general 
basis of a wealth of phenomena common in NMR. 



7.1.1 

Correlated Two-Dimensional Spectroscopy 

Equation 7.9 represents all single-quantum coherences appearing after the second 
pulse. This expression simplifies considerably if the tip angle of the second pulse is 
chosen to be ^ = n/2: 

(^iqciTi + T2) = hx { fl3 sin(aiT 2 ) cos{tiJt2) ~ As sin(Qir 2 ) sin(7r/r2) } 

+ hx { «4 sin(Q2r2) cos(ttJt2) - sin(Q2r2) sin(7r/r2) } 

- hy { — fl3 cos(Qii2) cos(7t/t2) + As cos(Qir2) sin(7T/r2) } 

- hy { -«4 C0S(Q.2T2) COS(njT2) + fl6 COS(Q2^2) sin(7T/r2) } 

+ ^hxhz [ -^3 COS(nil2) sin(7r/T2) - As COS(QiT2) COS{tiJT2) } 

+ '^hxhz { -«4 008(^212) sin(7T/T2) - COS(f^2^2) C0S{uJT2) } 

+ 2hyhz { h sin(QiT2) sin(7T/r2) + As sin(niT2) cos(ttJt2) } 

+ 2hyhz { «4 sin(Q2T^2) sin(7r/T2) + sin(Q.2T2) cos(njT2 ) } 

( 7 . 10 ) 



where 



A 3 = cos(Qiri) cos( 7 T/ri) 

A4 = cos(Q2^i) cos(7T/ri) 

As = — cos(Q 2 ^i) sin(7r/ri) 
A 6 = — cos(QiTi) sin(7T/ri) 
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There are terms referring to in-phase or antiphase coherences of the x or y com- 
ponents of each of the two spin species. As summarized in Table 51.1 on page 482, 
in-phase coherence means that the isochromats corresponding to the two doublet 
lines are in-phase, whereas they are antiphase for antiphase coherences. In the lat- 
ter case, the operator terms are products of a transverse spin-operator component 
(of the “active” coupling partner) and a longitudinal component (of a “passive” 
counterpart). 

The “coherence pathways” resulting in Eq. 7.10 are of the type 
single-quantum coherence with Qj single-quantum coherence with Q.j 



where i,j = 1,2. The indices i and j can be different or equal depending on 
whether the initial single-quantum coherence is converted by the second RF pulse 
into another single-quantum coherence or not. Evidently, all possible sorts of path- 
ways occur. They are disclosed by products cos(QfTi) cos(nji 2 ), sin(QfTi) sin(f2jT2), 
cos(n/Ti) sin(QjT 2 ), and sin(f^fTi) cos(f 2 jT 2 ) in the coefficient terms of the spin op- 
erators. 

In particular, the terms with prefactors a^ and a^ stand for “coherence transfer” 
from single- quantum coherences evolving with the offset frequency Hi in the ii in- 
terval to single-quantum coherences precessing with the frequency ^2 in the T 2 do- 
main, and vice versa. The terms indicating transfer between different coherences are 
characterized by products cos(Qi, 2 ri) sin(f22,iT2) and cos(ni, 2 Ti) cos ( 02 , 1 ^ 2 )* Such 
factors reveal “mixing” of the coherences in different evolution intervals by the 
second RF pulse. 

This is the basis of the Jeener experiment or - as it is usually called - homonu- 
clear “correlated spectroscopy” (COSY). Two-dimensional spectra obtained in this 
way considerably facilitate the spectroscopic analysis of unknown compounds, and, 
therefore, are an immensely important tool for the chemist [14, 139]. 

The complex transverse rotating-frame magnetization corresponding to Eq. 7.10 
is 

»j(ri, T 2 ) = Tr { aiqdTi + 12 ) (hx + hx + ihy + ihy) } (7.11) 

where n/2 is the number density of two-spin systems, and b is given by Eq. 47.27. 
The free-induction signal, 

S(ti,T 2 ) oc m(ri,T 2 ) (7.12) 

refers to two time domains scaled by t\ = ti and f 2 = ^ 2 - The time domain 
t\ is probed by incrementing ti in a series of independent transients. The two- 
dimensional (2D) Fourier transform. 



5(0)1, 0)2) = y y ^^2 (7.13) 

produces a two-dimensional spectrum which may be rendered in the form of stacked 
plots or contour plots of the magnitude. 

Typical COSY plots of an AX spin system are shown in Fig. 7.1. The diagonal 
peaks represent coherences which kept evolving in the second interval with the same 
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Fig. 7.1, Correlated 300 MHz proton spectra (COSY) of an AX spin system (1.3 mol/1 uracil 
D 20 /NaOD solution): a) projection; b) contour plot of the magnitude of the two-dimensional 
Fourier transform. The lines at 4.41 ppm and 7.33 ppm are assigned to the CH groups of the 
ring compound adjacent to CO/COD and ND groups, respectively. Uncoupled spins produce 
no cross peaks as demonstrated by the 25-fold more intense HDO line at 4.7 ppm. (courtesy of 
K.-H. Spohn) 
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offset frequencies as in the first evolution interval. The cross peaks, by contrast, 
indicate the conversion of coherences as a consequence of the mixing process by 
the second RF pulse. It is needless to say that uncoupled spins cannot lead to cross 
peaks. 



7.1.2 

Echo Formation 

Apart from chemical-shift offsets, there may be superimposed offsets due to inho- 
mogeneities of the external magnetic field. Angular-frequency offsets of this sort, 
Q.g(r), can be assumed to act stationarily and commonly to all spins of a spin sys- 
tem within a molecule. Even the strongest field gradients occurring under practical 
conditions do not vary the magnetic field on a molecular length scale in a spectro- 
scopically perceptible way. Thus, the inhomogeneity offsets are merely a function 
of the position of the spin system in the spatial field distribution. In the case of an 
AX spin system, the total offsets are 



Qi = Qcsi-\-^g(r) (7.14) 

^2 = Qc52 + n^(r) (7.15) 



where Q^si and Qcsi are the contributions from the chemical shifts. 

NMR signals that can be expected under such circumstances indicate that the 
spatial average of Eq. 7.9 is finite. The complex transverse rotating-frame magneti- 
zation inducing the signal is 

^(^1 H~ ^2) == ~Yn^b Tr { {oiqciji -f r2)}a^ (Iix + hx H" ihy H" ihy) } ( 7 . 16 ) 

Closer inspection of Eq. 7.9 shows that products of sine and cosine functions of QiTi, 
^112, ^211, or Q2^2 occur. These can be substituted by the trigonometric relations 
for angle sums and differences, so that the average terms are of the type 

(sin[Qi,2(ri ± T2)])q^ and (cos[ai,2(ri ± T2)])q^ 

As with all other echoes discussed so far, trigonometric function terms with finite 
arguments tend to be destructively averaged out if the argument is distributed 
uniformly over the full angle range. The only terms relevant for the echo formation 
are cosine functions of arguments vanishing irrespective of the actual gradient 
offset. Non-trivially this is fulfilled for 



(cos[Qi,2(ri - T2)])q^ if l2 = Ti 

Therefore we evaluate Eq. 7.9 for the time t = 2 ti. Let us first assume a tip angle 
P = jijl for the second RF pulse. The (unaveraged) reduced density operator then 
takes the form 




58 



7 Coherence Transfer of i-Coupled Spins 



— hx I 
+^2x 



- sin(2Qiri) cos^(7r/ri) + sin(Qiri) €05(^2 a) sin^(7r/Ti) 

1 ^ 2 

- sin(2n2^i) cos (tt/ti) + sin(n2Ti) cos(QiTi) sin (tt/ti) 



-\-Iiy [cos^(Qiri) cos^(7r/ri) + cos(QiTi) cos(Q2^i) sin^(7r/Ti) ] 
-\-I 2 y [cos^(Q2^i) cos^(7r/ri) + cos(QiTi) cos(Q2^i) sin^(7r/ri) ] 



{2/i;c^2z [cos^(niTi) - cos(niri)cos(n2ri)] 
-\-2i2xhz [cOS^(n2Ti) - COS(QiTi)cOS(Q 2 ^i)] 



^hy^2z 



^Ily^lz 



^ sin(2Qiri) — sin(niTi) cos(Q2^i) 

^ sin ( 2 ^ 2 ^!) — sin(n 2 A) cos(QiTi) 



I sin(27r/ri) 

(7.17) 



Forming the average over the gradient-induced phase shifts assumed to be equally 
distributed in the full range, 0 < (QgTi) <277, leads to average reduced density 
operator determining the echo amplitude, 

(<7i^c(2ri)y3=7T/2)o, = (fix - hx) ^ sin[(ncsi - ^cs 2 )ti] [1 - cos(27i/ri)] 

+ (hy + hy) ^ ~ [1 _ cos(27r/ri)]| 

- + 2hA,) i sin" - ^c52>i 3jjj(27r/n) 

- {21iyl2z - Ihyhz) ^ sin[(Q, 5 i - Q.cs 2 )ti] sin(27r/ri) (7.18) 

This result shows that the echo amplitude is modulated with the difference of the 
chemical-shift frequency offsets, and with spin-spin coupling constant. In the limit 
of equivalent nuclei, that is Q^si = f^cs 2 > the result for the Hahn spin echo (compare 
Eq. 2.17) is recovered: 



(c7i^c(2ri)^=7T/2)n^ — 2 ^hy + hy) (7.19) 

The reduced density operator at t = 2ii becomes particularly simple if the flip 
angle of the second pulse is chosen as = tt. We deduce from Eq. 7.9 

Oiqc(2ri)i3=n = (hy + hy) cos(2tiJti) - (2Iixhz + 2l2xhz) sm(2njTi) (7.20) 

This expression for the density operator at the middle of the echo is valid irrespective 
of the presence of field gradients. It is therefore not affected by the average over the 
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gradient- induced offsets. Without field inhomogeneities, however, no distinct time 
domain signal can be expected, to which an echo phenomenon could be assigned in 
the sense of rephased coherences. In the presence of field gradients, all coherences 
before and after the echo middle tend to be destructively suppressed. 

Equation 7.20 also shows, that chemical shift offsets in any case are compensated 
when the echo center is reached. The maximum of a 180° -pulse echo is not modu- 
lated by chemical shifts in contrast to the 90°-pulse echo represented by Eq. 7.18. 

The density operator of the 180° -pulse echo, Eq. 7.20, is modulated by spin-spin 
coupling. In this respect, the 180° pulse obviously does not affect the evolution of 
the spin coherences. The explanation is that we are dealing with the homonuclear 
case and with non-selective pulses. It is not only the coherence phase of a spin 
which is “flipped” by the 180° pulse. Simultaneously the spin state of the coupling 
partner is changed as well. The spins therefore keep precessing away from the initial 
phase. 

Generally, coherences are refocused in all cases when the frequency offsets are 
not altered by the second RF pulse. Offsets of this sort may be due to field gradi- 
ents, chemical shifts, or heteronuclear spin-spin coupling. The same conclusion as 
for heteronuclear spin systems applies for RF pulses selectively acting on a spin- 
coupling partner in the homonuclear case. 



7.1.3 

Spin-Echo Correlated 2D Spectroscopy 

Ordinary correlated two-dimensional spectroscopy, i.e., the COSY method described 
in Sect. 7.1.1, is based on data obtained by two-dimensional Fourier transformation 
of the FID beginning directly after the second RF pulse. The flip angle of this pulse 
is preferably adjusted to 90°. In the corresponding plots, the cross-peak coordinates 
are directly given by the resonance frequencies of the coupling partners. 

Alternatively the signal acquisition can be delayed until the second half of the 
echo, so that the time domains of interest are represented on the one hand by the 
total echo time, ti = 2ti, and on the other by the acquisition time, t 2 > beginning 
in the center of the echo. The time domain ti is probed by incrementing ti in 
subsequent transients. 

Equation 7.18 reveals that the first time domain reflects the difference of the 
resonance frequencies of the coupled spins rather than the resonance frequencies 
themselves. Evolution in the second time domain (not represented by Eq. 7.18) refers 
to the resonance frequencies in full. Thus, in two-dimensional spectra evaluated on 
this basis, spectral data for “reduced” chemical shifts are juxtaposed to data referring 
to the full chemical shifts. 

The optimal flip angle of the second pulse is 90° as assumed in the derivation 
of Eq. 7.18. In the experimental implementation, the only difference to COSY is the 
delayed data acquisition. The technique has got its own acronym, SECSY, standing 
for “spin-echo correlation spectroscopy.” 
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7.1.4 

Homonuclear J Resolved 2D Spectroscopy 

The closer inspection of Eq. 7.20 suggests a further two-dimensional spectroscopy 
experiment. Increasing the flip angle of the second pulse to 180° enables one to 
perform “homonuclear / resolved 2D spectroscopy” [139]. Apart from the tip angle 
of the second pulse, the same pulse scheme as with the SECSY experiment is applied. 
In particular the time domains ti and t 2 are deflned identically. 

Equation 7.20 already implies the principle of this technique. The first time 
domain is probed by “phase encoding” the signal by means of increments of the 
interval = 2ti in subsequent transients. The other time domain, f 2 > is defined by 
the second half of the spin echo which is acquired as the signal. This part of the 
signal is not represented by Eq. 7.20 but can be readily derived from Eq. 7.9 after 
having formed the spatial average. 

From Eq. 7.20 we infer that the first frequency domain solely reflects / splittings, 
whereas the full spectral information is recovered in the second dimension, i.e., the 
different interactions can readily be separated in a two-dimensional representation. 
Figure 7.2 shows an application of homonuclear / resolved 2D spectroscopy to an 
AX spin system for comparison with the COSY spectra (Fig. 7.1) of the same sample. 



7.2 

Three RF Pulses 

Analogous to the treatments of three-pulse Hahn echoes and three-pulse solid 
echoes, we now turn to the pulse sequence 

{n/2)x - Ti - iP)y - T 2 - {y)y - T 3 - (acquisition) (7.21) 

to be discussed in connection with coherence evolution under the influence of / 
couplings. Evidently it is formally identical with the three-pulse Hahn echo sequence 
shown in Fig. 2.2.^ However, the application to coupled spin systems gives rise to 
phenomena which are of a fundamentally different nature. Judged by the coherence 
pathways the spin systems take in the course of the pulse sequence, there is no real 
parallel in the family of Hahn three-pulse spin echoes. 

The product operator treatment for a two-spin 1/2 system AX until the beginning 
of the T 2 interval was outlined above and resulted in Eq. 7.7. Let us continue by 
specifying and examining the various contributions to the density operator in the 
course of further evolution.^ 



^The terminology and symbols for the time intervals normally used in context with three- 
pulse two-dimensional spectroscopy are partially different from those common with ordinary 
spin-echo experiments. The 2D nomenclature corresponds to that used in the three-pulse 
schemes Fig. 7.3, for instance. 

^A treatment of a similar three-pulse sequence serving volume-selective spectral editing of 
an A3X spin system can be found in Sect. 37.1.2. 
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a) 








Fig. 7.2. Homonuclear (300 MHz proton) / resolved spectra of an AX spin system (same as in 
Fig. 7.1; 1.3 mol/1 uracil D20/Na0D solution): a) projection; b) contour plot of the magnitude 
of the two-dimensional Fourier transform. The two doublets at 4.41 ppm and 7.33 ppm are 
assigned to the CH groups of the ring compound adjacent to CO/COD and ND groups, respec- 
tively (compare the schematic one-dimensional AX spectrum shown in Fig. 50.3). The coupling 
constant is 6.41 Hz. The intense HDO line appears at 4.7 ppm on the CO 2 scale, (courtesy of 
K.-H. Spohn) 
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Fig. 7.3. Typical pulse sequences for two-dimensional spectroscopy experiments based on three 
RF pulses. The evolution and detection intervals are identified with the two time domains, ti 
and t 2 i respectively, of the two-dimensional Fourier transformation: a) scheme appropriate for 
DQF-COSY experiments, for instance. In this case, the mixing interval is a small fixed delay be- 
tween the RF pulses converting single-quantum coherences into double- quantum coherences, 
and these back to single- quantum coherences. An application is shown in Fig. 7.4; b) sequence 
for multiple- quantum spectroscopy, i.e., the first two RF pulses with a fixed spacing are used for 
the preparation of multiple- quantum coherences. The second pulse interval acts as evolution 
interval to be incremented in subsequent transients. The mixing pulse converts the multiple- 
quantum coherences to detectable single-quantum coherences. A spectrum recorded with the 
aid of this pulse sequence is shown in Fig. 7.5. 



7.2.1 

Longitudinal-Magnetization Transfer Echo 

The echo species, which is by nature closest to Hahn’s stimulated echo, is the 
longitudinal-magnetization transfer echo. It also develops from single-quantum 
coherences originating in longitudinal magnetization in the i 2 interval. However, 
dissimilar to the stimulated echo, the longitudinal-magnetization transfer echo is 
modulated by chemical shifts and spin-spin coupling as delineated in the following. 

The longitudinal magnetization at the beginning of the i 2 interval is determined 
by the reduced density operator 

o'/m(^i+) = [hz sin(OiTi) + hz sin(Q2n)] cos(ttJti) sin ^ (7.22) 

In the absence of relaxation, this expression persists until the end of the interval. 
The third RF pulse gives rise to single-quantum coherences so that 

+ 12+) = [ (hz COS Y - hx sin y) sin(airi) 
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+(/ 2 z cos Y — l 2 x sin y) sin(Q 2 ^i) ] cos(7t/ti) sin (3 (7.23) 

The further free evolution of the single- quantum coherences results in^ 

C^(/m)(A + ^2 + ^3) = { [ ~hx COS(QiT3) + I\y sin(f2iT3) ] fi 

+[ —hx C 0 S(Q. 2 T 3 ) + l 2 y sin(n 2 ^ 3 ) ] fl } cos ( 71 / 13 ) 

- { I21ixhz sin(air 3 ) -j- Ihyhz cos(aiT 3 )] /i 

+[ 2l2xhz sin(Q2^3) + 2l2yl\z cos(Q2^3) ] fi } sin(7r/r3) 

(7.24) 



where 



/i = sinjSsinf cos(7r/Ti)sin(QiTi) 
f2 = sinj 8 sinycos( 7 r/Ti) sin(f 22 Ti) 

The residual longitudinal-magnetization terms, which do not contribute to the sig- 
nal, have been discarded. 

The longitudinal-magnetization transfer echo emerges from the pathway in the 
course of the three pulse intervals, 

single-quantum coherences longitudinal magnetization 
single-quantum coherences 

The contribution to transverse magnetization is 
n 

^(Zm)(^l + ^2 + ^"3) = —Ynhb Tr { (cJ(/^)(Ti + T2 + T3))q^ (Iix + hx + lily + Ihy) } 

(7.25) 

The average over the gradient offsets Qg refers solely to the intervals ii and 13 
because this particular pathway does not imply any coherences in the 12 interval. 
The terms to be averaged are sine and cosine functions of QiTi, ^ 1 X 3 , Q2^i> and 
^2^3- The products can be substituted by the known trigonometric relations for 
angle sums and differences resulting in averages of the type 

(sin[Qi, 2 (Ti ±T 3 )])^^ and (cos[Qi, 2 (ti ± Tj)])^^ (7.26) 

The recovery of coherences in the form of an echo is indicated by vanishing ar- 
guments of the cosine functions. The maximum of the longitudinal-magnetization 
transfer echo is therefore reached for 



T3 - n (7.27) 

The optimum flip angles are = y = 7 t/2. 

The closer inspection of Eq. 7.24 proves that there are no mixed product terms 
with respect to the offsets Qi and ^ 2 , i.e., there is no “cross” transfer between the 
single-quantum coherences in the first and in the third interval^. Coherences of the 

^The subscript in parentheses indicates that we are now dealing with converted coherences. 
In the present case, means single- quantum coherences which can be traced back to lon- 
gitudinal magnetization in the previous interval. 

^This also implies that no “exchange” takes place (compare Sect. 23.2). 
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first interval are merely stored as longitudinal magnetization in the intermediate 
interval and then recalled as coherences of the same sort as before. In this sense, 
the components converted to longitudinal-magnetization in the second interval are 
complementary to those of the other pathways which eventually lead to cross-peaks 
of the COSY type. 



7.2.2 

Scalar-Order Transfer Echo 

The scalar-order contribution to the reduced density operator after the second 
pulse is 

c^so(^i+) = -^hzhz ^ [ cos(QiTi) -f- cos(02ri) ] sin(2^) sin(njTi) (7.28) 

Since only the z components of the spin operators are involved, and since relax- 
ation effects are neglected, the density operator remains unchanged until the end 
of the T 2 interval. The third pulse converts the scalar-order spin states partly into 
zero-quantum, single-quantum, and double-quantum coherences. Only the single- 
quantum coherences are of interest for detectable signals. Dropping all terms other 
than those representing single-quantum coherences gives^ 

<^(so)('^i + ^2+) = -(hxhz + hxhz) [ cos(Oiri) -h cos( 02 Ti) ] 

sin(2^) sin(2y) sin(7r/ri) (7.29) 

These antiphase single- quantum coherences evolve in the 13 interval according to 

H" ^2 + ^ 3 ) = d{[ l\x sin(OiT3) -h l\y cos(Qii3) -h I 2 X sin(02^3) 

-f l 2 y cos(02r3) ] sin(7r/r3) 

[ llixhz cos(Q.iT^) — 21\yl2z sin(Oir3) 

-f- 2l2;cflz C0S(02^3) 

- Ihyhz C0S(Q2^3) ] COS(7r/T3) } (7.30) 

where 

d = -[cos(niri) + cos(02ri)] sin(7r/ri) sin(2^) sin(2y) 

The scalar-order transfer echo arises after the coherence pathway in the three 
pulse intervals 

single-quantum coherences longitudinal scalar order -> 
single-quantum coherences 

The contribution to transverse magnetization is 

^(so)(^l + ^2 + ^ 3 ) == ~Y«^^Tr { {(7(50) (Ti +72 + 13 ) )q^ (Iix + hx + Ihy + ihy) } 

(7.31) 



^See footnote 4 on page 63. 
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The average accounts for the distribution of the local gradient offsets Q.g (see 
Eqs. 7.14 and 7.15). 

The examination of Eq. 7.30 with respect to gradient evolution terms reveals 
products of sine and cosine functions of Qiii, fliTa, or f 22 ^ 3 - Their replacement 
by the known trigonometric relations for angle sums and differences leads to average 
terms of the form 

(sin[Qi. 2 (ri ±T 3 )])^^ and (cos[Qi. 2 (ri ± 13 )])^^^ (7.32) 

An echo is formed when the argument of the cosine functions vanishes so that 
the maximum value is adopted. The condition for the formation of a scalar-order 
transfer echo is consequently 

i 3 = Ti (7.33) 

Note that this echo is superimposed to the zero-quantum coherence transfer and 
longitudinal-magnetization transfer echoes, and arises at a time coinciding with 
that of the Hahn stimulated echo of uncoupled-spin coherences. By contrast to 
these phenomena, the optimum flip angles for the scalar-order transfer echo are 
f} = Y = n/4 whereas it disappears for p = Tijl or y = tt/ 2 (see Eq. 7.30). A 
general discussion follows in Sect. 7.4. 



7.2.3 

Zero-Quantum Coherence-Transfer Echo 

At the beginning of the T 2 interval, the density operator contribution for zero- 
quantum coherence generated by the second RF pulse is^ 

6To^c(^1+) ~ 2^ (^hxhx + ^hyhy) [ COS(Q.iTi) + COS(Q2^i) ] cos p 

-{Ihyhx - 2Iixl2y) [ sin(aiTi) - sin(a 2 ri) ] } sin^sin(7T/ri) 

= ^ (I+I^ + /f /+) ^ {I+I^ - /f/+) b2 (7.34) 

where 

foi = i [ cos(QiTi) + cos(n 2 ^i) ] sin(2^) sin(7r/ri) 

Z ?2 = [ sin(Qiri) — sin(Q 2 ^i) ] sin j8sin(7r/ri) 

Free evolution of the AX zero-quantum coherence during T 2 results in 

^0qc(T^l 4- T2~) = 

- (llixhx + 2 Iiyl 2 y) { b\ cos[(Qi — ^ 2 ) 12 ] — ^2 sin[(Oi — ^^ 2 )^ 2 ] } 

“ “ {21\yhx — 2I\xhy) { h sin[(Qi — ^ 2 ) 12 ] + ^2 cos[(Hi — ^ 2 )^ 2 ] } (7.35) 

^The operator terms can equivalently be represented by the single- transition expressions 
given by Eqs. 42.76. 
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In this expression, a feature shows up which is characteristic for zero-quantum co- 
herences. The evolution is determined by the frequency-offset difference. Therefore 
all contributions which are unspecific for the two spin species cancel. Zero-quantum 
coherences evolve independently of any influence of field inhomogeneities or field 
gradients. The only relevant contribution is the difference of the chemical-shift 
offsets.^ According to Eqs. 7.14 and 7.15, that is 

Qi — ^2 = ~ f^cs 2 (7.36) 

The zero-quantum coherence of the i 2 interval is converted by the third RF 
pulse to a superposition of longitudinal scalar order and zero-, single-, and double- 
quantum coherences. For signals to be acquired in the 13 interval, only the single- 
quantum coherences existing in this interval are relevant, so that all other density 
operator contributions can be dropped. 

Immediately after the third pulse, the single-quantum coherences originating 
in the zero-quantum coherence of the T 2 interval are antiphase. The corresponding 
reduced density operator is^ 

+ ^ 2 +) = (^hxhz + ^hxhz) h — {2Iiyl2z ~ 2l2yl\z) ^4 (7.37) 

where 

= \{[ COS(QiTi) H- COS(Q 2 Ti) ] COS[(Qcsl - ^cs2)t^2] cos P 

4 

— [ sin(QiTi) — sin(Q 2 ^i) ] sin[(ncsi — ^€$ 2 )^ 2 ] } sin p sin(2y) sin( 7 r/ri) 

^4 = ^ { [ cos(aiTi) + cos(Q. 2 Ti) ] sin[(Qcsi ~ ^^^ 52 ) 1 ^ 2 ] cos p 

-(- [sin(Qiri) — sin(Q2^i) ] cos[(Qc5i — f^cs2)^2] } sin^ sin y sin(7r/Ti) 

These single-quantum coherences evolve in the T 3 interval according to 

(^{Oqc)(Ti T2 T3) = { lu [ siniQiT^) be cosiQiT^) ] 

+ hx [ be sin(n2^3) ~ be cos(f22^3) ] 

+ hy [ bs cos(nii 3 ) — be sin(Qir 3 ) ] 

+ hy [ bs cos(Q2T^3) + be sin(a2T^3) ] } sin(7r/r3) 

+ { 2Iuhz I bs cos(QiT 3) - be sin(Qir3) ] 

+ 2hxhz [ bs cos(Q2^3) + be sin(f22^3) ] 

+ 2Iiyhz [ bs sin(Qir 3 ) - be cos(QiT3) ] 

+ 2hyhz [ bs sin(Q2^3) + be cos(Q.2Ts) ] } cosinjis) (7.38) 



where 

bs = ^ sin Psin{ 2 y) sin( 7 r/ri) { [cos(Qiri) + cos(Q2^i)] cos[(ncsi - f^cs2)^2] cos P 



®This is the reason why zero-quantum coherences cannot be spoiled by external field 
gradients. 

^Compare footnote 4 on page 63. 
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-[sin(niTi) - sin(a2ri)] sin[(Qcsi - ^€ 52 )^ 2 ] } 
be = ^ sin Psiny sin(7r/Ti) { [cos(Q.iTi) + cos(a 2 ^i)] sin[(acsi - ^ 052 )^ 2 ] cos p 
+ [sin(QiTi) - sin(a 2 Ti)] cos[(Qcsi ~ ^cs2)t2] } 

The transverse magnetization is determined by the density operator at Eq. 7.38, 
averaged over all field-gradient offsets, Q.g (see Eqs. 7.14 and 7.15): 

^(Ogc)(^l + T’2 + ^ 3 ) = ~Yn^^ Tr { (<7(0gc)(^l + T’2 + ^3))o^(flx + hx + ^hy + ^hy) } 

(7.39) 

where n/2 is the number density of two-spin systems. Note that the terms of Eq. 7.38, 
which actually depend on the field-gradient offset Qg, stand for single-quantum 
coherences in the intervals Ti and 13 , whereas there is no such dependence of the T 2 
dependent factors. 

The spatial average of the density operator at Eq. 7.38 exclusively refers to prod- 
ucts of sine and cosine functions with arguments Qiii, ^ 113 , Q 2 T 1 , or f^ 2 ^ 3 - The 
replacement by the known trigonometric relations for angle sums and differences 
results in prefactors of the form 

(sin[ni, 2 (ri ± T 3 )])j^^ and (cos[ni, 2 (ri ± 73 )])^^ 

In general, these trigonometric functions tend to cancel by destructive superposi- 
tion of contributions with different local frequency offsets. As already stated several 
times before in context with the other echo phenomena, the only terms contribut- 
ing to the formation of an echo are cosine functions with an argument vanishing 
independently of the position. Non-trivially this is fulfilled for 

T 3 - ri (7.40) 



The pathway 

single-quantum coherences -> zero-quantum coherence -> 
single-quantum coherences 

thus leads to a coherence-transfer echo at a time when uncoupled spins also show 
an echo, namely Hahn’s stimulated echo. This must be taken into account when 
interpreting echo signals fulfilling the condition at Eq. 7.40. Note, however, that 
Hahn’s stimulated echo and the zero-quantum coherence transfer echo are intrin- 
sically subject to different relaxation mechanisms in the i 2 interval. Zero-quantum 
coherences are attenuated by transverse relaxation whereas longitudinal magnetiza- 
tion approaches its equilibrium value by spin-lattice relaxation (see Chaps. 12 and 
13). 



7.2.4 

Single-Quantum Coherence-Transfer Echoes 



The single-quantum coherences of the T 2 interval are expressed by Eq. 7.9. In princi- 
ple, the third RF pulse conveys them into scalar order, longitudinal magnetization. 
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apart from coherences of all allowed orders. This transfer is very much like the 
conversion of the single- quantum coherences by the second RF pulse (see Eq. 7 . 7 ). 
Without application of further RF pulses, only single-quantum contributions are 
pertinent to the signals detected after a delay 13. 

All kinds of coherence-transfer echoes arise at times coinciding with those of 
the primary and secondary echoes of the three-pulse Hahn signals (Sect. 2 . 2 ). The 
midposition times of the echoes are t = 2 ti 2t2, t = Ti 2i2, and t = 2t 2. 
However, unlike Hahn three-pulse echoes, these single-quantum coherence transfer 
echoes exhibit a complicated modulation pattern originating from / coupling and 
chemical shift offsets. 

The coherence pathway in the sequel of the three pulse intervals is 

single- quantum coherences single-quantum coherences -> 

single-quantum coherences 

Its treatment, unfortunately, results in lengthy expressions which do not suggest 
phenomena which, by nature, are different from those already discussed in context 
with the two-pulse single-quantum coherence transfer experiments. It appears that 
a three-pulse coherence pathway consisting of single-quantum coherences from the 
beginning of the pulse sequence until the acquisition interval is of little practical 
significance. Further examination is therefore skipped. 



7.2.5 

Double-Quantum Coherence-Transfer Echo 

The double- quantum coherences^® created by the second RF pulse at the beginning 
of the i2 interval are described by^^ 

c^2gc(Ti+) = ^( 2 IiJ 2 x- 2 Iiyl 2 y)[cos(QiTi)-\-cos(Q 2 Ti)] sin( 2 ^) sin(7T/ri) 

— ^(2Iixl2y + 2I\yl2x) [sin(QiTi) -h sin(n2Ti)] sin j8sin(7r/ri) 

= ^{1+1+ + Cl - - IHi) C2 (7.41) 

where 

Cl = ^[cos(QiTi) -h cos(f22ri)] sin( 2 j 3 ) sin(7T/ri) (= bi) 

C2 = [sin(QiTi) -h sin(Q2^i)] sin^sin( 7 r/ri) 

The double-quantum coherence evolves in the 12 interval according to 



(^2qc(n + I2-) = 



^°Compare footnote 8 on page 34. 

^^The operator terms standing for double-quantum coherences can also be expressed by the 
single-transition operators given by Eqs. 42.77. 
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“ {^hxhx ~ ^hyhy) { C\ cos[(Qi + 02)^2] ~ C2 sin[(Qi + 02)^2] } 

~ “ i^hxhy + ^hyhx) { sin[(Qi H- n2)r2] + C2 cos[(Qi + ^^2)^2] } ( 7 . 42 ) 

The characteristic feature of double-quantum coherences reveals itself by the de- 
pendence on the frequency-offset sum Qi -|- ^2 which governs the evolution in the 
i2 interval. In contrast to zero-quantum coherences, now there is a strong influence 
of field-gradient offsets Qgi it is just doubled relative to single-quantum coherences. 
From Eqs. 7.14 and 7.15 it follows that 



Qi + Q 2 — f^csi f^cs2 “F 2Q.g (7.43) 

The third RF pulse converts the double-quantum coherence to longitudinal scalar 
order and zero-, single-, and double-quantum coherences. As in the case of the 
zero-quantum coherence transfer echo, we restrict ourselves to terms leading to de- 
tectable signals in the 13 interval. Therefore only single-quantum coherences orig- 
inating from the double- quantum coherence in the 12 interval are considered. All 
other density operator terms are dropped in the following. 

Immediately after the third pulse, the single-quantum coherences, into which 
part of the double-quantum coherence of the T2 interval is transferred, are of the 
antiphase type. The corresponding reduced density operator is 



<^(2gc)(^i + ^2+) — (2Iixhz + 2l2xhz) (^3 ~ (^hyhz + 2l2yl\z) C 4 (7.44) 

where we have used a notation analogous to that defined in footnote 4 on page 63. 
The operator coefficients are 

C3 = j { [ COS(QiTi) -h cos(f22^i) ] cos[(Qi -f ^2)12] cos^ 

— [ sin(Qiri) -h sin(Q2^i) ] sin[(Qi +02)^2]} sin)3 sin(2y) sin(7r/Ti) 

C4 = ^ { [ cos(QiTi) -h cos(Q2^i) ] sin[(f2i -h ^22)^2] cos^ 

-h[ sin(f2iTi) -f sin(f22^i) ] cos[(Qi +^2)^2]} sin^siny sin(7r/ri) 

The evolution of these single-quantum coherences in the 13 interval results in a 
reduced density operator of the form 

0^(2^c)(ri +T2 + 13) = {/i;c [^^5Sin(nir3) -f-C6COS(f2iT3)] 

-f I2X [ C5 sin(a2r3) - Ce cos(Q2i3) ] 

-h hy [ C5 cos(niT3) - Ce sin(f2ir3) ] 

-hy [ C 5 cos(Q2^3) + Ce sin(Q,2T5) ] } sin(7r/r3) 

+ { 2 Iixhz [ C5 cos(QiT3) - Ce sin(Qir3) ] 

2l2xhz [ Ce cos(Q 2^3) + Ce sin(Q2i3) ] 

+ 2 Iiyhz [ C5 sin(QiT3) - Ce cos(QiTe) ] 

- 2 hyhz [ Ce sin(Q2T3) + Ce 008(0,2^3) ] } cos(njTe) (7.45) 
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where 

C5 = ^ sin j8sm(2y) sin(7T/Ti) {[cos(niri) + cos(Q2^i)] cos[(Qi + ^2)^2] cos jS 

— [sin(QiTi) + sin(Q2^i)] sin[(ni + ^2)^2]} 

C6 = ^ sin J3smy sin(7TjTi) {[cos(QiTi) + cos(Q 2 ^i)] sin[(ni + ^ 2 ) 12 ] cosj3 

+[sin(QiTi) + sin(Q2^i)] cos[(Qi + ^^2)^2]} 

The pathway in the sequel of the three pulse intervals which finally led to Eq. 7.45 
is 

single-quantum coherences double- quantum coherence 
single-quantum coherences 

The transverse magnetization eventually achieved is given by 

+ ^2 + ^3) = ~Yn^b Tr { (C7(2^c)(^l + ^2 + ^3)}Qg (hx + hx + Ihy + ihy)} 

(7.46) 

where the average refers to the gradient-induced frequency offsets entering via 
Eqs. 7.14 and 7.15. In contrast to the zero-quantum transfer echo, the evolution un- 
der the influence of gradients now plays a crucial role in all pulse intervals including 
T2. The inspection of Eq. 7.45 discloses products of sine and cosine functions with 
arguments QiTi, QiT 3, f22^i> f^2^'3> or (Hi -h ^2)12. As in the previous echo treat- 
ments, these functions may be replaced by the trigonometric relations for angle 
sums and differences so that the averages to be considered are 

( sin[ ai,2Ti + (Cll + ^2)12 ± Q.i, 2T3 ] , 

( COS[ ^1,2^1 + (f^l + f^2)^2 i f^l,2^3 ] ) q ^ > 

( sin[ (Qi + ^2)^2 + f^i,2^3 ~ f^i,2^i ] > 

( cos[ (Qi -h ^2)12 + Qi,2r3 — ni,2ri ] , 

( sin[ ^ 1 , 2^3 + f^l,2^1 ~ (f^l + f^2)^2 + f^l,2^3 ] ) j 

( COS[ f^i,2^'3 + f^l,2^1 ~ (f^l + f^2)^2 + f^l,2^3 ] ) q ^ 

In case of finite arguments the average trigonometric functions tend to vanish 
owing to destructive superposition of contributions from different positions in the 
inhomogeneous field. The only functions relevant for the echo formation therefore 
are the cosine functions for zero arguments. Non-trivially this is fulfilled under the 
conditions 



T3 — Ti + 2T2 

T3 = Tx- 2i2 (> 0) (7.47) 

T3 = 2T2 - Ii (> 0) 

The consequence is a series of double-quantum coherence transfer echoes appear- 
ing in the 13 interval. As outlined below in more detail, these echoes can readily be 
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distinguished from echoes of other coherence pathways. Adding a gradient pulse in 
the T 2 interval dephases the multiple-quantum coherences in proportion to the co- 
herence order. That is, a double-quantum coherence transfer echo in the 13 interval 
is generated by a gradient pulse twice as long. 



7.3 

Multiple-Quantum Coherence Based Spectroscopy 

The evolution characteristics of multiple-quantum coherences are widely used for 
spectroscopic purposes. There are two ways in which multiple- quantum coher- 
ences can be employed. Firstly, with “multiple-quantum/single-quantum correlated 
spectroscopy, the multiple-quantum coherence interval is taken as one of the evo- 
lution intervals representing the time domains of a two-dimensional spectroscopy 
experiment (Fig. 7.3b). This interval is incremented in a series of transients. In 
the spectrum, the multiple-quantum coherences are then correlated with single- 
quantum coherences. 

Secondly, “multiple-quantum filtered spectroscopy” is a common technique us- 
ing the same RF-pulse scheme. However, the multiple-quantum coherence interval 
is now employed as a mixing interval of fixed length, whereas the time domains 
of a corresponding two-dimensional spectroscopy experiment are solely to probe 
the single-quantum coherences occurring in the initial and final evolution intervals 
(Fig. 7.3a). In the corresponding 2D spectrum, these single-quantum coherences 
are then correlated with one another. 

In experiments of the latter sort the Ti interval may be supplemented by a 180° 
pulse in the middle serving the refocusing of the single-quantum coherences of 
this interval with respect to all offsets except that due to / coupling. A single echo 
then arises from the conversion of multiple-quantum coherences to single- quantum 
coherences in the T 3 interval. In the case of double-quantum coherence transfer, for 
instance, the echo appears at 13 = 2 t 2 . 



^^According to the theory outlined above, double-quantum coherences as well as any other 
order of non-single-quantum coherences should not occur if spin-spin and dipolar couplings do 
not affect the evolution of spin- 1/2 coherences. In the present case, where complete motional 
averaging is assumed, this is readily demonstrated by setting / = 0 in Eq. 7.45. However, 
long-range intermolecular dipolar interactions fluctuate more slowly than short-range and 
intramolecular couplings. Motional averaging may therefore be incomplete for long distances 
r. Multiple-quantam coherences might arise on these grounds [505]. Remember that dipolar 
interaction varies proportional to whereas the number of coupling partners increases 
proportional to Also, one should keep in mind that radiation damping and the demagnetizing 
field can cause striking effects which mimic the coherence-transfer features of / coupled spin 
systems under motional averaging conditions [64, 65]. Radiation damping is the result of the 
feedback action of the currents induced in the probe RF coil by the precessing magnetization 
[66]. The demagnetizing field is caused by the magnetization of the sample as described in Sect. 
2.4. The line shifts caused by this field are appreciable in high-resolution NMR at the strong 
flux densities of modern spectrometers. The demagnetizing field follows the magnetization in 
the course of a pulse sequence, and, hence, a feedback effect on the evolution occurs [59]. 
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7.3.1 

Double-Quantum Filtered Correlated Spectroscopy (DQF-COSY) 

This spectroscopy technique uses a three-pulse sequence of the type shown in 
Fig. 7.3a, but the time domain t\ is defined in a modified way. In this context 
it is not identical with the evolution interval Ti. Rather, the first pulse interval is 
subdivided in a delay tq kept fixed in the whole experiment, and a period which is 
incremented in subsequent transients as usual in 2D spectroscopy. 

The transfer to double-quantum coherence in the second interval is maximal if 
the factor sin( 7 r/ri) in Eq. 7.45 takes the value 1. That is, 

n = (2j + l)/(2/) (j = 0, 1, 2, . . .) (7.48) 

One therefore chooses the fixed delay tq in such a manner that the total evolution 
time is varied in the vicinity of the optimum value for the desired coherence transfer. 

If the interval i 2 is very short (typically only a few microseconds) so that prac- 
tically no evolution of the multiple- quantum coherences takes place, the signal 
acquisition may already begin at the beginning of the rs interval. Thus, the third 
pulse directly plays the role of a “read” pulse. 

Rewriting Eq. 7.45 for i 2 ^ 0, 13 ^ 0, and (3 = y = tt/ 2 gives 

<7(2^c)(^i + 0 + 0)^^Y^n/2 = —~ [sin(niTi) + sin(02^i)] 

sin( 7 r/ri) ( 21\yl2z + 2l2yl\z ) (7.49) 

This expression represents antiphase single-quantum coherences originating from 
the double-quantum coherence in the 12 interval. Single- quantum coherences re- 
sulting from other pathways, particularly from the zero-quantum coherence in 
the i 2 interval, can be suppressed by phase cycles of the RF pulses in subsequent 
transients! 139]. Correspondingly, other “orders” of multiple-quantum filters can be 
generated by suitable phase cycles. 

Multiple- quantum filtered 2D spectra permit the convenient distinction of cou- 
pled spin-systems from each other, and, in particular, from uncoupled spins. The 
principle of double-quantum filtered correlated spectroscopy is demonstrated in 
Fig. 7.4 for a simple AX spin system before the background of uncoupled spins of 
the solvent. 

This differentiation of coupled spins is of particular interest in context with 
spectroscopy. Employing double-quantum filtering, the so-called “incredible natural 
abundance double-quantum transfer experiment” better known under the acronym 
INADEQUATE permits the elucidation of coupled pairs for the derivation 

of the carbon connectivity in a compound [25, 86 , 139]. 

In Chap. 37 a “double- quantum filter volume-selective spectral editing” (DQF- 
VOSING) experiment is treated for an A3X spin system. With this method the 
same coherence pathways as outlined above are employed for the discrimination of 
signals of coupled spins in the compound of interest from superimposed (and even 
dominating) signals of uncoupled spins. 
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Fig. 7.4. Double- quantum filtered 300 MHz proton spectra of an AX spin system (same as 
used for the previous 2D spectra; 1.3 mol/1 uracil D20/NaOD solution) recorded with the 
aid of pulse sequence at Fig. 7.3a; a) projection; b) contour plot of the magnitude of the 
(complex) two-dimensional Fourier transform, coi and ct>2 are the frequency-domain variables 
conjugate to the time-domain variables Ti and 13, respectively (following the usual convention, 
these variables are denoted in Fig. 7.3a by ti and t 2 , respectively). The lines at 4.41 ppm and 
7.33 ppm are assigned to the CH groups of the ring compound adjacent to CO/COD and ND 
groups, respectively. Uncoupled spins produce no cross peaks and are strongly suppressed. The 
HDO line at 4.7 ppm is 28 times less intense than in the COSY spectrum (Fig. 7.1) of the same 
sample, (courtesy of K.-H. Spohn) 
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Fig. 7.5. Two-dimensional 300 MHz double-quantum proton spectra of an AX spin system (same 
as used for the previous 2D spectra; 1.3 mol/1 uracil D20/Na0D solution) recorded with the aid 
of pulse sequence at Fig. 7,3b; a) projection; b) contour plot of the magnitude of the (complex) 
two-dimensional Fourier transform, (courtesy of R.-O. Seitter) 



73.2 

Double-Quantum/Single-Quantum Correlated Spectroscopy 

This method employs the second principle mentioned above. As shown in Fig. 7.3b, 
the second pulse interval of a three-pulse sequence is considered as the evolution 
interval defining the first time domain. The objective is to correlate double-quantum 
coherences in this interval with single-quantum coherences in the detection interval. 
In the case of AX spin systems, the condition for the first pulse interval Ti for 
optimal transfer to double-quantum coherences is given in Eq. 7.48. Inserting this 
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value into Eq. 7.45 gives the reduced density operator determining the signals to be 
represented in the form of a 2D plot. Figure 7.5 shows corresponding evaluations 
of an experiment using the same AX example as in the demonstrations of the other 
2D spectroscopy techniques. Evidently the resonance frequencies of the individual 
lines are correlated with the sum frequencies, whereas the (spurious) HDO peak 
remains on the diagonal. 



7.4 

Discrimination of Coherence-Transfer Echoes 

Echoes emerging from scalar-order transfer, zero-quantum coherence transfer, and 
longitudinal magnetization transfer jointly satisfy the maximum condition = ii. 
Moreover, this is the schedule of Hahn’s stimulated echo of uncoupled spins. The 
coincidence is due to the common absence of any coherence evolution in field 
inhomogeneities during the i 2 interval. The phenomena may nevertheless reveal 
themselves in a distinct manner owing to the different dependences on the flip 
angles, on the pulse phases, and on the evolution under the influence of chemical 
shifts or spin-spin couplings. 

Signals of different provenance can often be discriminated with the aid of homo- 
spoil gradient pulses applied in the pulse intervals, and/or of phase cycles of the RF 
pulses in subsequent transients of signal accumulation. In this manner, undesired 
coherences can largely be suppressed [139]. 

Figure 7.6 shows a pulse scheme for "homospoil gradient-assisted spectral edit- 
ing” of single-quantum coherences originating from double- quantum coherences in 
the T 2 interval. The principle is that single- quantum rephasing of double- quantum 
coherence phase shifts needs a refocusing interval twice as long and a gradient 
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Fig. 7.6. RF and field gradient (G) pulse scheme for “homospoil gradient-assisted spectral 
editing” of single- quantum coherences that can be traced back to double- quantum coherences 
in the i 2 interval. The letters A and B indicate the “areas” under the gradient pulses in the first 
two RF pulse intervals. In the delay 2 t 2 after the third RF pulse the double- quantum phase 
shifts of the Tj interval between the second and the third RF pulse is refocused. In the Ti delay 
preceding the center of the coherence-transfer echo (CTE), the phase shifts adopted in the first 
Ti interval are compensated. 
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pulse twice as strong. The latter is required for the compensation of the homospoil 
gradient, the former accounts for background inhomogeneities. 

This sequence can also be employed for the sensitive detection of chemical-shift 
changes via the phase resulting from the evolution of double-quantum coherences. 
The phase shift adopted in the interval i 2 by the double-quantum coherence of an 
AX spin system, for instance, is (p^qc = (Qa + This is to be compared with 

the phase shifts single-quantum coherences would take up in the same period, i.e., 
(p^q^ = Q.AT 2 or Q.XT 2 - If chemical shifts happen to be a function of temperature, the 
signal phase can correspondingly be calibrated. As an application, this effect was 
demonstrated for the helix/coil transition range of polypeptides, where - depending 
on the cooperativity of the transition - the a-CH resonance sensitively varies with 
the temperature [241]. 

In Chap. 37 several procedures for volume-selective editing spectroscopy are 
described which take advantage of the selective generation of one of the echo phe- 
nomena delineated above. In this context we will come back to the formalisms 
outlined above. The most prominent spectral-editing principle will be shown to be 
the fact that uncoupled spins cannot form coherence-transfer echoes. This may be 
employed for suppressing water signals, for instance, which is crucial in biological 
applications. 




Molecular Motion 




CHAPTER 8 



Survey 



Magnetic resonance provides a large variety of techniques suitable for studies of 
molecular motions in a rather direct and detailed way. The most important phe- 
nomena of interest in this respect are nuclear-spin relaxation, self-diffusion, and 
exchange between sites with different resonance parameters. The methods in use 
for corresponding studies are based on very different principles. Nevertheless, one 
may recognize a scheme (Fig. 8.1) common to all three classes of techniques. 

An NMR experiment probing molecular motions begins with the preparation of 
a non-equilibrium state of the sample. This can refer to magnetization vector com- 
ponents deviating from the Curie values, longitudinal order, or coherences encoded 
by spin interactions or by external field gradients. 

Then a certain time interval is allowed for changes of the spin states by molec- 
ular fluctuations. As such, reorientations, translational displacements or exchange 
processes between different sites come into question. 

Finally, the coherences still present or generated at the end of the evolution 
interval are detected. If the pulse sequence starts with the generation and storage 
of gradient encoded coherences, the detection interval involves the corresponding 
decoding of coherences. 

In this part, magnetic-resonance experiments suitable for probing molecular 
motions are subdivided into four major classes. We will first deal with spin relax- 
ation. This includes spin-lattice relaxation as well as relaxation of spin coherences 
normally referred to as transverse relaxation or - less adequately - spin-spin re- 
laxation. Transverse relaxation is not restricted to single-quantum coherences. In 
experiments with multiple-quantum coherence evolution intervals, the relaxation 
of multiple-quantum coherences is of interest too. 



preparation of 
(possibly encoded) 
non-equilibrium 
magnetization 



evolution of 
spin states due 
to reorientations, 
displacements, 
or exchange 



detection of 

(possibly decoded) 
coherences 



time 



Fig. 8.1. Schematic representation of the three intervals which one can distinguish in NMR 
experiments probing molecular motions. 
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In systems such as polymers or liquid crystals where molecular motions are 
anisotropic, residual spin-interactions may occur which are not, or only incom- 
pletely, subject to motional averaging. As a method specifically referring to this 
residual couplings the so-called dipolar-correlation effect will be considered. 

Translational displacements of molecules by self-diffusion can be probed directly 
with the aid of field-gradient NMR diffusometry. The field gradients may refer to 
the main magnetic field Bq or to the RF amplitude Bi. Versions based on pulsed 
gradients as well as on the steady gradients provided by superconducting magnets 
in the fringe field will be discussed. 

The last chapter of this part is devoted to methods probing exchange phenomena. 
This category of magnetic-resonance experiments has become particularly popular 
in the multiple-dimensional form. Two-dimensional exchange spectroscopy is now a 
term comprising different experiments with the common feature that a nucleus faces 
fluctuating resonance frequencies. The origin of these fluctuations can be of such 
contrasting natures as chemical exchange between different sites in molecules, iso- 
merization, diffusion between different phases, molecular reorientations and so on. 




CHAPTER 9 



Categorization of Relaxation Phenomena 



9.1 

General Remarks 

Spin relaxation, according to its very definition, is ubiquitous in magnetic reso- 
nance. The prerequisite of the detection of any magnetic-resonance signal is a non- 
equilibrium state of the spin systems which must be excited before. Principally, 
such athermal states are subject to relaxation processes. That is, all pulse sequences 
so far considered in the first part of this book can also be viewed as relaxation 
experiments although we have neglected any influence of this sort in the formal 
treatments up to now. Actually some of these pulse sequences were originally de- 
veloped to the end of relaxation studies. Further experimental schemes suitable for 
the record of relaxation curves are given in Table 10.1 on 93 and in Chaps. 15 and 
17. In view of the vast variety of relaxation-sensitive experiments it appears to be 
more favorable to classify spin relaxation via the relevant observable rather than 
via the experimental set-ups by which it is probed. 



9.1.1 

Observables Subject to Relaxation 

The treatments of the pulse sequences delineated in the part on spin echoes and 
coherences already demonstrated the principal classes of spin states and coherences 
that can arise in NMR experiments. We distinguish 

• longitudinal magnetization, i.e., the magnetization component along the quan- 
tization direction. In laboratory-frame experiments, this direction is given by 
the external magnetic field Bq, This is replaced by the effective field Bg (see 
Sect. 48.7) in so-called rotating-frame experiments. The relevant spin energy is 
defined by the Zeeman levels. The relaxation of the populations of these levels 
toward equilibrium is connected with energy exchange with the mechanical de- 
grees of freedom in the matter (the “lattice”). The relaxation mechanisms of this 
sort are therefore summarized as spin-lattice relaxation with the time constants 
Ti and Tip in the laboratory and rotating frames, respectively. A synonymous 
term is longitudinal relaxation reminding us of the magnetization component 
involved. The relevant observable is Ij^z where the sum in principle concerns 
all members of the spin system considered. 
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• longitudinal (scalar, dipolar, or quadrupolar) order. This sort of phenomenon 
arises when bilinear spin interactions apply. The observables are of the type 
2IzSz for scalar or dipolar coupled two-spin-1/2 systems (compare Table 51.1 on 
page 482), and — J(7 + l)/3 for quadrupolar coupling (see Eq. 52.11). There 
is no net magnetization connected with these operators although the z direc- 
tion is involved again (a more extended discussion can be found in Sect. 51.3, 
example 3, for instance). That is, the term “observable” should not be taken too 
literally. However, the evolution of longitudinal order can be probed indirectly 
by converting the order state into single- quantum coherences (as was repeatedly 
demonstrated in the first part; see the sections on three-pulse solid echoes and 
coherence-transfer echoes). The RF pulse managing this transfer may therefore 
be called “read pulse.” Less common variants of transfer to and from longitu- 
dinal order are “adiabatic demagnetization in the laboratory or rotating frame” 
(ADLF or ADRF) and “adiabatic remagnetization in the laboratory or rotating 
frame” (ARLF or ARRF).^ The time constants of longitudinal-order relaxation 
are termed dipolar-order relaxation time T^, quadrupolar-order relaxation time 
Tq, and scalar-(/)-order relaxation time T;, depending on the spin interaction 
mediating the longitudinal order. 

• zero-quantum coherences in the doubly-rotating frame. This sort of phenom- 
ena arises under Hartmann/Hahn matching conditions bringing two different 
nuclear species into contact. The establishment of a spin temperature common 
to both (multi-)spin systems^ is termed cross-relaxation [114]. 

• single-quantum coherences. The “observable” is the rotating-frame magneti- 

zation component transverse to the quantization direction, say the component 
aligned along the x axis. In rotating-frame experiments this axis refers to a 
tilted rotating coordinate system with the z axis aligned along the effective field 
direction.^ The expectation value to be considered is Mx oc Under mo- 

tional averaging conditions, the time constant for the relaxation of this quantitiy 
is called the transverse relaxation time T 2 (in rotating-frame experiments: T 2 p). 

• multiple-quantum coherences, i.e., coherences other than single- quantum co- 
herences. The term “observable” is again not to be taken literally because the 
signal detection stipulates a transfer to single- quantum coherences. Operators 
of double-quantum coherences of two-spin- 1/2 systems are, written in Cartesian 
spin operators (see Eqs. 42.77), (IxSx — lySy) and (IxSy + IySx)y or, expressed as 
irreducible spherical tensor operators T 2,±2 (see Eqs. 49.22). 



^The adiabatic conduct of experiments will be discussed in more detail in Chaps. 15 and 
38. 

^ Small spin systems behave in a more coherent way as pointed out in Chap. 39. See the 
discussion in Sect. 39.2. 

^Transverse relaxation in the rotating frame has scarcely been examined so far. This is 
in contrast to spin-lattice relaxation which is a frequently employed experimental tool (see 
Sect. 10.3). 
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9.1.2 

Spin Interactions Subject to Fluctuations 

Nuclear magnetic relaxation in general stipulates fluctuations of the spin interac- 
tions, where temporal fluctuations are a consequence of molecular or lattice dy- 
namics. For instance, rotational diffusion of a molecule gives rise to stochastic 
modulations of all anisotropic spin couplings within that molecule. 

The spin-interaction Hamiltonians relevant for magnetic resonance can be ex- 
pressed in a common analytical form characterized by (compare Sect. 46.3) 

a) a factorization in structure and spin-operator dependent functions 

b) an expansion in terms including spin operators which induce different orders 
of spin transitions. 

The general representation is 

w.(f) = (9.1) 

k 

where the factors are interaction-specific constants, the fluctuating structure func- 
tions are and the spin-operator functions are 

If molecular dynamics merely refer to reorientations, so that the rotation proper- 
ties are in the foreground, alternative representations based on irreducible spherical 
tensor operators may be favorable (see Eq. 49.1): 

i 

Hiit) = aiY,Y. (9.2) 

1=0,2 m=—l 

where the prefactors a/ again are constants specific for the spin interaction. In 
this expansion, orientation-dependent and, hence, fluctuating functions A/,_^(t) 
are combined with irreducible spherical tensor operators which are composed 
of spin operators as outlined in Chap. 49. The operators T^rn transform under ro- 
tations like spherical harmonics of rank /. The subscript m indicates the order 
of multiple-quantum transition induced by the operator. That is, we have separate 
terms for different multiple-quantum orders. The functions A/,_^ are also expressed 
in terms of spherical harmonics of rank / as far as possible. In the following, we will 
alternately use the spin-interaction representations at Eqs. 9.1 and 9.2 depending 
on which version is more adapted to the problem or more convenient. 

Dipolar coupling (Table 46.5 on page 426) provides a very efficient relaxation 
mechanism, although quadrupole coupling (Table 46.4 on page 425) normally dom- 
inates if present. Electron paramagnetic particles enhance nuclear-spin relaxation 
by dipolar and scalar interactions (Table 46.3 on page 422). They may therefore 
be employed as “relaxation agents.” If dipolar or quadrupolar couplings are com- 
paratively weak or absent, chemical-shift anisotropy (Table 46.2 on page 421) often 
plays a crucial role at high magnetic fields. Finally, in gases and low- viscous liquids, 
the spin-rotation interaction contributes to relaxation. 

The spin-operator terms specify the transitions on which relaxation is mainly 
based. Terms without transition-inducing operators merely mediate transition-less 
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contributions to transverse relaxation. The theory delineated below is restricted to 
the so-called ‘‘weak-collision case” stipulating that the perturbation by the fluctu- 
ating spin interactions is much smaller than the stationary part of the total spin 
Hamiltonian. The opposite limit, the “strong-collision case” plays a role in dipo- 
lar or quadrupolar-order relaxation [4, 158, 523] This sort of solid-state relaxation 
mechanism will not be pursued any further here. 



9.1.3 

The Autocorrelation and the Intensity Functions 



The stochastic nature of the fluctuating spin interactions is manifested by autocor- 
relation functions of the structural terms or One can show that, 

irrespective of the interaction and observable types, the relaxation rates can be 
expressed in terms of the reduced autocorrelation function 



G(t) = 






(9.3) 



on the one hand, and 

G(t) = ^ (9.4) 

\\Airn\ ) 

on the other. The brackets indicate the ensemble average. Note that G(r) is an even 
function and is normalized for r = 0. It is normally independent of the sub- or 
superscripts fc, / or m occurring in the spin-interaction Hamiltonians at Eqs. 9.1 or 
9.2. 

The corresponding reduced intensity function (also called “spectral density”) 
is given as the Fourier transform 



+00 

I{co) = j G(t) dr (9.5) 

— OO 

which is an even and real function obeying the normalization condition 

OO 

— [ I(co) da) = G(0) = 1 (9.6) 

2n J 

— OO 

These definitions of the reduced correlation and intensity functions imply that 
the ensemble of spin systems is ergodic. That is, all orientations occurring in the 
ensemble are to be reached by all participating spin systems provided that one 
waits long enough. However, long waiting times may conflict with the assumptions 
taken for granted in the perturbation theory presented below in Sect. 11.1. This 
objection matters in case of very anisotropic motions or jump-like rearrangements 
leaving quasi-stationary residual correlations with correlation times longer than the 
actual relaxation times (for an example, see Sect. 14.2). In this case, the correlation 
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function may be reduced further to the part which is actually relevant for relaxation. 
Equation 9.3, for instance, is then replaced by 



G(r) = 



(F®(0)F(-^>(r)) - I (F®) p 

(|FWp)-|(FW)|2 



(9.7) 



This form ensures that G(0) = 1 and G(oo) = 0 where “oo” means a time in the 
order of the relaxation times. The averages now refer to subensembles which are 
ergodic on the time scale of spin relaxation. That is, only reorientations taking 
place on that scale are taken into account. The consequence is that Eq. 9.7 depends 
on the orientation of the anisotropically reorienting spin system. Hence the local 
relaxation rates tend to do so as well. 

In the case of spin-lattice relaxation in the fast spin-diffusion limit (compare 
Sect. 23.1.3), merely average relaxation rates matter, so that a powder average can 
be taken already on the stage of the reduced correlation function at Eq. 9.7. On the 
other hand, if the total spin ensemble is ergodic on the relaxation-time scale, we 
have = 0, and Eq. 9.7 coincides with Eq. 9.3. 



9.2 

Limits and Definitions for Spin-Lattice Relaxation 

Spin-lattice (or longitudinal) relaxation refers to the thermal equilibration of the 
magnetization components along the quantization field after a non-equilibrium state 
was initially established. This may refer to the net longitudinal magnetization or to 
longitudinal order of the spin populations. The quantization field is Bq in the case of 
laboratory-frame relaxation, the effective field Bg in rotating-frame variants, and 
the local field Bioc in dipolar or quadrupolar-order experiments. 

As the name says, either spin energy is dissipated net in the “lattice” or lattice 
energy is transferred net to the spin system in a random manner while the magne- 
tization approaches its equilibrium value given by the Curie equation (Eq. 47.31). 
The lattice comprises all mechanical degrees of freedom in the form of an effectively 
unlimited heat bath assumed to remain permanently in thermal equilibrium. 

The spin transitions induced under weak- collision conditions are accompanied 
by transitions of the quantum-mechanical system of the lattice in the opposite 
direction. That is, lattice-transition operators should be implied in principle. How- 
ever, with the exception of relaxation by spin-phonon coupling^ (e.g., [371, 372]) 



^For example, spin-phonon interaction is mediated by dipolar coupling between neigh- 
bouring nuclei. The distance dependence of dipolar coupling is proportional to r~^ (Table 46.5 
on page 426). Expanding this factor about the equilibrium distance Tq gives r~^ = -f- 

(d(r“^)/dr)roAr -f . . .. The distance variation by phonon modulation is Ar = sin(rok)q ^ Vokq, 
where k is the phonon wavenumber, and q is the displacement of a lattice point by the phonon. 
In the “normal coordinate representation”, lattice vibrations are expressed by linear combina- 
tions of harmonic oscillator solutions characterized by the eigenfrequency oo and the mass m. 
The raising and lowering operators of the harmonic-oscillator theory are termed a and a^. 
With the aid of the relation q = -h fl+), the distance variation may thus be related 

to these lattice operators in the form Ar ^ roky/h/(2mco)(a a~^). 
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or by low-temperature rotational tunneling processes of methyl or ammonium 
groups, for instance, (e.g., [6, 7]), the quantum mechanics of the lattice need not 
be taken explicitly into account. The factors in Eq. 9.2 will be interpreted 

as sole functions of the spatial coordinates as such, and not as lattice-operator 
terms. 

Relaxation theories referring to the thermal but not to the quantum-mechanical 
properties of the lattice are termed semi-classical. We restrict ourselves to this sort 
of description which is adequate for most cases of practical relevance. 



9.3 

Limits and Definitions for Transverse Relaxation 

Transverse relaxation refers to the attenuation of coherences which are entirely 
absent when thermal equilibrium is reached. In the case of single-quantum coher- 
ences, the transverse-relaxation process can be directly visualized as the decay of the 
magnetization transverse to the quantization field. By contrast, multiple-quantum 
coherences must be probed indirectly by transfer to single-quantum coherences 
after a certain relaxation interval. 

It is needless to say that the coherence losses considered here are not due to 
inhomogeneities of the magnetic field. Their influence can be reversibly refocused 
with the aid of ordinary spin echoes (see Chaps. 2 and 7). 

The proper origin of transverse relaxation are spin interactions as in the case 
of spin-lattice relaxation. One distinguishes ‘‘secular” (slowly varying) from “non- 
secular” (rapidly varying) spin interactions. The latter induce spin transitions con- 
nected with energy exchange with the lattice, and, hence, mediate the energy trans- 
fer between the spin system and the lattice. This is the background of spin-lattice 
relaxation already addressed above. 

The same mechanism also contributes to transverse relaxation, of course. Inco- 
herent spin transitions induced by random perturbations simultaneously destroy 
any correlation among spin-precession phases. Transformed to the frequency do- 
main, one can speak of lifetime line-broadening in the sense of Heisenberg’s uncer- 
tainty relation. 

However, the secular spin-interaction terms cause additional and often more 
efficient coherence loss mechanisms. The prominent feature of secular spin inter- 
actions is that they either are not effective in inducing spin transitions, or the 
transitions they induce are spin-energy conserving. That is, spin-energy transfer to 
the lattice is not included. Despite the absence of any energy dissipation process, 
transverse relaxation by secular interactions to a certain degree is of an irreversible 
nature as expected according to thermodynamic principles. 

The usual definition of transverse relaxation is closely connected with exper- 
imental measuring procedures such as the record of FIDs or, in the presence of 
inhomogeneities, 180° pulse Hahn echoes. However, the coherence attenuations ob- 
served under such circumstances can partly have a reversible character. The mere 
change of the RF-pulse sequence to more elaborate forms of spin manipulation 
such as solid-echo or magic-echo procedures (see Chaps. 4 and 6), for instance, can 
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partly recover coherences without renewed excitation of virginal coherences starting 
from thermal equilibrium.^ 

The factors important for irreversible coherence losses mediated by secular spin 
interactions are molecular motions causing fluctuations of the spin interactions 
during the measuring process, and the size of the spin system defined by the number 
of spins which are linked by interactions. Let us discuss the latter first. 



9.3.1 

Irreversibility and Spin-System Size 

In the absence of molecular motion, an ensemble of isolated small spin systems 
coherently excited by an RF pulse evolves under secular spin interactions in a largely 
reversible way. This was demonstrated in Chaps. 4 and 6. Provided that suitable pulse 
sequences are employed, coherence evolution in an ensemble of dipolar-coupled 
two-spin 1/2 systems or of spin 1 nuclei can even be entirely reversible if non- 
secular terms are absent. 

However, if the spin systems are larger as they tend to be in solids where a whole 
network of dipolar interactions may link more or less all spins in the sample, the co- 
herence evolution is getting more complicated. It would then be impossible to invent 
an RF-pulse sequence for spin manipulation that brings all spins in an ensemble 
of spin system to the same precession phase at one time. This is a matter of the 
large number of the spins involved. We are dealing here with a many-particle prob- 
lem which intrinsically implies a chaotic element. Hence, the coherence losses are 
quasi-irreversible. Note that this diminution in the coherence-evolution reversibility 
under secular interactions begins already with spin systems larger than two (also 
compare the discussion in Sect. 39.2). 



9.3.2 

Irreversibility and Molecular Motion 

Molecular motion is the second reason for the irreversible attenuation of coherences. 
The refocusing of coherences by solid-echo techniques (Chaps. 4 and 6) requires 
that the local fields arising from secular spin interactions are stationary on the time 
scale of the experiment. However, molecular motions cause fluctuations of the spin 
interactions and, hence, of the local fields. That is, coherence dephasing of even 
very small systems such as two-spin 1/2 systems or isolated spin 1 nuclei adopts an 
irreversible character irrespective of any non-secular interactions. 

Treatments where such phenomena are relevant will be presented below in con- 
text with the Anderson/Weiss theory, the dipolar-correlation effect, and 2D ex- 
change spectroscopy, for instance. It must be stressed that translational diffusion 
in the presence of magnetic-field gradients also falls into this category of irre- 



^By contrast, multiple-pulse trains and magic-angle spinning tend to average secular spin 
interactions via the Hamiltonian terms depending on spin and spatial coordinates, respectively. 
In this case, secular-interaction induced transverse relaxation is slowed down from the very 
beginning just as is the case with motional averaging in non-viscous liquids. 
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versible spin-echo coherence attenuation phenomena with all line-broadening con- 
sequences. Irreversible coherence losses of this sort may be due to translational 
diffusion in magnetic-susceptibility induced field inhomogeneities as they occur in 
porous materials and biological tissue [54], for instance, or intentionally applied 
field gradients as with field-gradient NMR diffusometry (Chap. 18). 



9.3.3 

Classification of Transverse Relaxation 

For the interpretation of transverse-relaxation experiments, it may be helpful to 
keep the following distinctions in mind. 

• Transverse relaxation of small or large spin systems in the complete motional- 
averaging limit, 

(Aco)rl '^c 1 (9.8) 

is governed by secular spin interactions for 

coqTc > 1 (9.9) 

and by secular as well as non-secular spin interactions for 

COqTc < 1 (9.10) 

(extreme-narrowing limit^). The correlation time of the fluctuating interactions 

is To the quantity (Aco)ri is the linewidth in the absence of molecular motions, 
and (Oq is the resonance frequency. The fluctuation rate of the spin interactions 
exceeds the transverse-relaxation rate in any case. A theory adequate for this 
situation is the Bloch/Wangsness/Redfield (BWR) theory (Chap. 13). 

• Transverse relaxation of large spin systems in the rigid-lattice limit, 

(AC0)rl Tc » 1 (9.11) 

is governed by secular spin interactions which now tend to be quasi-stationary 
on the time scale of transverse relaxation. This situation is considered as one 
of the typical limiting cases of the Anderson/Weiss (AW) formalism as outlined 
below (Sect. 13.2). 

• Transverse relaxation of small or large spin systems halfway between the 
motional-averaging and rigid-lattice limits, that is, 

{Aco)rl Tc ^ 1 (9.12) 

In this case, transverse relaxation is disposed to be governed by secular spin 
interactions. However, the fluctuations are still not fast enough to fulfill the 
prerequisites of the BWR theory. Therefore, the AW formalism will be considered 
again. 



^This term reminds of the relaxation-related linewidth. 
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• Transverse relaxation of large spin systems for partially complete/partially in- 
complete motional averaging. That is, the motions are strongly anisotropic im- 
plying (a) components obeying 



(Aco)r, « 1 (9.13) 

and (b) components complying with 

(A(o)rf » 1 (9.14) 

where and are the respective correlation times. Transverse relaxation 
is then governed by secular as well as non-secular interacations as concerns 
components (a), and by secular interactions alone as regards components (b). 
This situation of multi- component ial motions typically arises with polymers, 
liquid crystals, and adsorbate molecules on surfaces, for instance. Since (b) is 
biased to govern the transverse-relaxation rate, the applicability of the BWR 
theory is still restricted. One therefore often refers to the AW formalism again, 
or - in context with polymers - to more sophisticated variants emerging from 
the same anticipated principles [61, 97, 287]. 




CHAPTER 10 



Spin-Relaxation Functions 



10.1 

The Homonuclear Bloch Equations 



The spin-relaxation functions are the time dependences of the observables one mea- 
sures in relaxation experiments. A list of relaxation functions for typical measuring 
procedures is given in Table 10.1 on page 93. 

The equations of motion yielding exponential relaxation functions for homonu- 
clear magnetization components M in a magnetic field B are known as the Bloch 
equations [40]. Originally, they have been established phenomenologically. How- 
ever, as will be shown below, they can also be derived in an equivalent form for 
many important situations directly from the basic quantum-mechanical equations 
of motion (see Chaps. 12 and 13). 

As concerns the time dependence of the z component of the magnetization, 
minor, though scarcely detectable, deviations from the exponentiality may occur in 
multi-spin systems.^ On the other hand, one faces substantial deviations from the 
exponential relaxation functions inherent to Bloch’s equations for the transverse 
magnetization components if secular spin interactions are not completely averaged 
out in the NMR time scale which is defined by the reciprocal rigid-lattice linewidth. 

In the frame of these limitations, the laboratory-frame homonuclear Bloch equa- 
tion in vectorial form reads 



dM 

"dT 



YnM^x B 
precession 




Afy Mz — Afo 

U. 



relaxation 



= YnM xB- 



1 

T2 



M, 

My 

0 



r » 

\ Mz- Mo 



( 10 . 1 ) 



The spin-lattice relaxation time Ti refers to the z component of the magnetization 
which relaxes towards its equilibrium value Mo, the Curie magnetization (Eq. 47.31). 
The magnetization transverse to the quantization magnetic field B relaxes with the 
time constant Tz towards its equilibrium value 0. The relaxation times are functions 



^Note that this statement refers to relaxation curves of a single well-defined type of spin 
system. This is not to be confused with heterogeneity effects in multi-component or multi-phase 
samples which are prone to pronounced non-exponentialities in the absence of fast exchange 
(see Chap. 23). 
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of the magnetic field applied to the sample. They are also functions of parameters 
describing the spin interactions, the molecular structure and the dynamics relevant 
for the spin system under consideration. This is the reason why these time constants 
can be so informative for problems of molecular dynamics. 

Including the temporary irradiation of RF fields applied perpendicular to the 
main magnetic field Ro> the total magnetic field is given by 



/ 0 \ / BAt) 

B(t) = 0 + By(t) 

\ Bo J \ 0 



Bi(t) cos(cOct) \ 
Bi(t) sin{cOct) + 
Bo 



B\{t) cos(cOc0 

—Bi(t) sin((L>ct) 

Bo 

( 10 . 2 ) 



The magnetic-fiux vector 2Bi of the RF field is assumed to oscillate along the 
positive and negative x axis of the laboratory frame. It is assumed to be initially 
aligned along the positive x axis. The linearly polarized RF field may be analyzed 
into two counterrotating circular polarized RF fields as manifested on the right- 
hand side of Eq. 10.2. The first and second terms represent components rotating 
counterclockwise and clockwise, respectively, in the x, y plane as seen when looking 
down from the positive z axis. 

It is more convenient to consider the equations of motion in a reference frame 
rotating with an angular frequency equal to the carrier frequency cOc about the z 
axis in the same sense as the Larmor precession. The corresponding transformation 
(see Sect. 48.7) and the neglect of any non-secular terms leads to the rotating-frame 
Bloch equations. A matrix representation is 






dM; 

A 

dt 



-J- -Cl 0 

Q. —jr COi 

0 -ft)\ -jr 



M' 

m; 

m: 



+ 



0 

0 

Mg 

Ti 



(10.3) 



where coi = y„Bi. The offset of the carrier frequency coc from the resonance fre- 
quency coo = YnBo is Q. = cOc — coo. The primes indicate that the quantities refer to 
the rotating frame. The rotating-frame direction of the RF field is assumed along 
the x' axis. 

General solutions of the Bloch equations have been published in Refs. [313, 
353, 483]. These are important for the derivation of RF pulse responses in the 
presence of field gradients, for instance. In the following we consider the much 
simpler situations in standard relaxation experiments which may be classified in 
two categories. 
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10.2 

Solutions for Laboratory-Frame Experiments 



In the free-evolution intervals of RF pulse sequences we have coi = 0. The Bloch 
equation (Eq. 10.3) in the resonantly rotating frame, that is, = 0, then reads 






A 

A 

dt 



\ 

/ 



jr 0 0 

0^0 

0 0^ 

^1 



M' 



K 

m; 



Mn 



(10.4) 



or ^ 

^ = -R (M'- Mo) (10.5) 

at 

where R is the relaxation rate matrix. The standard solutions for the most common 
pulse sequences are listed in Table 10.1 on page 93. 



10.3 

Solutions for Rotating-Frame Experiments 



The RF pulse scheme usually employed for the production of spin-locked magneti- 
zation is shown in Fig. 10.1. During the first RF pulse, the reference frame is assumed 
to rotate with the resonant carrier frequency, that is D = 0. The RF amplitude, Bu 
is assumed to be constant, so that coi is constant too. The phase direction of the 
RF field is arbitrarily chosen along the x' axis of the rotating frame. Equation 10.3 
may then be rewritten in the component form 



d_K 

dt 

9m; 

at 
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-^+a>iM^ 



M^-Mo 






( 10 . 6 ) 



For the initial condition M'(0— ) = the solution of the first of these equations 

evidently is M' (t) — 0. That is, the third equation is reduced to 



- Mo 

dt ~ Ti 



(10.7) 



This remaining system of differential equations accounts for the situation during 
the {nf2)x RF pulse of the scheme displayed in Fig. 10.1. 

The spin lock pulse, (SL)^, is first assumed to be resonant. The magnetization 
is aligned along the magnetic field effective in the rotating frame, which then is 
Be = B\u'y (see Eq. 48.98). This is the quantization field effective during the spin- 
lock period tsi. The spin-locked magnetization is consequently subject to spin-lattice 




10.3 Solutions for Rotating-Frame Experiments 



93 



(l)x 




Fig. 10.1. RF pulse scheme for resonant rotating-frame relaxation experiments. The signals are 
acquired (AQ) after a 90° phase-shifted spin-lock (SL) pulse of variable length tsi. 



relaxation (instead of transverse relaxation in the free-evolution case!) with the time 
constant (instead of T 2 !), where the subscript p indicates the rotating frame. 

Under such circumstances, the magnetization is aligned along the effective field 
so that there is no reason for precession. Under resonant spin-locking conditions, 
the z' component of the rotating-frame magnetization is zero anyway. That is, we 
can omit the precession term coiM'. The equation of motion of the spin-locked 
magnetization can thus be rewritten in the form 



9m; _ m; 

dt Tip 



( 10 . 8 ) 



Generalizing the spin-lock pulse to the off-resonant case, we must take into 
account that the effective field is tilted by an angle © ^ 90°. That is, the flip 
angle of the initial excitation pulse (which may be assumed to be still resonant) 
is no longer 90°. Rather it is adjusted to match the tilt angle, so that the total 
magnetization becomes locked along the effective field. There is still no processing 
transverse component, but the z! component of the rotating-frame magnetization 
does not vanish anymore. The correspondingly extended system of equations of 
motion is 



3m; _ m; 

dt Tip 

M' - Mo 
dt ~ Ti 



(10.9) 

( 10 . 10 ) 



The magnetization components, and M', form the spin-locked magnetization 
vector aligned along the effective field defined in Eq. 48.98. 

The transformation to a new rotating frame tilted by the angle 0 against the z' 
axis brings the direction of the effective field Be into coincidence with that of the z'' 
axis. This transformation to the tilted rotating frame (indicated by double primes) 




Table 10.1. Pulse sequences for typical relaxation experiments and homonuclear relaxation functions. 
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is performed using the equations 



M'y == m; sin ©; = M'' cos © 



( 10 . 11 ) 



The spin-locked magnetization is designated by M". Combining Eqs. 10.9 - 10.11 
gives 

m:' . Mo cos© 



dt 



- rj,(e) + 



Ti 



where 



1 cos^ 0 sin^ 0 
+ — 



r(^) 



Ti 



With the initial condition M''(0+) = Mq, the solution of Eq. 10.12 is 



(10.12) 



(10.13) 



= (Mo - Moe) + M, 



Oe 



(10.14) 



where 

ji(e) 

Moe = Mq-^ cos© (10.15) 

tl 

This general result implies the case for resonant spin locking, of course. That is, 
© = 90° and initial 90° pulse excitation (see Table 10.1 on page 93): 



m ;'(0 = Mo 



(10.16) 




CHAPTER 11 



Perturbation Theory of Spin Relaxation 



The theory we will outline in the following is based on the Bloch/Wangsness/Redfield 
(BWR) density-operator perturbation-theoretical approach of the weak-collision 
case [1, 41, 42, 397, 503]. This formalism is superior to theories based on the stan- 
dard time-dependent perturbation theory [5, 43, 461] because of its universality.^ 
Versions of the BWR theory suitable for more complex spin systems, as they usu- 
ally are the subject of NOESY experiments (see Sect. 23.2), for instance, have been 
published in Refs. [478, 500, 514]. 

11.1 

Iterative Approximation 

The Hamiltonian is assumed to be composed of a stationary part, 7fo> and a small 
time-dependent perturbation 

n = no + ni(t) (ii.i) 

The operator Tfo primarily refers to the Zeeman energy, but also includes any 
other time-independent contribution due to chemical or susceptibility shifts etc. 
The perturbative part, Wi(f), is due to spin interactions fluctuating stochastically 
so that the ensemble average vanishes, Hi(t) = 0. Any stationary contribution of 
the spin interactions may be allocated to Tfo- 

The general equation of motion for the density operator of the spin system is 
given in the form of the Liouville/von Neumann equation 

[Ho + ni,p] = [Ho,p] - ^ [Hi,p] (11.2) 

In order to get rid of Ho, we transform this equation into the interaction repre- 
sentation, i.e., the representation in the resonantly rotating frame (see Sect. 48.7.2). 
Quantities referring to this representation will be marked by primes. The unitary- 
transformation relations for the operators in Eq. 11.2 are 

p = Up'U-^-, Ho=UH'qU-^ 'Hi = U'H'iU-^ (11.3) 



^Recently it was shown that the same master equation as for the BWR theory can be derived 
without any perturbation-theoretical approach [143]. However, this exact formalism is more 
demanding and somewhat unwieldy. 
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where 

U = (11.4) 

In order to replace the left-hand side of Eq. 11.2 we need the time derivative of 
the density operator transformation relation. Deriving the first equation in Eq. 11.3 
gives 

^ = --U U-^ +U^U-^ (11.5) 

The right-hand side of Eq. 11.2 may be rewritten 



- ^ [Uo,p\ - ^ [Hi,p] = -'-U [H'„p'] U-^ - '-U [H\,p'] U-^ (11.6) 



Equating eqns 11.5 and 11.6, and multiplying by U~^ from the left and by U from 
the right gives the Liouville/von Neumann equation in the interaction (or resonantly 
rotating) frame, 



df 




(11.7) 



The integral thereof is 



p\t) = p'(0) -'-J [%{t),p\t)] di (11.8) 

0 



An approximate solution of the Liouville/von Neumann equation is found with the 
aid of the Picard-iteration variant of time-dependent perturbation theory. We start 
with the zeroth approximation 

p\t)^p\0) (11.9) 

Replacing p'(t) in Eq. 11.8 by the zeroth approximation gives the first-order ap- 
proximation 

t 

p'it) ^ p'(0) -'-j [H\{h),p'{0)] dfi (11.10) 

0 

Inserting this in turn into Eq. 11.8 leads to the second approximation 

p\t) ^ p'(0) - d?2 + ^0 j dt2 j dll [K'iih), p' {G)]] 

0 0 0 

( 11 . 11 ) 

and so on. However, it turns out that higher-order approximations are not necessary, 
and that the second-order treatment even yields a result coinciding with a formalism 
not based on perturbation theory [143]. 

The time derivative of Eq. 11.11 is 



% = ~i [w;.(fi),p'(o)]] dti 

0 



( 11 . 12 ) 




11.1 Iterative Approximation 
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With the substitution t\ = t — t, Eq. 11.12 can be rewritten as 

t 

% = [^i>p'(0)] - ^ / [H'iit - T),p'(0)]] dr (11.13) 

0 

The time dependence of p' expected on this basis is the consequence of a certain time 
dependence However, the spin systems in the ensemble under consideration 

are subject to statistically varying functions That is, all quantities measured 

in real experiments are averages over all these different time dependences.^ 

The spin interactions are assumed to fluctuate stochastically so that W-(t) = 0. 
Furthermore, the validity of this treatment is restricted to times t ^ Tc, where is 
the correlation time of the spin interactions. The spin-interaction Hamiltonian at 
time ty H'lit), and the density operator at time 0, p'(0), are therefore uncorrelated 
and can be averaged independently. That is,^ 



[mt),p’{0)] 



n\it),p'(o) 



= 0 



for t > Tc 



(11.14) 



For the same reason, the ensemble average of the integrand vanishes for t ^ Tc. 
That is, the upper integration limit can be equated with oo. The ensemble average 
of Eq. 11.13 thus obeys 



j - r),p'(0)]] dr (11.15) 

0 



The iterative approximation procedure starts with the zeroth order p'(t) ^ p'(0). 
As a consequence, this approach for the alteration rate of the density operator is only 
good in the vicinity of time o. Let us denote the range of acceptable accuracy by the 
symbol At. The density operator varies greatly on the time scale of the relaxation 
times Ti and T 2 , so that the requirement that the density operator is still close to its 
initial value stipulates At Ti,T 2 . On the other hand, the derivation of Eq. 11.15 
demands At ^ Tc. That is, Eq. 11.15 holds good only in the range Tc At Ti,T 2 
around t = 0. 

In order to make Eq. 11.15 relevant for an interval of the same width but shifted 
to an arbitrary time later, we must replace p'(0) in the integrand by p'(t)^ We thus 
obtain the alteration rate of p' at the time t. 

This step is allowed because the time dependences of the spin-interaction Hamil- 
tonians Tift) and H'ft — t) in the integrand do not matter in this context, as we 



^This is not to be confused with the ensemble average inherent in the density operator 
which concerns the distribution of state vectors in the ensemble (i.e., different compositions of 
eigenstates and different phases). Here we are dealing with an ensemble average over “different 
time dependences” of the ensemble average over “different state vectors,” so to speak. 

^By contrast, the corresponding average of the Liouville/von Neumann equation (Eq. 11.7) 
does not vanish because the density operator and the Hamiltonian refer to the same time in 
that case. 

^In a sense, we insert the zeroth approximation in the reverse direction. 
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will see shortly. The fluctuating terms enter merely via their correlations after an 
interval r. That is, their effect is independent of the absolute time. Thus, at the 
present stage of the formalism, no dependence on the absolute time is left other 
than that of the density operator, which can therefore be considered at any time of 
interest in relaxation experiments. 

Introducing the stationary equilibrium density operator, p'(oo) = po, and omit- 
ting the bar over the pure density operator terms from now on, we find for the 
instantaneous deviation from equilibrium 



djp'jt) - p'q) ^ dp'jt) 
dt d^ 



^ J p'Q)]]dT (11.16) 

0 



11.2 

The Master Equation 

Equation 11.16 is the basis for the equation of motion for the expectation value 

{QY = Ti{p'(t)Q} (11.17) 

of an observable Q. As such, the spin operator components will be considered, for 
instance (see Sect. 9.1.1). Combining this with Eq. 11.16 yields 

oo 

^=Tr{^s} = -l |Tr{[W;(l),[W;(f-r),(p'(f)-p;)]]Q} dr 

(11.18) 

The double commutator in the integrand can be written in extended form as an 
expression consisting of four terms which act as prefactors of the operator Q. The 
operators may be rearranged with the aid of the rule given in Eq. 43.3 in such a 
way that — p^) is throughout at the first position. The result is the master 

equation 



= -pTr |(p'(0 - po) / - ^)> [K-'iit), Q]] drj 

= -^Tr{{p'{t)-p',)V] 



(11.19) 



where the “fluctuation operator” is 

oo 

v = j [n\{t-TY [w;.(0,Q]]dr (11.20) 

0 

Equation 11.19 is of vast generality. This becomes obvious by visualizing that it is 
suitable for treatments with any spin-quantum number > any spin-interaction 
Hamiltonian Hu such as those for 




11.2 The Master Equation 
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• dipolar interaction, 

• quadrupolar interaction, 

• scalar interaction, 

• chemical-shift anisotropy, or 

• spin-rotation interaction, 

and with any observable^ Q, such as those representing 

• the longitudinal magnetization, 

• the transverse magnetization, 

• the longitudinal order, or 

• multiple-quantum coherences. 

It is even appropriate for situations when the quantization direction deviates 
from that of the external magnetic field. Such circumstances arise in the rotating 
frame under RF irradiation, for instance (Sect. 10.3). The interaction frame is then 
a coordinate system rotating with the effective resonance frequency about the z 
axis which is aligned along the effective field. That is, the operators are subjected 
to unitary transformations leading to the desired reference frame. 



^This also includes “observables” such as longitudinal order or multiple-quantum coher- 
ences that can only be indirectly detected by RF signals (see Sect. 9.1.1). 




CHAPTER 12 



Spin-Lattice Relaxation 



12.1 

Laboratory-Frame Spin-Lattice Relaxation by Dipolar Coupling 

Consider an ensemble of systems consisting of two arbitrary spins I and S. The 
interaction mechanism is assumed to be dipolar interaction. Spin-lattice relaxation 
refers to the z components of the magnetizations. The stationary part of the Hamil- 
tonian is given as the Zeeman expression 



Ho = -hcoilz - hcosSz 



( 12 . 1 ) 



where coi = YiBq and cds = ys^o* No assumption is yet made concerning the 
gyromagnetic ratios of the spin-bearing particles, yi and ys- The spin-interaction 
Hamiltonian Hi is identified with that for dipolar coupling Hd- 

This Hamiltonian is expanded into terms consisting of the fluctuating functions 
and the spin-operator expressions (compare Table 46.5 on page 426) 



where 



and 



nd = fdJ2 



k=-2 



fd = ^YiYsh^ 



p(0) 


^ p(0)* 


= r ^ (1 — 3 cos^ S') 


p(l) 


_ p(-l)* 


= (sin & cos & e~^^) 


pO-) 




= r-^ (sin^ & 


Q(0) 


= C>(o)t 


= hS,-\{l+S- + 1-S+) 


Q(l) 


= 


= -\{i+s, + hs+) 


0(2) 




= -|/+s+ 



( 12 . 2 ) 



(12.3) 



(12.4) 



The spin-operator terms are transformed to the interaction representation by 

(12.5) 



0 ( 0 )' 






^-i(ooi-cos)t 

4 



_ J- —COs)t 

4 



That is, 
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C>a)' 3= (12.6) 

^(2) j+^+^-z(6>/+Oc?s)f 

4 

Labelling the multiple-quantum order with the superscript A:, and the spin transi- 
tion with the subscript / the dipolar Hamiltonian in the interaction frame can be 
rewritten as 

(12.7) 

k,l 

where 





^o(0)t 
— '-^0 


II 




= 0 


0(0) 


= oft 


II 

1 

+ 

OO 

1 


cof 


II 

8 

1 

8 

C/5 


Of 


= 0^“^t 


- -i/-s+ 


o,f 


3 

1 

CO 

3 

II 




(if 


= -|/+S, 


o>f 


= COi 




of 


= -pzS+ 


o,f 


= COs 




= oft 


= -ji-s. 


o>f>> 


= -COi 




= oft 


= -pzS- 


o,f» 


= —COs 




of 




o,f 


= CO/ -h CO$ 




= oft 


= -|rs- 


o>f^) 


= -(<B; + a>s) 


Note that 


o,f = - 


for fc / 0, and = 


1 

e 





The operators determining the longitudinal magnetizations are Q = Iz and 
Q = Sz. The respective master equations are 

^ ^ ^ = -Ljr {(p'(0 - p'o)Vi} (12.9) 

^ ^ ( 12 . 10 ) 



where 



II 

1 _ __ 1 


J^F®(l-r)Of 

_ k,l 


k',V 


dr 

(12.11) 


II 

CO N, 


J]F®(f - r)Of 

kyl 


Y^F(k’)(t)OPe-'<'‘,S, 

k',l' 


dr 



( 12 . 12 ) 
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Separating the spin operator commutators and the stochastic functions and 
swapping the integration and the sum operations gives 



Vi = 



Vt = 



oo 

Kl k\V { 



oo 

k,l k',l' { 



dr 



[op. 



(12.13) 

Sz]’ 

(12.14) 



The integrals imply the correlation functions 



Gk^.k'ityT) = - T)F^-^'>{t) (12.15) 

We recall now that stochastic fluctuations are subject to the properties of stationar- 
ity and time-reversal invariance. That is, the correlation functions are independent 
of the absolute time and of the sign of the interval r. Furthermore, we may assume 
that the ensemble of spin systems complies with the isotropy condition.^ In this 
case, there is no correlation among the polar coordinates r, (py & within the ensem- 
ble of spin systems. That is, the stochastic functions F^^^ of different order k are 
uncorrelated. Using the Kronecker symbol, we summarize these attributes by 

Gk,-k'(tyT) = Sk,-k'Gk(\T\) (12.16) 

where Gk(\T\) is the autocorrelation function of order k. The integrals in Eqs. 12.13 
and 12.14 can then be rewritten 

oo oo oo 

J G;t(|r|)e'"''‘'Mr = 1 J Gjt(|r|)e'"®" dr + f J G)t(|r|) sin(G>,®r) dr (12.17) 

0 — oo 0 

The second term on the right-hand side is purely imaginary, and hence cannot 
contribute to the (non-oscillatory!) relaxation part of the master equation. It will 
therefore be dropped in the following.^ The left integral on the right-hand side is the 
Fourier transform^ of the autocorrelation function of order fc. In the nomenclature 
of the Wiener/Khinchin theorem [193], we denote this integral as the intensity 



^This holds true for samples with powder geometry. Deviations are only expected with 
ordered systems permitting only very few orientations of the interdipole vectors. 

^Besides, the modulus of this term is small compared with that of the first term, because, 

in the period in which the correlation function retains non-vanishing values, i.e., r ~ To the 

sine function either remains minor if ~ 1, or oscillates if coj^^Tc ~ n. 

^Because of the even character of the autocorrelation function, the sign of r may be reversed 
in order to conform to the usual convention of the Fourier transformation (see Sect. 42.3). 
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function or spectral density of order k 



oo 

j (12.18) 

— OO 

In terms of intensity functions, the fluctuation operators at Eqs. 12.13 and 12.14 
read 



pi 

' z 

■pS 
' z 



k,l I' 



k,l I' 






(12.19) 

(12.20) 



According to the angular frequencies specified in Eqs. 12.8, the exponential func- 
tions in Eqs. 12.19 and 12.20 take the value 1, i.e., are secular, for the cases (a) 
I = k ^ 0; (b) I = ly r = 2y k = 0; (c) I = 2y 1 = 1, k = 0. Otherwise, they are 
non-secular. 

Non-secular terms oscillate rapidly in the time scale of relaxation. Their influence 
therefore cancels in the average. That is, the sums referring to the subscript and 
the exponential functions in Eqs. 12.19 and 12.20 can be discarded. 

Inserting the operator expressions from Eqs. 12.8 leads to 



'Pi = 

k,l 



- (Os) [I^S~, [/-S+,7,]] + H. c. 
[I^s,,[rs,,u] + H. c. 

+ CDs) [7+S+, [rs-,iA] + H. c. 



k,l 



= - (Oi) [S+J-, [S-/+,S,]] + H. c. 

[S+J„[S-J„S,]] + H. c. 
^fdJ^^\(Oi + cos) [S+I+,[S-r,S,]] + H. c. 



( 12 . 21 ) 



( 12 . 22 ) 



where the abbreviation H. c. (Hermitian conjugate) represents the preceding expres- 
sion with all operators replaced by their adjoint forms, and all complex functions 
substituted by their conjugate complex counterparts. 

The commutators in Eqs. 12.21 and 12.22 can readily be evaluated using the 
rules given in Sect. 42.6 and Chap. 44. The expressions relevant for Eq. 12.21, for 
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instance, are found to be 



[i+s„[rSz,iz]] = 2hsl 

[I+S-, [rs+, k] ] = 2IASl + Sj) - 2S,Hl + Ij) (12.23) 

[S+I+, [S-/-, 7^]] = 2IASI + + S,) + 2SAI^ +lj + Iz) 

The commutators in Eq. 12.22 are obtained by interchanging the letters 1 and S in 
the above expressions. 

For the evaluation of the master equations at Eqs. 12.9 and 12.10, we now need 
expectation values of the type 



Tr {p'l.Sf} = ihSjy 
Tr{p;/,S2} = {I.SfYo 

Tr Ip' s,if} = {s,ify 

Ti{p'oSzlf} = {Sjf)'o 

Tr {p'I,S,} = (I,S,y 
Tr{p;/A} = iWo 



(12.24) 



where i = x, y, z. 

In the high-temperature approximation, the equilibrium density operator is 
given by 

Po — Po = ^ + b(Iz + Sz) (12.25) 

The constants a and b are defined in Eqs. 47.26 and 47.27. On this basis, one finds 
for instance 



{i^SzYo = {IzS^)o 
{I,S% = (4S,)o 



^ {nti, ms\poIzSz\mi, ms) = 0 (12.26) 

mi, ms 

Y2 (’^i’^s\PohSl\mi,ms) 

mi,ms 



XI X {fni,ms\poIz\mi,ms){mi,ms\Sl\mi,ms) 

mi,ms miyfhs 



(4)o ^J(^+l) 



(12.27) 



where we have used the relations 



{ihi-,ih$\S^\Tni^TYl$) — 3f(f “1“ 

Hmi,ms(^Iy^s\poIz\miyms) = {Iz)o 



(12.28) 



Remembering that spin-state populations deviate in the high-temperature limit by 
an order of magnitude of only 1 ppm (protons near room temperature), we infer 
that the variations of the density operator in the course of relaxation experiments 
are also extremely small. That is, the above expectation values can be transferred to 
non-equilibrium situations just by omitting the subscript 0. In the high-temperature 
limit, populations and density operators in equilibrium and any non-equilibrium 
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State are almost the same in each case. Almost but not entirely: The finite differences 
of the respective quantities are what matters in NMR experiments. 

Calculating the expectation values of the fluctuation operators at Eqs. 12.21 
and 12.22 in this way, and inserting the results into the master equations given by 
Eqs. 12.9 and 12.10, leads to the system of rate equations 



where 



1 

if 



1 



Tis 

1 

1 



TSS 



d{h) 

dt 

d{S,) 

dt 



m - (4)o) - fs 

-^((7,)-(7,>o)-^((S,)-(S,)o) 



(12.29) 

(12.30) 



+ + *Ws) 

4 

(£)‘r,V|fi“s(s + i) 

(£)V,VsW;(; + i) 

+ + <»s) 

4 



T/(o)(<b^ - &>s) + 



- cos) + + "s) 

-T/W((0; - COs) + + «s) 

T/(0)((Oj _ cos) + ^r^\cos) 



(12.31) 

(12.32) 

(12.33) 

(12.34) 



Obviously these rates are determined by spectral densities for zero-, single-, and 
double-quantum transitions as expected in view of the spin-operator terms of the 
dipolar Hamiltonian. The expectation values of the spin components are propor- 
tional to the respective magnetization components. The system of differential equa- 
tions at Eqs. 12.29 and 12.30 thus defines the time evolution of the longitudinal 
spin-7 and spin-S magnetizations under the action of dipolar coupling. The solu- 
tions, i.e., the relaxation functions, are linear combinations of exponential functions. 
However, in the limiting cases most important for practical applications, that is, the 
like-spin and the S-spin-equilibrium limits, the system reduces to single differential 
equations, and the solutions become monoexponential. This will be elucidated in 
the following sections. 



12 . 1.1 

Reduced Dipolar Correlation and Intensity Functions 

Above, we have defined the dipolar autocorrelation and intensity functions of order 
k as the Fourier-transform pair (see Eqs. 12.15 and 12.18) 



Gk(T) = F(^)(r)F(-^)(0) 



(12.35) 
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oo 

7® (CO,®) = J (12.36) 

— OO 



The quantities are functions of the fluctuating polar laboratory-frame coor- 
dinates Ty(py& of the interdipole vector as listed in the set of equations 12.4. The 
initial values of the autocorrelation functions are equal to the mean squared fluc- 
tuations of the stochastic functions, i.e., Gk(0) = In unoriented systems, the 

interdipole vectors may be assumed to be randomly oriented within the ensemble 
of two-spin systems. The mean squared fluctuations of the stochastic functions are 
then related as 



|/ 7 ( 0)|2 



|i7(l)|2.|p(2)|2^_ 



48 / 1 



8 

l5 



32 

15 



=6:1:4 



(12.37) 



where the terms in the middle of Eq. 12.37 represent the actual ensemble averages 
of the stochastic functions for random orientations. It therefore suffices to consider 
merely the mean squared fluctuation of one representative function e.g., 

F^^^ = r~^ sin & cos & (12.38) 



The reduced dipolar autocorrelation function (see Eq. 9.3) may consequently be 
expressed as 



^|7(i)(0)F(-i>(r)) 

(W) 



(12.39) 



where we have replaced the bars by brackets. Note that this function is normalized 
for T = 0, and that it is independent of the order k. The conjugate reduced dipolar 
intensity function (Eq. 9.5) is 



I(co) 



+00 



G(r) dr 



(12.40) 



12.1.2 

5-Spin-Equilibrium Limit 

The spin system is to consist of two unlike spins I and S, i.e., yi / Ts- The RF 
pulses are tuned to the I spins whereas the off-resonant S spins merely take effect 
as interaction partners and are not subject to RF excitation. Furthermore, the S- 
spin populations are assumed to stay in their thermal equilibrium irrespective of 
what happens with the I spins. This situation may arise with resonant nuclei (spin 
I) which are dipolar coupled to quadrupole nuclei or unpaired electrons (spin 
S) suffering additional and independent relaxation mechanisms. Examples are the 
interaction of nuclear quadrupoles with electric field gradients and electron-spin- 
orbit couplings. 
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If the S-spin relaxation is much faster than that due to the mutual dipolar cou- 
pling of the I and S spins, (S^) virtually never leaves its equilibrium value: 

{S,)(t) ^ (S,)(0) = {S,)o (12.41) 

Under these conditions, the system of master equations, Eqs. 12.29 and 12.30, re- 
duces to 



d{h) 

dt 

d(Sz) 

dt 



= ((4) - (4>o) 



= 0 



(12.42) 

(12.43) 



That is, the rotating-frame Bloch equation for the z magnetization of the I spins 
has been reproduced (see Eq. 10.5) with an exponential relaxation function as a 
solution. The spin-lattice relaxation rate of the I spins is 



1 1 



Ti 



Tii 



rhsfi'sis + 1) 

- «s) + + COs) 



(12.44) 



For a fixed interdipole distance r this rate reads in terms of the reduced intensity 
function at Eq. 9.5 



^ = (^) + 6J(ft}/ -I- a>s) ] 

(12.45) 



12.1.3 

Like-Spin limit 

The second limit of interest refers to like spins, i.e., I = Sy yj = ys = yny and 
coi = coq = ynBo. The consequences are {Iz) = {Sz) and (Iz)o = {Sz)q. The system 
of relaxation equations, Eqs. 12.29 and 12.30, thus merges in 

^ = -^({Iz)-{Iz)o) (12.46) 

dt T\ 

with 

^ ^ ^ = (S)' + 1) [/^'^(«o) + 7®(2mo) ] (12.47) 

In terms of the reduced intensity function at Eq. 9.5 and assuming a fixed internu- 
clear distance r, this expression can be rewritten as 

^ = (S)' f + 4I(2 cuo) ] 



(12.48) 
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This essentially is the famous Bloembergen/Purcell/Pound (BPP) formula [43]. 

For systems consisting of more than two dipolar-coupled spins, the dipolar 
Hamiltonian implies a sum over all pairs in which a given spin participates. The 
spin-lattice relaxation rate contributions from each of these pairs can then be 
summed provided that the pair motions are independent from each other. In this 
case, the ensemble averages of the pair sums which are then implied in Eqs. 12.13 
and 12.14 can be carried out separately for each pair with vanishing cross correla- 
tions. This permits one to write 



1 



^ + /f (2®o) 

j 



(12.49) 



where j runs over all dipoles interacting with the reference particle. 

However, Eq. 12.49 and the exponential relaxation curve resulting from Eq. 12.42 
of the two-spin treatment can also be taken as very good approximations for cases 
where cross-correlations are present. For example, Hubbard [201] showed that re- 
laxation features of coherently moving three- or four-spin systems without any 
internal motions can be described by Eqs. 12.42 and 12.49 with an accuracy better 
than that with the usual experimental error. In other words, cross-correlation effects 
can safely be neglected under practical measuring conditions. 

The insensitivity of multi-spin relaxation to cross-correlation effects is not en- 
tirely unexpected. The spin operators inherent to dipolar coupling (see Eqs. 12.8) 
can merely induce zero-, single-, and double- quantum transitions, but are inert 
with respect to any collective evolution of spin states involving more than two spins 
at one time. 

The relaxation curves for like spins are again monoexponential in accordance 
with the Bloch equation for the z magnetization (see Eq. 10.5). The frequency and 
temperature dependences expected on the basis of Eqs. 12.48 or 12.49 for Lorentzian 
intensity functions (see Sect. 14.1) are plotted in Figs. 12.1 and 12.2. 



12.2 

Laboratory-Frame Spin-Lattice Relaxation by Other Interactions 



12.2.1 

Scalar Coupling 

Scalar-coupling relaxation mechanisms of unlike spins (yj ^ ys) can arise in addi- 
tion to dipolar-interaction-induced equilibration under two different circumstances. 
The first situation refers to nuclei coupled to unpaired electrons having a finite res- 
idence probability in the resonant nucleus. In this case, the electron/nuclear spin 
coupling takes the form of the Fermi contact interaction (see Sect. 46.3.2). The 
relevant spin-interaction Hamiltonian is 

Hi = Hs^AI-S='^ [ (7+S- + rs+) + hS, ] 



(12.50) 
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Fig. 12.1. Frequency dependence of the proton spin-lattice relaxation time, Ti, in the plastic 
phase of cyclohexane with different degrees of dilution with deuterated cyclohexane (given 
as percentages of the undeuterated solvent). The dashed lines were evaluated from the BPP 
formula at Eq. 12.48 assuming an exponential correlation function, i.e., a Lorentzian intensity 
function. Such functions are expected for isotropic continuous rotational diffusion (Sect. 14.1) 
or for random jumps between two discrete coupling states (Sect. 14,2.1, Eq. 14.21). The solid 
lines were calculated by taking translational-diffusion modulation of the dipolar coupling into 
account, i.e., intermolecular interaction (see Eqs, 3.21 and 3.24 in [445]). The influence of this 
contribution mainly reveals itself by the dilution-dependent relaxation times. The “inflection 
frequency” where the frequency dependence changes from the low-frequency plateau to the 
square high-frequency dependence is determined by £ 0 ,Tc ^ 1. As a further prediction of the 
theory, the low-frequency plateaus approached below 10^ Hz coincide with the low-frequency 
transverse relaxation times T 2 , i.e., 0.3 x the high-frequency values measured at 90 MHz, for 
instance, (courtesy of S. Stapf) 



The coupling constant A is a scalar by contrast to dipolar interaction. A typical 
example for relaxation phenomena based on this interaction are observed with 
hydrated paramagnetic ions such as Mn^+ [192, 349]. 

The second case of interest here refers to indirect spin-spin coupling of the 
resonant nucleus to a quadrupole nucleus. One of the interaction partners then 
suffers additional relaxation mechanisms by quadrupole interaction. In the motional 
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T 



Fig. 12.2. Temperature dependences of the proton spin-lattice relaxation time in the laboratory 
frame, Ti, and in the rotating frame, Ti^, of crystal water in gypsum (data from [300]). The 
dipolar- coupling fluctuations arise from 180° rotational flips. The lines were calculated with 
the aid of Eq. 12.49 (Ti) and Eq. 12.60 (Tip) in the analogous form for independently fluctuating 
spin pairs. A monoexponential correlation function, i.e., a Lorentzian intensity function, was 
assumed corresponding to the two-state jump model treated in Sect. 14.2.1 (see Eq. 14.21). The 
condition for the minima is coqTc ^ 0.62 and coiTc = I for Ti and respectively, (courtesy of 
S. Stapf) 



averaging limit, when only the isotropic part of the coupling tensor matters, the 
Hamiltonian again has a scalar form analogous to Eq. 12.50 (see Table 46.3 on 
page 422). A well-known system where this interaction gives rise to significant 
relaxation effects is water containing as quadrupole nuclei [162, 306, 412]. 

The scalar-interaction Hamiltonian at Eq. 12.50 is transformed to the interac- 
tion representation in complete analogy to Eq. 12.5. The corresponding treatment 
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according to Eq. 11.19 for the observable Q = is practically already implied in 
the formalism for dipolar coupling because the spin-operator terms of Eq. 12.50 
are also part of the dipolar Hamiltonian. Therefore, one expects an additional I 
spin-lattice relaxation term based on zero-quantum transitions, 

a S(S + 1) J(o>s - o)/) (12.51) 

\h/ seal 

The quantities X(co) = ^{G(r)} and G(r) are the respective reduced intensity and 
correlation functions for scalar interaction (G(0) = 1). 

Note that scalar interaction is inherently insensitive to rotational diffusion. Its 
fluctuations arise either from chemical exchange separating the resonant nucleus 
from the coupled spin, or from fast spin-lattice relaxation of the interaction partner. 
The latter case is termed “scalar relaxation of the second kind.” The condition is 
that the spin-flip rate caused by additional interaction mechanisms selectively acting 
on this particle is sufficiently high. For a more detailed discussion, the reader is 
referred to Abragam’s first book [1]. 



12.2.2 

Quadrupolar Coupling (/ = 7) 

Nuclei with an electric-quadrupole moment are subject to “quadrupolar relaxation.” 
Quadrupole interaction, if present, tends to be stronger than dipolar coupling so 
that it is a very efficient source of relaxation.^ For example, deuteron relaxation 
in D 2 O as well as in HDO molecules as they occur in mixtures of H 2 O and D 2 O 
is dominated by quadrupole coupling. Contributions by homo- or heteronuclear 
dipolar coupling are negligible in that case as indicated by the independence of the 
degree of deuteration. Relaxation of quadrupole nuclei is consequently disposed to 
be a matter of single particles. Even in solids, the effective spin system consists of 
just one member. 

With spins greater than one, substantial deviations from relaxation equations of 
the Bloch type are found. In the frame of this treatise, we restrict ourselves to the 
spin-1 case. 

Based on the quadrupole-coupling Hamiltonian Hi = Hq (Table 46.4 on 
page 425) and the BWR master equation, Eq. 11.19, one finds the spin-lattice relax- 
ation rate of the observable Q = h [1, 210, 465] 

^ = (1 + ^) [X(aJo)+4J(2o>o)] (12.52) 

which is determined by a single- and a double-quantum transition intensity function 
as expected in view of the quadrupolar-interaction Hamiltonian. 

Longitudinal quadrupolar order (Sect. 5.2) may also be regarded to be subject 
to a sort of spin-lattice relaxation phenomenon. The observable to be inserted in 



^Exceptions are found in cubic- or tetrahedral structure-like molecular environments where 
the electric-field gradient may even vanish. 




114 



12 Spin-Lattice Relaxation 



the BWR master equation (Eq. 11.19) is Q = 7^ + The resulting weak-collision 
quadrupolar-order relaxation rate is [205] 



1 9 / e^qQ 

^ \~ir 




I(O)o) 



(12.53) 



Note that this rate is governed by the single-quantum transition spectral-density 
term. In combination with the ordinary spin-lattice relaxation rate at Eq. 12.52, the 
single-quantum and the double-quantum transition intensity functions can thus be 
analyzed experimentally [304]. 



12.2.3 

Chemical-Shift Anisotropy 

The anisotropy of the chemical-shift tensor produces transverse field components 
able to induce single-quantum spin transitions. The chemical-shift Hamiltonian (see 
Table 46.2 on page 421) fluctuates as a consequence of molecular reorientations. For 
axially symmetric molecules, the spin-lattice relaxation rate following from Eq. 11.19 
is 

7 a YnB'li 033 - Oiflicoo) (12.54) 

By contrast to the other spin couplings, the chemical- shift anisotropy (CSA) cou- 
pling constant varies proportionally to the external flux density. This is the origin 
of the factor characteristic for for the CSA mechanism. It becomes important 
at high fields (above about 6 T), and may even dominate if the competitive spin 
couplings are weak. This occurs with dipole nuclei on isolated positions, or with 
quadrupole nuclei in cubic or tetrahedral structures. Nuclear species predestinated 
for CSA-induced relaxation are and 

12.3 

Rotating-Frame Spin-Lattice Relaxation by Dipolar Coupling 

Rotating-frame relaxometry is not as widespread as the laboratory-frame tech- 
niques. Therefore, we restrict ourselves to the most important case of dipolar- 
coupled pairs of like spins. The treatment follows the same principles as outlined 
above, but the interaction frame is now the tilted rotating frame with the z axis 
aligned along the effective field This is the quantization field we are speaking 
of, and which now primarily gives the meaning of the attribute “longitudinal.” 
Experiments of this type (see Sects. 10.3 and 15.2) are usually carried out while 
the magnetization is “locked” along the (rotating) effective field. Therefore, the 
angular frequencies of interest now comprise 

a>Q = YnBo; COi = YnBil COe = YnBe = \J (cOq - COc)^ + (12.55) 



^In [335] an interesting NMR experiment is described that permits the direct observation 
of the resonance in the effective field acting as the quantization field in the rotating frame. 
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In the limit cjq ^ cOe? which represents the actual situation in practically all 
applications, the effective spin-lattice relaxation rate for dipolar coupling of like 
spins in the on- or off-resonance (tilted) rotating frame turns out to be [36, 213] 



— ^ — K [ CiT(cOe) + C2T(2cOe) + C3X(<x>o) + C 4 T(2cOo) 



where 



K 



Cl 



C 2 



C 3 

C 4 



(S' 



1 



Y^KI + 1 ) 



3 

- sin^ © cos^ © 
2 

-sin“0 

2 



3 . 2 

1 -I- - sm^ © 
2 

1 + 3 cos^ © 



(12.56) 



(12.57) 



Equation 12.56 is a relatively general expression. Considering the fundamental form 
of Eq. 10.13, it can be analyzed in terms of the spin-lattice relaxation rates in the 
laboratory frame, i.e., the BPP formula, 

~=K[I(coo)+^(2coo)] (12.58) 

and by the spin-lattice relaxation rate of the magnetization spin-locked along the 
effective field: 



If the spin-lock pulse is resonant, i.e., cOc = coq, we have © = 90°, cOg = coi. 
Equations 10.13 and 12.56 then merge into [300] 

1 

nri(e) 

(12.60) 

The temperature dependence of ^ip calculated on the basis of Eq. 12.60 and an 
Arrhenius law for the correlation time ig of an exponential correlation function is 
plotted in Fig. 12.2. 

In the extreme off-resonance case, i.e., coq ^ cOg or coq cogy the tilt angle 
approaches © = 0 or © = 180°, respectively. Equations 10.13 and 12.56 then adopt 
the form of the BPP formula: 

^ = K [X(tt>o) + 4l(2coo) ] (12.61) 

The same situation arises if no RF is applied, i.e., co\ = 0, of course. 



^ + 5I(o)o) + 2J(2«o) ] 

Tip \4n/ 10 r*’ 






(12.59) 




CHAPTER 13 



Transverse Relaxation 



13.1 

Motional-Averaging Limit 

The motional-averaging limit anticipates that the spin-interaction fluctuations are 
fast on the time scale of transverse relaxation. This is a crucial prerequisite of 
the applicability of the BWR theory as pointed out in Sect. 9.3.3. The time scale 
of transverse relaxation begins with the coherence attenuation time one expects 
in the absence of motions, i.e., with the reciprocal rigid-lattice linewidth 
Another version of this time scale measure is the root mean squared deviation of 
the angular-frequency offset due to local Adds produced by spin interactions. The 
motional- averaging condition may thus be expressed as 

(Ao))rf Tc « 1 or Yn^J Tc « 1 (13.1) 

where is the correlation time of the fluctuating spin interactions. 

In the following, the single-quantum coherences under consideration are as- 
sumed to be excited by an RF pulse applied in the x rotating-frame direction. The 
initial coherence phase then corresponds to the y direction, and the observables to 
be inserted into the BWR master equation, Eq. 11.19, are Q = ly or Q = Sy. The 
equilibrium expectation values are {Iy)Q = 0 and (S^}o = 0. 



13.1.1 

Single-Quantum Coherences of Dipolar-Coupled Spin Pairs 

In analogy to Eqs. 12.29 and 12.30, the rotating-frame relaxation equations for 
dipolar coupling between two spins I and S turn out to be 

d{Iy) 1 1 

^ U.) - ^ ( 5 .) (13.2) 

^ (13.3) 

In the S-spin-equilibrium limit, this system reduces to the Bloch-type relaxation 
equation for the I spins 

d{Iy) 1 
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where the transverse-relaxation rate for single-quantum coherences is 






i;(o)(o) + - cos) 

6 24 



4 2 8 



(13.5) 



In terms of the reduced intensity function at Eq. 9.5, and for a fixed interdipole 
distance r, this rate reads 



1 

T2 






rhlh^sis + 1 ) 



J(0) + -I{coi 
4 



(L>s) 



+ + -T{cOs) + + U)s) 

4 2 2 



(13.6) 



In the like-spin limit, the analytic form of the relaxation equation, Eq. 13.4, 
holds true again. The corresponding transverse relaxation rate for single-quantum 
coherences is 



1 

T2 






8 4 8 



(13.7) 



Inserting the reduced intensity function at Eq. 9.5, and assuming a fixed interdipole 
distance r, turns this into 



^ = (£)' + 2J(2®o) ] 



(13.8) 



The temperature dependence of T 2 is a function smoothly decaying with increas- 
ing reciprocal temperature (compare the low-temperature fiank of the Tip curve in 
Fig. 12.2). However, unlike spin-lattice relaxation, no minimum appears.^ At suf- 
ficiently low temperatures, the T 2 data merge into the temperature-independent 
rigid-lattice limit, where the motional- average formula at Eq. 13.8 is no longer 
valid. 

The frequency dependence of T 2 is characterized by a step centered at the po- 
sition coqTc ^ 1. The transverse-relaxation rate in the “extreme-narrowing limit” 
cjqTc 1 is (compare Eq. 12.48) 



1 

T 2 






(13.9) 



whereas the ordinary motional averaging situation, I/coq Tc l/(Aco)rh leads 
to 



1 

% 






\4n/ r' 



10 



(13.10) 



That is, the step height corresponds to a factor of 10/3. 



^This statement holds true for free evolution. However, in the presence of RF pulse trains, 
an effective transverse relaxation time T 2 e applies exhibiting a temperature dependence with a 
minimum analogous to that of the spin-lattice relaxation times [169, 494]. 
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13.1.2 

Single-Quantum Coherences of (I = J) Quadrupole Nuclei 

The effect of quadrupole interactions on transverse relaxation can be treated with 
the aid of the BWR theory in an analogous manner. Nuclei with spins 7 > 1 show 
substantial deviations from Bloch-type relaxation curves contrary to the 7 = 1 case. 
Single- quantum coherences of quadrupole nuclei with 7=1 relax with a rate 

— = ^1 + [ 3T(0) -|- 5X{coq) + IKIcoq) ] (13.11) 



13.1.3 

Multiple-Quantum Coherences 

Multiple-quantum coherences and spin-order states tend to arise in NMR experi- 
ments at the same time (see the treatments of the various three-pulse sequences 
discussed in Sects. 4.2, 5.2, and 7.2 of the first part of this book). It is clear that 
the separate experimental determination of the individual relaxation rates of all 
coherences and spin states arising with a given spin system may be a demanding 
procedure. Nevertheless, in simple systems a complete analysis is feasible. In the 
case of deuterons this was exemplified in [210, 501]. 

In a sense, multiple-quantum coherences are also of a “transverse” nature al- 
beit they are not directly detectable, of course. The treatment of their relaxation 
may again be based on the BWR master equation, Eq. 11.19, which must now be 
combined with the respective multiple-quantum transition operator and the spin- 
interaction Hamiltonian mediating the relaxation process. 

For example, the “observable” for double-quantum coherences of a spin-1 par- 
ticle subject to quadrupole coupling is Q = lylx + Ixly (see Chap. 52). Taking 
quadrupole coupling as the spin interaction dominating the relaxation process, the 
relaxation rate of such coherences is found to be 



13.2 

Local-Field Theory 

In case the motional-averaging limit at Eq. 13.1 is not or only partially fulfilled, local- 
field approaches for the treatment of equilibration of transverse magnetization are 
in use instead of the BWR theory. The most elementary theory of this sort is the 
Anderson/Weiss (AW) formalism [9].^ More sophisticated concepts starting from 
the same basic assumptions have been developed for polymers [61, 97, 287]. In this 



^The applicability ranges of the two sorts of approaches are overlapping. They are not 
entirely complementary in nature. This becomes evident when considering to what extent the 
secular and nonsecular terms of dipolar coupling (see Table 46.5 on page 426) are accounted 
for. 
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context, the average orientation of a polymer chain with respect to the external 
magnetic field may play a crucial role. If the polar angle of the internuclear vector 
approaches the magic value, the local field vanishes so that the motional- averaging 
condition at Eq. 13.1 is strongly shifted. 



13.2.1 

The Anderson/Weiss Ansatz 



The local field produced by spin interactions generates the local precession- 
frequency offset from the resonance frequency. 



Q. = co-coo = YnBioc (13.13) 

The free-induction decay (FID) resulting as the global effect of such offsets is de- 
scribed by 

A(t) = (13.14) 

The brackets indicate an average over the spin ensemble. This is what one expects 
in the static case. Molecular motion modulates the spin interactions and, hence, the 
frequency offsets. That is, the precession phase accumulated in an interval 0 ... t is 
given as the time integral over the fluctuating frequency offsets: 

t 

(pit) = J a(t')dt’ (13.15) 

0 

The ensemble average can be derived with the aid of the distribution function 
P((p, t) of the phase shifts (p accumulated in time t: 



oo 

A(l) = = J P((p,t)e'‘i’d<p 



(13.16) 



Expanding the exponential function and forming the ensemble average of each 
expansion term leads to the moment series 






1 _ ± 



2 ! 



4! 



6 ! 



(13.17) 



The secular terms are relevant in both concepts. This holds true for the term as well as 
for the (I^S~ contribution which is secular for like spins. The latter term enters the AW 

treatment via dipolar energy shifts (see Sect. 50.1.1), i.e., local fields. In the frame of the BWR 
theory, it plays a twofold role: first via local fields, and second via flip-flop spin transitions. 

On the other hand, the non-secular terms are taken into account only in the BWR formal- 
ism. Nevertheless, the AW theory may be considered to be of an equivalent rank as long as 
the motional averaging is incomplete because the non-secular terms then tend to be negligi- 
ble anyway. Thus, the AW formalism is applicable when the BWR theory fails, i.e., when the 
condition y„ y/ 1 begins to be violated. 
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where it is assumed that the phase shift distribution is an even function of the phase 
shifts, so that all odd moments vanish. 

Under normal circumstances, the local field a nucleus experiences is a super- 
position of contributions of many interaction partners. Therefore, the central-limit 
theorem applies which expresses that the sum of a sufficiently large number of 
random contributions is distributed according to a Gauss function irrespective of 
how the contributions are distributed. If the frequency offsets Q caused by the 
local fields are Gauss-distributed, the phase shift accumulated in time t is Gauss- 
distributed as well, because ^ is a linear combination (in the form of an integral) 
of the Gauss-distributed offsets Q. Thus 

= exp|--^| (13.18) 



The even moments of a Gaussian distribution can be derived from its second mo- 
ment according to 



{(p^") = 1 • 3 • -5 . . . (2« - (n = 1, 2, 3 . . .) 



SO that the expansion at Eq. 13.17 can be evaluated. This results in 



or 



A(t) = 1 - 
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A(t) = exp 




} 



(13.19) 



(13.20) 

(13.21) 



13.2.2 

The Second Moment (9^) 

The second moment of the precession-phase distribution after time t can be rewrit- 
ten in the form 








(13.22) 



The correlation function of the local resonance offsets, Gq, depends on a time 
difference rather than on the absolute time. This expresses the fact that molecular 
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fluctuations obey the property of stationarity. Furthermore, it does not matter 
which of the two times t' and t" is first, so that the correlation function must be 
even: 

Gn = Ga(\t" -t'\) (13.23) 

The two time variables t' and t" are now substituted by a new variable pair r = t"—t' 
and t'. The second moment at Eq. 13.22 then reads 



if" 
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2/(f - t)Gq{t) dr 

0 



(13.24) 



This result can be perceived with the aid of the scheme in Fig. 13.1 representing the 
scales of f and t". According to the definition in Eq. 13.22, both time scales must 
be covered by the integration in their full ranges. 

Let us first discuss the term in Eq. 13.24 marked for positive r values. The 
integrand of the outer integral refers to an interval of a certain length r, say on the 
t" scale (Fig. 13.1a). The variable t' is then varied over all values compatible with 
the given r value, i.e., with a fixed value of the correlation function Ga(|r|). This is 
expressed by the inner integral. The outer integral, on the other hand, accounts for 
all T values possible on the t" scale, i.e., 0 < t < t. 

The consideration of negative i intervals (Fig. 13.1b) and correspondingly mod- 
ified integration limits leads to the second term in Eq. 13.24. Both terms obviously 
yield identical results, so that the sum can be replaced by twice the first term. 

Inserting the expression for the second moment into Eq. 13.21 gives the Ander- 
son/Weiss formula [9, 10, 284] for the free-induction decay envelope of equivalent 
spins,^ 



A(t) = exp 



-(Q^> 






t) G(r) dr 



(13.25) 



^The Kubo/Tomita theory [284] leads to this result using the stochastic Liouville/von Neu- 
mann equation supplemented by an additional Markov operator term. 
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a) T positive: 

n ^ — - 

0 t f 



0 







b) X negative: 

^ ^ 

o" I t f 

X 



0 1> t r 

Fig. 13.1. Time scales relevant for Eq. 13.24. The arrows mark the respective times considered 
for: a) positive and; b) negative r intervals. The dashed lines indicate the side on which the f 
variation range is to be taken relative to the r interval. 



where 



G(r)^ 



mrl 



(13.26) 



Here we have introduced the second moment of the resonance line in the absence 
of molecular motion, (Q^}r/, i.e., for stationary local fields. The reduced correlation 
function G(r) is normalized at r = 0, i.e., G(0) = 1 (compare Sect. 9.1.3). 

The FID envelope at Eq. 13.25 can also be expressed in terms of the reduced 
intensity function by replacing G(r) by its Fourier transform 



G(r) 



oo 

=- / 
2n J 



I(Q) dn 



(13.27) 



and interchanging the integrals. After carrying out the time integration, one finds 

A(t) = exp |-^ J [ 1 - cos(Qt) ] dflj (13.28) 

With this representation, it becomes evident that the FID envelope is dominated 
by fluctuations with rates Q ~ in accordance with the basic motional- 

averaging rule. 
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13.2.3 

Partial Motional Averaging 

The consequences of motional averaging can be exemplified with the aid of an 
exponential correlation function, 

G(r) = (13.29) 

Such a relationship would be expected, for instance, if any change of the local field 
entails the total loss of correlation. In this case, the correlation time is identical 
with the mean lifetime of the local fields. 

The rigid-lattice limit is defined by the condition Tc ^ t where t represents the 
whole timescale of the FID. In terms of the frequency domain, signal detection is 

restricted to the range t ^ where AQri is the FWHM value of the rigid-lattice 
line. The rigid-lattice condition then reads 

AQ.rl Tc » 1 (13.30) 

That is, the reduced correlation function in Eq. 13.25 may be approximated by 
G(t) ^ 1 in the relevant r range, so that the FID can be described by 

A(0 exp (Q^)ri (13.31) 

This Gaussian decay function stipulates a Gaussian lineshape which is often a good 
approximation for proton lines in rigid materials. 

The opposite case is the motional-averaging limit already referred to several 
times. The analogous definition may be written in the form t, or 

AQri Tc < 1 (13.32) 

The exponent in Eq. 13.25 can then be approximated by 

t oo 

J (t — t) G(t) dr ^ t J G(t) dr = tic (13.33) 

0 0 

The integrand can be neglected for t ^ Tc because G(r) has then decayed to im- 
perceptible values. That is, the upper integration limit can be equated with oo. The 

T range in which the integrand contributes to the integral is t ^ Tc t. Therefore, 
r can be neglected against t. In the motional-averaging limit, Eq. 13.25 thus takes 
the form of an exponential decay function, 

A(t) ^ exp {- Tct} (13.34) 

The Fourier transform yields a Lorentz function for the lineshape, 

(o^ + {{Cl^)^^rcY 



F{co) = 



(13.35) 
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with a FWHM 



AQ = 2 Tc 



(13.36) 



The shorter the correlation time lo the more narrow is the resonance line. It is a 
matter of course that this expression does not refer to any lifetime broadening by 
spin transitions as considered in the BPP/BWR theory (Sect. 13.1) as discussed in 
Sect. 9.3.3. 




CHAPTER 14 



Examples of Autocorrelation Functions 



The principal instrument for the description of the fluctuations of spin interac- 
tions following from molecular dynamics is the autocorrelation function, which is 
preferably used in its reduced form. In the following sections, typical examples of 
correlation function formalisms will be delineated. There are innumerable accounts 
of correlation function treatments in the literature to choose from. The purpose of 
the correlation functions selected here is to represent conceivable situations of a 
more didactic value. 

The motional process already considered at the very beginning of the NMR- 
relaxation history [1, 43] is isotropic continuous rotational diffusion. Therefore, the 
first example to be considered will be a brief outline of the corresponding formalism. 
However, one should give due regard to the fact that isotropic continuous rotational 
diffusion is a rare event in nature. Numerous attempts have been undertaken to 
develop schemes more adapted to molecular dynamics in condensed matter. This 
particularly refers to all sorts of anisotropic continuous rotational diffusion models 
describable by diffusion tensors [465, 519, 520, 521]. Moreover, apart from rotational 
diffusion, dipolar interaction may also be subject to translational modulation by 
fluctuations of the interdipole distance. This can become a significant mechanism if 
intermolecular interactions contribute [445, 484] (see Fig. 12.1 for an experimental 
example). 

Reorientation of molecules or molecular groups maybe restricted by microstruc- 
tural constraints. The degrees of motional freedom are often impeded by potential 
barriers so that only a limited number of discrete spin-interaction states can be 
adopted. As an approach of such a situation, discrete-coupling-state jump models 
have been suggested. A corresponding formalism will be presented in Sect. 14.2. 
An offspring of this model class is defect diffusion in its numerous discrete or con- 
tinuous variants [230, 232]. Fluctuations of the spin interaction are mediated by 
the arrival of diffusing structural defects. That is, translational diffusion (of the 
defects) in potentially restricted geometries forms the rate-limiting factor for the 
fluctuations of the spin interactions, and, hence, governs the time dependence of 
the autocorrelation function. 

Further on, constraints may arise by the topology of the molecular environment. 
Adsorbate molecules in the vicinity of surfaces, for instance, are expected to show 
a strongly modified rotational and translational diffusion behavior compared with 
the bulk. The third example to be treated below refers to reorientations mediated by 
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translational displacements (RMTD) of molecules diffusing along curved surfaces 
imposing their local orientation on the adsorbate molecules. It is now translational 
diffusion of the spin-bearing particles themselves which carries them to positions 
stipulating another molecular orientation. Therefore, losses of the spin-interaction 
correlation are governed by the effective timescale of translational displacements 
along the surface as well as by the spatial variation of the surface orientation. 

In the so-called “strong adsorption limit” translational diffusion of adsorbate 
molecules along surfaces was shown to obey Levy- walk statistics [69]. The effec- 
tive propagator is then a Cauchy distribution rather than an ordinary Gaussian 
function. As concerns NMR relaxation, a mechanism was suggested by which ad- 
sorbate molecules visit the surface in “Levy dust” form [468]. This mechanism will 
be detailed in Sect. 14.3.2. 

The treatment of (phase spatial) relaxation modes as they typically occur in 
polymers and liquid crystals requires special considerations. NMR relaxation due 
to director fluctuation modes has been elaborated in [38, 123, 384, 498], for instance. 
A correlation function of this type is also dealt with in Sect. 17.3.2 in context with 
the dipolar-correlation effect. NMR relaxation theories of polymers sometimes no 
longer fit smoothly to the simple autocorrelation/intensity function scheme drawn 
in Sect. 9.1.3. The NMR relaxation theory based on the Rouse model of polymer 
chain fluctuations was treated by Khazanovich [223] who arrived at a logarith- 
mic intensity function. The same result was reproduced with the aid of a memory 
function formalism [142]. The latter concept is of particular usefulness because it 
permits the derivation of power-law frequency dependences as so often observed 
in liquids of entangled polymers [144, 247]. 

14.1 

Isotropic Continuous Rotational Diffusion 

Let us consider two dipolar-coupled spins arranged at a fixed distance on a spher- 
ically shaped molecule. This molecule is thought to tumble randomly and isotrop- 
ically in a viscous environment. The rotational nature of this motion suggests the 
use of the irreducible spherical tensor (1ST) variant of the dipolar- coupling Hamil- 
tonian (Table 46.5 on page 426). According to Eqs. 9.2 or 49.1 the autocorrelation 
function then refers to the fluctuating functions A 2 -m <p) = ^ 2 ,-m (u) character- 
izing the dependence of dipolar coupling on the orientation of the internuclear axis. 
This orientation is expressed at time 0 by the unit vector Uj = u (0) with the polar 
coordinates r/ = 1, (pi, i?*/, and at time t hy Uf = u (t) with the polar coordinates 
rf = 1, (pfy &f. The reduced autocorrelation function for dipolar coupling at fixed 
interdipole distance is 

. (7l2,-m(Wi)7l2,m(^/)) (^,-m(^f)^,m(^/)) 

= 4n {Y2,-n,(Ui)Y2,m(Uf)} (14.1) 

The ensemble average on the right-hand side can be rewritten in terms of of the 
probability density P (u/, 0; w/, t) that the initial orientation is Uj and the final ori- 
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entation is Ufi 

G(t) = 4n {Y 2 ,MY 2 ,-miuf)) 

= J P {uhO'yUf,t)Y2,m(Ui)Y2,-m {Uf) Sin &f d&f d(pf^ 

Ui, 0; Uf, t) Y 2 ,m (“<•))„. ^2 -m («/) siii 1 ?/ dl?/ d(pf 



(14.2) 



The probability density P (u;, 0; u/, t) may be factorized on the one hand into the a 
priori probability density p(Ui) for the initial orientation, and, on the other, into the 
conditional-probability density PdUi, Uf, t) where the final orientation after time t 
is uy if the initial orientation was Uji 

P{ui,0;uf,t) = p(Ui)PciUi,Uf,t) (14.3) 



Under isotropic conditions, the a priori probability for a certain orientation is 

p(Ui) sin&i d&id(pi = — sint^i d&idcpi (14.4) 

4tt 

For continuous rotational diffusion, the conditional-probability density obeys the 
rotational variant of the diffusion equation 



dPciUiyUfyt) 

dt 



DrV^PciUiyUfyt) 



(14.5) 



with the initial condition 



Pciuu UfyO) = 6(Uf - Ui) (14.6) 

With regard to the spherical-function basis of the autocorrelation function, it ap- 
pears favorable to make an ansatz in the form of the spherical-function expansion 
(see Sect. 42.4) 

PciUi, Uf, f) = 51 C;'.m'(t) Yv^rri'iUf) (14.7) 

V,m' 

in which the time and the orientation dependences are separated. 

Inserting this ansatz into the diffusion equation, Eq. 14.5, applying the eigenvalue 
equation, Eq. 42.19, for spherical harmonics, multiplying both sides by FJ*^(w/)> in- 
tegrating both sides over the full solid angle with respect to My, and taking the or- 
thonormal property of spherical harmonics at Eq. 42.22 into consideration, renders 
the diffusion equation into the linear differential equation for the time-dependent 
coefficients, 

= —Dr /(/ + 1) Cirn (14.8) 

Likewise, multiplying both sides of the ansatz at Eq. 14.7 by T^*^(wy), integrating 
both sides over the full solid angle with respect to My, considering the orthonormal 
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property of spherical harmonics (Eq. 42.22), and inserting the initial condition for 
Pc(Wf, w/,0) (Eq. 14.6), gives the initial condition of the coefficients c/,m(fi)‘ 

C;,m(0) = (14.9) 



The solution of Eq. 14.8 is then 

Cl„, = Yi-miUi) exp {-Dr l{l + 1) f} (14.10) 



Combining this result with the ansatz at Eq. 14.7 yields the conditional probability 
Pc(Ui,Uf,0) = '^Yi^rniUi)YirniPf) exp {-D^ /(/ + 1) t} (14.11) 

l,m 



which, in turn, can be associated with Eqs. 14.2 and 14.3. Again, utilizing the or- 
thonormal property of spherical harmonics leads to the exponential autocorrelation 
function of the second-order spherical harmonics (/ = 2) 



G{t) = 



(72,^ [»(0)]T2.-m [M(0]) 

|l2,mP 



exp{-|f|/r,} 



(14.12) 



The time constant Tc = [/(/ + l)T>r] ' = (6Dr) ’ is the rotational correlation time. 
The intensity function conjugated to G(t) is 



i{co) = nG{t)} = 

1 + 



(14.13) 



The laboratory-frame and rotating-frame spin-lattice relaxation times ensuing from 
this intensity function are displayed in Fig. 12.2 as a function of t^. The frequency 
dependence of Ti is plotted in Fig. 12.1. 



14.2 

Discrete-Coupling Jump Models 

The spin system is supposed to perform random jumps between a well-defined 
set of N discrete spin-interaction states. In the course of this process, fluctuations 
may arise as a consequence of reorientations or, in the case of dipolar coupling, by 
distance variations of the coupled spins. In view of the latter, the autocorrelation 
function version at Eq. 9.3 referring to the functions in the spin-interaction 

Hamiltonian at Eq. 9.1 appears to be more opportune than the 1ST representation. 

The discrete coupling states can be considered as a manifestation of a series 
of deep wells on a potential surface on which the molecule performs thermally 
activated motions. The residence times in the potential wells is assumed to be 
much longer than the jump times so that the latter can be ignored. 

The analogue of Eq. 14.2 for jumps between the N discrete states is 

^ (fW (0)F(-^) (t)) ^ Eti E /=1 P (0 Pc (/> (. t) (i) (/) 

“ Ef=iF(0|i^®P 



(14.14) 
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where the numbers i and / label the initial and final interaction states, respectively. 
The quantity Pc (/, /, t) is the conditional probability that the final state is / if the 
initial state was The a priori probability p (i) and the conditional probability 
Pc (/> U t) are normalized, i.e.. 



y^p(0 = l; ^Pc{f,i,t) = l 
/=1 



(14.15) 



i=l 



Expressed in matrix form, Eq. 14.14 reads 



0(» = pHpy( 



//,(!) ... 0 \ 



V 0 ... piN) J 



( Pcihht) ... Pc(l,N,t) \ ( f®(l) \ 



Pc(N,l,t) ... Pc(N,N,t) J \ / 



(14.16) 



Analyzing the random jumps between the different interaction states as Markov 
chains, the matrix of the conditional probabilities can be rewritten in the form 



Pc(l,l,t) ... Pc(l,N,t) \ 
\ PciN,l,t) ... Pc(N,N,t) ) 



( ... w(l,N;Af) 



lim 

Af^O 



V w(N,hAt) ... w(N,NyAt) J 



lim 

Af^O 



(14.17) 



The matrices U and U ^ mediate the transformation to the (diagonal) eigenvalue 
matrix A (see Sect. 48.1.2). 



^Note that we have interchanged the sequence of the labels of the initial and final states, i 
and /, because in the matrix representation envisaged in the following the first number is to 
indicate a row whereas the second label specifies a column. 
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The matrix element w(j, z, At) is the probability that a jump from state z to state 
j occurs in an interval At, The probability that no jump away from state z takes 
place is analogously designated by w(z, z,Af). These probabilities are normalized, 
of course, so that w(;, z, Af) = 1. Denoting the transition rate from state z to 
state j by we may write for infinitesimally small intervals At 

w(jyiyAt) = ajjAt 

w{iyiyAt) = 1 — (14.18) 

The transition rates are properties intrinsic to the system to be treated. 

The matrix of the transition probabilities w(j, z, Af) is raised to the power t/At 
by first transforming it into its diagonal eigenvalue matrix. The eigenvalues are 
obtained as solutions of the characteristic equation formed by equating the secular 
determinant with zero. Furthermore we recall that a diagonal matrix is readily raised 
to the power n by raising each diagonal element to the power n (see Sect. 48.1). 

The limes Af 0 is then directly applied to the eigenvalue powers. The result 
is a diagonal matrix with elements in exponential function form. Carrying out all 
matrix products finally leads to the correlation function G(f). On this basis, even 
relatively complicated random jump models may be tackled. In case the analytic 
formalism fails, the matrix algebra can be executed numerically [227, 228]. 



14.2.1 

Two-State Jump Model 

The prerequisite of the application of the discrete-jump formalism is the detailed 
knowledge of the structural and energetic features of the interaction states. For 
a demonstration, let us consider a simple two-state jump model where the jump 
rates back and forth between the coupling situations “1” and “2” are assumed to 
be equal, i.e., ai ,2 = 0 : 2,1 = oc. The two states of the interdipole vector connecting 
two dipolar-coupled spins may be represented by the scheme 

a 
a 



(pi. 

n 



(p2. ^2 
ri 



(14.19) 



Exchange between states of any other spin interaction can be symbolized analo- 
gously by replacing the parameters in the boxes by those specifying the interaction. 
For this situation the conditional-probability matrix reads 



( Pcihht) PcH, 2 ,t) aAt 

I Pc( 2 ,l,f) Pc( 2 , 2 ,t) J At^ol aAt I - aAt J 



1 

2 



1 

1 



0 

—2at 



-1 

1 



1 

0 



1 

-1 



1 

1 



(14.20) 
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The a priori probabilities are p{l) = p (2) = 1/2, so that Eq. 14.16 can readily be 
evaluated for the two-state jump model: 



G(t) 



\p(k) (1) + p(k) (2) |2 + \p(k) (1) _ p(k) (2) |2 e-|tlA. 

2(|F®(1) p + |F®|(2) |2) 

|(fW)P |F<*^) (1) - F<*^> (2) P 

2(|F®|2) 2(|F®P) ^ 



(14.21) 



The correlation time is given by 



Tc = — (14.22) 

2a 

The exponential character of the resulting decay demonstrates that this form 
of autocorrelation function is not exclusively valid for the isotropic continuous 
diffusion model considered before. Rather, all processes directly underlying Poisson 
statistics tend toward correlation functions in the form of exponential functions or 
of linear combinations thereof. 

The intensity function as the Fourier transform of Eq. 14.21 for o) > 0 is found 
to be 



X{co) = 



|p(fc) Q) _ p{k) (2) |2 
2 



2Tc 
1 + 



(14.23) 



This result is a special case of the more general situation when the jump rates back 
and forth, now termed a and deviate from each other owing to different activation 
energies E -j- AE and E, respectively. The jump rates may then be expressed in the 
form of Arrhenius laws. 







r E + AE\ 
„ = „^axp| 1 


(14.24) 








(14.25) 


leading to 


I(co) = 


|F® (1) - F® (2) p 2Tc 


(14.26) 




■2<|F®|>>cosh{^+ln&} 


The correlation time is 


now 

1 

a + p 








(14.27) 



The temperature and frequency dependences of the spin-lattice relaxation time 
following from this sort of intensity function are plotted in Figs. 12.2 and 12.1, 
respectively, together with experimental data for appropriate systems. 



14.3 

Reorientation Mediated by Translational Displacements 

The RMTD mechanism is governed by intramolecular interactions of any sort, and is 
not to be confused with the translational modulation of dipolar coupling which may 
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reorientations mediated by translational 
displacements 



Fig. 14.1. Schematic representation of the RMTD relaxation mechanism. 

arise if intermolecular interactions contribute. We consider molecules diffusing on 
a convexly, concavely, or ruggedly shaped surface able to orient adsorbate molecules 
perpendicular to the surface. A schematic illustration is shown in Fig. 14.1. 

The general expression of the dipolar autocorrelation function for orientational 
fluctuations at fixed interdipole distance is 

G(f) = 471 {Y2,n. (Mi) (m/) ) (14.28) 

= J j {Pc{ui,Uf,t)Y2,„(Ui))^j2,-n,{Uf) sin&fd&fd(pf (14.29) 

The conditional-probability density can be analyzed in a form adapted to the RMTD 
process: 

Pc{ui,Uf,t)= j {ui,Uf,r)^ (r,t) dh (14.30) 

The integration refers to the whole topologically ^ dimensional r space. The function 
(r, t) is the diffusion propagator, i.e., the probability density that a particle is 
displaced by a curvilinear distance r in the topological space in a time interval t. 
The probability that the surface orientation changes from u; to in a curvilinear 
distance r is symbolized by <J> (uf, Uf,r). 

The formal prerequisite for the ansatz at Eq. 14.30 is the stochastic independence 
of the orientation at a position r and the displacement leading to this position. This 
assumption is readily justified, and the surface propagator ^ (r, t) can be considered 
to be independent of the orientations of the molecule at the initial as well as at the 
final position. The orientations at separated positions are a matter of the surface 
structure alone and are merely correlated by the probability O (w/, w/, r). 

Using the expansion in terms of spherical harmonics 

r) =13 D' ,m' (r) (m/) (14.31) 

r,m' 

with the initial condition 

$(«,-, M/,0) = 6 (ui -Uf) 

= ^y,w(u,-)i)w {uf) 

l',m' 



(14.32) 
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we find 

Tv,m' (0) = Yv,-m' (Ui) (14.33) 

The coefficients of the expansion can be expressed as 

Tv,m' (r) = iUi) gv^m’ (t) (14.34) 

where we have introduced the normalized surface orientation correlation function 
ZWm' (^) with the value (0) = 1. Inserting this relation for the coefficients into 
the expansion at Eq. 14.31 gives 



<I> (u;, Uf, r) = ^ y/'.-m' (Mi)y;',m' («/) gV ,m' W (14.35) 

l',m' 



The combination of Eqs. 14.29, 14.30, 14.31, and 14.35 leads to the correlation 
function 

G (t) = J g 2 ,m (r) '¥ (r, t) d^r (14.36) 

where we have made use of the orthonormal properties of spherical harmonics 
(Eq. 42.22). In the following we omit the indices and use the identity g (r) = g 2 ,m (^)* 
For ordinary diffusion the propagator ^ (r, t) is a Gaussian function. 



^(r, t) 






(14.37) 



where D is the diffusion coefficient, and ^ is the dimension of the topological space 
we are referring to. The integral over the whole topological space is f W (r, t) dfr = 
1. The Gaussian function may be expressed by its spatial Fourier transform (see 
Sect. 42.3) 

^-r^/4Dt ^ J ■ r ( 1438 ) 

where k is the wave vector. The integral again covers the whole ^ dimensional k 
space. On this basis, the correlation function may be rewritten as 



G (t) = J~S (k) d^A: 



(14.39) 



where we have introduced the “orientational structure factor” 

S(k) = ^ 



(14.40) 



The integral covers the whole topologically ^ dimensional r space accessible to 
translational diffusion. 

In isotropic systems we may equate g(r) = g (r). Under these circumstances a 
radial orientation-structure factor S (k) can be defined. For example, the hydration 
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shells of surfaces are considered to form a topologically two-dimensional space 
= 2) leading to the Hankel transform relation [84] 



S (fc) = nk 



j rg{r) Joikr) dr 



(14.41) 



0 

The function Jo (kr) is the Bessel function of zeroth order. The correlation function 
is consequently 



where 



oo 




0 



(14.42) 



Dk^ 



(14.43) 



The corresponding spectral density is given by 



I(co) 




G (t) cos (cot) dt 



0 




2tk 

1 + cohl 



dk 



14.3.1 

Diffusion on Rugged Surfaces 



(14.44) 



A typical example where the RMTD formalism can be applied is deuteron low- 
frequency spin-lattice relaxation of (deuterated) hydration monolayers on globular- 
protein surfaces [245] as discussed in Sect. 16.3 in more detail. Such surfaces are 
known to be rugged in the sense of an irregular charge distribution underneath. 
That is, the electric dipoles of the adsorbed water adopt site-dependent orientations. 
On the other hand, water adsorbed on protein powders retains a remarkably high 
translational mobility even if confined as non-frozen liquid between the protein 
surface and ice [246, 375] . The consequence is that there must be a mechanism 
reorienting adsorbate molecules while diffusing along the thin, topologically two- 
dimensional hydration layer. 

For the sake of simplicity, an equipartition of wave numbers describing the 
surface orientation in a certain range is assumed. The upper and lower cut-off 
magnitude values are designated by and /c/, respectively. The radial orientation- 
structure factor then reads 



S(k) = 



ku-ki 

0 



if ki < k < k^ 
otherwise 



(14.45) 
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From this orientational structure factor the RMTD correlation function is inferred 
as 



G/?mtd(0 




(14.46) 



where erf(x) = ^ e is the error function. The quantity D is the average 

translational water diffusion coefficient in the hydration layer. The lower cut-off 
wave number is connected with a cut-off correlation time (see Eq. 14.43) 



T = (Dkf)-^ 



(14.47) 



The intensity function is readily obtained by numerically Fourier transforming 
Eq. 14.46. Combining the result with the BPP formula, Eq. 12.48, yields the T[ fre- 
quency dispersion plotted in Fig. 14.2 in comparison to experimental field-cycling 
data for D 2 O adsorbed on bovine serum albumin powder. 




1/ 

Hz 



Fig, 14,2. Frequency dependence of the spin-lattice relaxation time Ti as expected on the basis 
of the RMTD mechanism for equipartition of wave numbers. The solid line represents Eq. 12.48 
in combination with the numerical Fourier transform of Eq, 14.46, The crossover from the low- 
frequency plateau for coti 1 to the square root slope at intermediate frequencies, co 

T~\ is typical for the wavenumber equipartition assumed. The experimental data points refer to 
the deuteron spin-lattice relaxation time, Ti , of heavy water adsorbed on bovine serum albumin 
(BSA) powder at 291 K. The principal measuring technique was field-cycling NMR relaxometry 
(Chap. 15). The water content of 25 wt% roughly corresponds to a molecular monolayer on the 
protein surfaces. For a more detailed discussion see Sect. 16.3. (Reprinted by permission from 
ref. [245]) 
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14.3.2 

Uvy-Walk Surface Diffusion 

Further applications of the RMTD relaxation mechanism to silica fine particles and 
porous glasses can be found in [467, 468, 469] and [468]. In the latter reference, a 
Cauchy distribution was assumed instead of a Gaussian propagator. This probability 
density function for displacements is typical for Levy walks in general [257]. 

The Levy-walk statistics account for the behavior expected when “strongly ad- 
sorbed” molecules perform many desorption/readsorption cycles before escaping to 
more remote regions. Between desorption and readsorption a more or less extended 
“excursion” into the free liquid may take place which is subject to ordinary Brown- 
ian motion, of course. However, revisiting the surface many times effectively leads 
to “bulk mediated surface diffusion” representing Levy walks with all known con- 
sequences [69]. In terms of NMR relaxation this means that the RMTD mechanism 
can be relevant even in systems where the adsorbate molecules are not confined to 
surface layers. 

The effective displacements measured in the (in short length-scales) topologi- 
cally two-dimensional and isotropic surface layer of adsorbate molecules are de- 
scribed by the Cauchy distribution: 

+ r^P/^ [r«(DO«l (14.48) 

where the two-dimensional displacement on the surface is denoted by r, and the bulk 
diffusion coefficient by D. The quantity c = D/h has the dimension of a velocity. 
The length h is “adsorption depth.” The probability, that a particle is displaced a 
distance in the range r . . . r -h dr in a time t is then given by T^(r, t) Inr dr. 

Based on this propagator, we infer from Eq. 14.36 for the time correlation func- 
tion 



G{t) = J gir)W(r,t)2nrdr 
0 

oo 

^Ct( dr (14 49) 

J[{ctY + r^Y'^ ’ 

0 



where g{r) is the surface correlation function. (Particles which are initially adsorbed 
and are lost to the bulk during t are ignored.) 

A simple example for g{r) is a step function 



gir) 



-{I 



for 



r < Tr 



0 else 

In this case, the time correlation function takes the form 

1 



(14.50) 



G{t) = 1 - 



Vl + [rc/{ct)Y 



(14.51) 
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Fig. 14.3. Simple example of the Levy-walk variant of the RMTD relaxation mechanism for a 
rectangular surface correlation function (a). The corresponding time correlation function and 
the frequency dispersion of the spin-lattice relaxation rates are plotted in (b) and (c). 



Using Eq. 12.40, the spin-lattice relaxation relaxation rate given by Eq. 12.48 can be 
evaluated numerically. The result is shown in Fig. 14.3. 








CHAPTER 15 



Field-Cycling NMR Relaxometry 



15.1 

Laboratory-Frame Experiments 

The main objective of field-cycling experiments [231, 367] is to obtain information 
on the spectral density of the fluctuating spin interactions in a frequency range as 
wide as possible.^ Typical examples are discussed in Chaps. 14 and 16 (see Figs. 12.1 
and 14.2, for instance). The origin of the fluctuations is normally molecular dynam- 
ics so that these can be characterized in a direct and quantitative way. 

Figure 15.1 schematically shows the cycle and the time intervals of a field-cycling 
relaxometry experiment. The sample is first polarized in the polarization field with 
the flux density Bp. A non-equilibrium magnetization is produced by switching the 
external magnetic field to a variable relaxation field By. The longitudinal magne- 
tization then relaxes toward its new equilibrium value. The relaxation curve (see 
Table 10.1 on page 93) is probed one data point after another by incrementing the 
length of the relaxation interval in a series of transients. For the signal detection, 
the flux density is switched to a detection field, 5^, chosen as high as technically 
possible. After having reached a stable field level, the magnetization is recorded 
with the aid of a 90° read pulse or a spin-echo pulse sequence. 

The relaxation field values that can be covered in this way ranges from the local 
field caused by spin interactions within the sample up to about 2 T. In liquids 
where local fields are largely averaged out, this typically corresponds to a proton 
frequency range 10^ Hz < v < 10^ Hz. For deuterons, the range is shifted by a factor 
of about seven to lower values. The limits are then 10^ Hz < v < 10^ Hz by orders 
of magnitude. 

The accuracy of relaxation time measurements largely depends on how well 
defined and homogeneously the initial non-equilibrium state can be produced in 
a sample. With RF pulses, this in particular is a problem of RF-field homogeneity 
in the probe coil. By contrast, with field-cycling relaxometry, the non-equilibrium 
state is reached by switching the main magnetic-flux density Bq which is much 



^ There are other variants of field-cycling experiments serving nuclear quadrupole reso- 
nance (NQR) spectroscopy [39, 135, 234], or zero-field spectroscopy [513, 529]. A promising 
biomedical variant of field-cycling experiments is field-cycled proton-electron double-resonance 
imaging (FC-PEDRI) which was developed to allow the distribution of free radicals in aqueous 
environments to be imaged via NMR signals [302, 303]. 
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Fig. 1 5.1 . Typical field cycle for spin-lattice relaxometry in a wide frequency range. The polar- 
ization field Bp is kept lower than the detection field Bd in view of the Joule’s heat produced 
in the (resistive) magnet. The field levels correspond to the very different intervals these fields 
need. The Bp interval is chosen in the order of 5Ti (Bp) whereas the Bd plateau may in principle 
be restricted to the FID decay time of the order T^. 



more homogeneous than RF fields produced by probe coils. Therefore, field-cycling 
relaxometry is a rather reliable technique in this respect.^ 



15.1.1 

Field-Cycling Magnets 

The combination of high magnetic fields, fast switching times, and a reasonable field 
homogeneity imposes demanding requirements on the magnet-coil design as well 
as on the magnet power supply. The principal factors determining the magnetic 
flux density that can be produced in a coil are the number of windings and the 
current, i.e., the current density. In other words, there is a tendency toward bulky 
magnets in this regard. 

On the other hand, fast switching times are favored by compact coils so that the 
volume to be energized and to be deenergized in the course of a field cycle can be 



^The RF pulse homogeneity and the pulse sequence employed for the signal detection are 
uncritical because the signal is proportional to the transverse magnetization anyway. 




140 



15 Field-Cycling NMR Relaxometry 



kept small.^ Small resistive high-field magnets stipulate a good cooling efficiency. 
Actually this is one of the crucial factors limiting the technique. 

In order to overcome this difficulty, superconducting magnet coils [431] and 
liquid-nitrogen cooled resistive coils have been employed. Unfortunately, the ad- 
vantages of such cryogenic designs are paid for by drawbacks such as the circum- 
stantial handling and the high cryogen consumption. In practice, it turned out to be 
more favorable to use high-pressure oil-cooled copper magnets optimized for the 
circulation properties of the cooling medium as well as for the spatial distribution 
of the current density. Magnet coil geometries optimized for field-cycling purposes 
are reported in [34, 168, 290, 440]. 



15.1.2 

The Switching Intervals 

In order to achieve a good signal sensitivity, the polarization field as well as the 
detection field should be as high as possible. A second cycle feature of interest is 
the field- switching time, i.e., the time needed to reach the desired field level with 
the demanded accuracy and stability. With the relaxation field, an accuracy of 10“^ 
of the adjusted value appears to be reasonable in most applications. The detection 
field level must be met within a range corresponding to the RF bandwidth of the 
system. 

The latter is also related to the field homogeneity within the sample as a further 
limiting factor. It turns out that a relative field homogeneity between 10“^ and 10“^ 
is sufficient for most applications, so that the switching time for the detection field 
is defined by the interval needed until the final level is stabilized with a relative 
accuracy^ between 10~^ and 10“^. Practical switching times defined in this way are 
of the order 1 ms. 

In case the field-switching times are not much shorter than the (low-field) re- 
laxation times, as would be desirable ideally, one faces sensitivity losses, but no 
systematic experimental errors. This can be substantiated in the following way 
[499]. During the switching periods, all quantities in Bloch’s equation for the z 
magnetization become time functions (compare Eq. 10.5): 

dMM ^ MAt)-Mo(t) 

dt Ti(t) ^ ^ 

The instantaneous equilibrium magnetization is denoted by the instanta- 
neous spin-lattice relaxation time by This equation is a linear first-order 



^From a practical point of view, “field-cycling” means “field- energy- cycling.” Fast switching- 
up requires a device supplying a high peak power, fast switching-down needs a method for 
actively transferring the field energy away. Both requirements are best met by switching pre- 
charged high-voltage capacitors into the magnet circuit with a polarity matching the desired 
field change. 

^Note that phase-sensitive detection as required for signal accumulation stipulates a partic- 
ularly good stability. 
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differential equation which may be rewritten in the more common form 



dM,(f) / 1 

df Ui(f') 



MAt) = 



Moit) 

TAt) 



(15.2) 



Defining 

t 

k 

the integral for a switching interval to < t < to + At can be expressed as 



{to + At) = e“^d+A() 




Mq {t") 
Ti it") 



dt" + Mz (to) 



(15.4) 



In a field-cycling experiment, the polarization field Bp and the detection field 
Bd are default quantities. In the course of a T\ measurement, the relaxation field 
Br also has a predetermined value. The only experimental parameter varied in the 
field-cycle sequence needed for the determination of a spin-lattice relaxation time 
in a given relaxation field is thus the relaxation-field interval r. This, of course, does 
not affect the temporal variation of the magnetic-flux density during the switching 
intervals. The time dependence of the magnetic-flux density is an instrumental 
property which is reproduced in each cycle irrespective of r provided that all field 
levels remain constant. The integrals in Eq. 15.4 are therefore constant, and we may 
write 

(to + Af) = Mz (to) € C2 (15.5) 

where the switching constants are 

t-hAt 

Cl = Pit + At)= j df' = const (15.6) 

k 

C 2 = ^ ^ df'' = const (15.7) 

J Ti in 

k 



Switching down from the polarization field Bp to the relaxation field Br in an 
interval (Af)^ beginning at fo = 0 reduces the magnetization from Mz (0) = Mq 
to [(Af)^] where Mq is the equilibrium magnetization in the polarization field. 
Designating the switching constants at Eqs. 15.6 and 15.7 for this interval by cf and 
cj, the magnetization at the beginning of the relaxation interval reads 



Mz[(At)d] = M^ + 4 (15.8) 

In this respect, the condition for a relaxation experiment is [(Af)^^] )$> Mq where 
Mq is the equilibrium magnetization in the relaxation field. 
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During the relaxation interval of length r the magnetization relaxes toward 

M, [t + (At)d] = (M, [(AOd] - MoO (15.9) 

where Ti (Br) is the spin-lattice relaxation time in the relaxation field. 

The switching-up interval (At)u begins at the end of the relaxation interval, i.e., 
at to = T (At)d. Denoting the switching constants at Eqs. 15.6 and 15.7 for this 
interval as c" and c", the magnetization at the beginning of the detection interval 
is represented by 

Mz [t -h (At)d + (At)u] = Mz [t -f (At)d] e + c“ (15.10) 

The magnetization to be detected is 

M, [r + (At)d + (Af)«] = [ (M, [(At)d] - M^) + M^] + c“ (15.11) 

The relaxation curve to be evaluated is thus of the form 

M, [r + (At)d + (A0„] - M, [oo] = (M, [(At)d] - M^) 

= AMf^^ (15.12) 

This is an unambiguous function of Ti(5^), and the switching intervals evidently do 
not cause any systematic error. However, the accuracy of the evaluation may be re- 
duced owing to the diminution of the effective variation range of the magnetization, 

= [Mz [(At)d] — Mq) exp{— c“} = const. 

In view of the experimental accuracy, switching times as short as possible are 
desirable. On the other hand, there is no upper limit to the field-variation rate 
with respect to the adiabatic condition (compare Sect. 15.2.1) as long as the field 
direction remains unchanged. However, at very low external fields the local fields 
caused by spin interactions begin to dominate the quantization field. The directions 
of these fields are randomly distributed. 

In that case, one has two choices. First, one can vary the field adiabatically so that 
dipolar or quadrupolar order is produced. This “adiabatic demagnetization in the 
laboratory frame” (ADLF) is the field-cycling counterpart of the Jeener/Broekaert 
pulse sequence and of the ADRF method. It can be used for measurements of dipolar 
or quadrupolar-order relaxation times. In the second case, when the local fields 
are approached non-adiabatically, coherent spin states leading to finite expectation 
values of the spin components transverse to the local field directions are produced. 
This permits the so-called “zero-field NMR or NQR spectroscopy”^ That is, the 
local-field interval is taken as the time domain (coherence evolution interval) of a 
corresponding FT spectroscopy procedure. This experiment is suitable for studying 
the evolution of coherences in the local fields independent of any external field 
direction, so that there is no need to orient the spin systems with the aid of single 
crystals, for instance. 

^Zero-field NMR or NQR can also be performed by adiabatically switching off the external 
field and applying “90° pulses” at the beginning and at the end of the zero-field interval. A 
90° pulse in the absence of the external field consists of a d.c. field pulse with zero carrier 
frequency, of course [342, 343]. 
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15.2 

Spin-Lock Adiabatic Field-Cycling Imaging Relaxometry 

In the rotating-frame analog of laboratory-frame field-cycling experiments the ef- 
fective field Be (Eq. 48.98) is cycled instead of Bq. Such techniques can moreover 
be combined with NMR imaging, so that the whole frequency range accessible is 
probed at each transient. The method to be delineated in the following is called 
spin-lock adiabatic field-cycling imaging (SLOAFI) [250]. The imaging procedures 
can be either laboratory-frame (Bq gradient) or rotating-frame (Bi gradient) vari- 
ants. The quantity measured with such techniques is the spin-lattice relaxation time 
in the (tilted) rotating frame, that is, under off-resonance conditions. 



15.2.1 

Adiabatic Variation of the Effective Field 



The adiabatic characteristic of a process means that no transitions occur: the spin 
system always resides in eigenstates of the instantaneous Hamiltonian, and all pop- 
ulations remain unchanged. 

The transition-inducing spin-vector-operator components are perpendicular to 
the quantization field, i.e., the effective field Therefore, the variation of the effec- 
tive field perpendicular to its instantaneous direction must be considered. The time 
derivative of Bg may be decomposed into components parallel and perpendicular 



to Be: 



dBe _ dBe\\ dBe± 

dr dr dr 



(15.13) 



The RF amplitude Bi is assumed to remain constant, so that the variation refers 
either to the main field Bq or to the carrier frequency cOc- The vector dBg is con- 
sequently aligned along Bq. The decomposition of the effective-field vector then 
reads 



dBe 

dr 



d{Bo - cOc/Yn) „ , d{Bo - coc y„) 

dr dr 



sin© uj_ 



(15.14) 



where U\\ and u± are unit vectors parallel and perpendicular to Bgy respectively, in 
the plane spanned by Bq and Bg. The tilt angle of Be is designated by 0. Since only 
the second term is relevant for potential spin transitions, we consider from now on 



dBg± 

dr 



d(Bp - (Vc/Yn) 
dr 



sin© u± 



(15.15) 



The next step is to find out how fast Bq — cOcfYn n^ay be varied without in- 
ducing spin transitions. The corresponding condition follows from Heisenberg’s 
energy/time uncertainty relation er > h. Transition energies e that can be conveyed 
to or from the system in this period obey the condition c > ^. The minimum tran- 
sition energy transferable in a period r is thus ^ The lowest transfer rate is 
consequently I dc/dr I = h/r^. Adiabatic conduct of a process means that the lowest 
transfer rate is not reached at any instant, so that no transition can take place. The 
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adiabatic condition is therefore 



de 

dr 




(15.16) 



In the present case, the energy quantum is £ = hynBe- The right-hand side may 
be rewritten on this basis using r = h/e = l/(y„Be). The left-hand side may be 
reformulated as 



d£ 

dr 



= hn 



dB, 



dr 



< flYn 



d(Bo - COc/Yn) 
dr 



(15.17) 



Expressing the flux densities by the corresponding angular frequencies thus leads 
to the condition for the adiabatic variation of the angular-frequency offset, 



d(coo - coc) 
dr 



« 



sin0 



(15.18) 



In the spin-lock field-cycling experiments to be described in the following, the 
angular-frequency offset Q = coq — is varied in a cyclic way. The optimal time 
dependence of Q follows from the differential equation 



^ _ col _ (n^ + 

dr sin © coi 



(15.19) 



where c I . This is another but entirely equivalent formulation of Eq. 15.18. The 
solution is readily found by integrating both sides: 



J (Q^ + col) do. = c (o^^ J 



dr 



(15.20) 



For the initial condition Q(0) =0 the result is 



n(T) = 



C (o\t 



(15.21) 



Figure 15.2 illustrates this function for various c values. The slope is initially flat, 
i.e., as long as the tilt angle 0 is close to 90°. At r = l/(o)ic), a singularity appears 
corresponding to 0 = 0. 



15.2.2 

Spin-Lock Field-Cycling Laboratory-Frame Imaging Relaxometry 

Figure 15.3 shows the pulse scheme to be considered. On the RF side, the sequence 
consists of a 90° excitation pulse followed by a pulse whose phase is shifted by 90° 
so that the magnetization is spin locked. At the beginning, the spin-lock pulse is 
resonant. Then a magnetic-field gradient pulse is adiabatically switched on so that 
the carrier frequency deviates from resonance depending on the position along the 
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Fig. 15.2. Graphical representation of the time dependence of the angular-frequency offset Q 
for adiabatic changes of the effective field (see Eq. 15.21). The curve parameter is the constant 
c. The value of coi was assumed to be 2 tt • 10^ Hz. (Reprinted by permission from ref. [250]) 



field-gradient direction. Let us assume that the gradient is directed along the x axis 
of the laboratory frame, so that 



dx 



(15.22) 



Depending on the position in the sample, the effective field is tilted toward the 
z direction at angles other than 90°. The tilt angle thus becomes a function of 
the position in the sample, 0 = 0(x). The adiabatic characteristic of the gradient 
pulse (Eq. 15.21) ensures that the local magnetization follows the local effective field 
Be = Be(x) and remains spin-locked at all instants. 

According to the applied field gradient, the deviation from resonance varies 
across the sample. That is, in the interval tr, spin-lattice relaxation (see Eqs. 10.13 
and 12.59) is determined by effective angular frequencies cOg = cOe(x) which are 
spatially distributed according to the field gradient. At the end of the interval tr, 
the field gradient is adiabatically switched off. Adiabatic now means that the field- 
gradient decay follows the mirrored rise function (Fig. 15.2). In this way, the local 
magnetization is led back to resonant spin-locking at all positions within the sam- 
ple. The magnetization profile along the field gradient corresponds to the partial 
relaxation depending on the duration of the relaxation interval tr and on the local 
effective angular frequency cOe = cOe(x). 

The last part of the procedure serves to render an image of the profile of the 
partially relaxed magnetization (see Sect. 25.3). The free-induction decay (FID) fol- 
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Fig. 15.3. Pulse scheme for the Bq - gradient SLOAFI relaxometry technique. A section in which 
adiabatic spin-lock field cycling (AFC) takes place is followed by a one-dimensional magnetic- 
resonance imaging (MRI) interval. The RF part consists of a 90° excitation pulse and a spin-lock 
pulse (SL) which maybe subject to phase cycling as indicated. The Bq gradient, G, is adiabatically 
switched on and off during the intervals Tad- The effective angular-frequency offset follows 
Eq. 15.21 in the switching-on period, and, in the specular sense, while the gradient is switched 
off. The field gradient causes a spatial distribution of the effective angular frequency cOg across 
the sample along the gradient direction. The spin-locked magnetization consequently relaxes 
during the interval Tr at rates depending on the effective angular frequency cOg, i.e., on the 
position. The partially relaxed magnetization is imaged by acquiring the gradient echo (GE). 
(Reprinted by permission from ref. [250]) 



lowing the spin-lock pulse is refocused and read in the form of a gradient echo. 
The one-dimensional image obtained after Fourier transformation directly reflects 
the magnetization profile. Recording a series of such profiles for intervals tr in- 
cremented in subsequent transients permits one to evaluate the relaxation curves 
(Eq. 10.14) at different positions of the magnetization profile. As the positions x are 
unambiguously related to the effective angular frequencies coe(x) at these positions 
during the interval tr, we obtain the desired dependence Tif = (see 

Eq. 10.13 in combination with Eqs. 12.58 and 12.59). 

The ideal excitation tip angle is 90°, so that the total magnetization is transverse 
and can be spin-locked. However, in practical experiments, the Bi field may be 
inhomogeneous, and the local excitation may be imperfect. The consequence is a 
residual z component of the local magnetization immediately after the excitation 
pulse. These residual z magnetizations may cancel when averaged over the whole 
sample, but nevertheless exist locally. During the spin-lock pulse and adiabatic 
field cycling, they precess about the instantaneous effective field Be- That is, they 
always remain perpendicular to the spin-locked magnetization component. They 
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are therefore subject to transverse relaxation in the rotating frame and decay with 
the time constant T 2 p [37]. If Tzp no contribution to the acquired signal 

is expected, and the spin-lattice relaxation experiment is not affected. Otherwise, 
spurious signals arising on these grounds can be eliminated by an appropriate phase 
cycle. 

15 . 2.3 

Spin-Lock Field-Cycling Rotating-Frame Imaging 

Figure 15.4 represents an alternative variant where the effective field is adiabatically 
cycled by modulating the carrier frequency of the spectrometer. All RF pulses imply 
gradients of Bi which in principle need not be constant nor uniformly directed. 
Instead of a Bq gradient, the amplitude of the RF field now is a function of the 
position, e.g., of the x coordinate of the laboratory frame, so that Bi = Bi(x) for the 



(a\ 




Fig. 15.4. Pulse scheme for the -gradient SLOAFI relaxometry technique. Adiabatic spin-lock 
field cycling (AFC) is combined with one-dimensional rotating-frame imaging (RFI) (Chap. 34). 
All pulses refer to RF with amplitudes distributed across the sample according to a Bi gradient. 
The RF part consists of an initial excitation pulse and a spin-lock pulse (SL) which is subject to 
phase cycling as indicated. The angular-frequency offset, cOc — coq, is adiabatically switched on 
and off by varying the carrier frequency cOc during the intervals Tad so that the effective angular- 
frequency offset follows Eq. 15.21 directly or in the specular sense while rising and decaying, 
respectively. The Bi gradient causes a spatial distribution of the effective angular frequency cOe 
across the sample along the gradient direction. The spin-locked magnetization consequently 
relaxes during the interval tr at rates depending on the effective angular frequency cOg, i.e., on 
the position. The partially relaxed magnetization is imaged by incrementing the excitation pulse 
in subsequent scans and acquiring the FIDs after the pulse sequence. (Reprinted by permission 
from ref. [250]) 
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spin-lock pulse as well as for the initial excitation pulse. Based on this Bi gradient, 
the profile of the partially relaxed magnetization can be rendered as an image by 
combining spin-lock field-cycling with rotating- frame imaging (see Chap. 34). 

The length (or, equivalently, the amplitude), of the initial excitation pulse is 
incremented in subsequent transients. The FID is then acquired as a function of the 
excitation pulse width and of the relaxation interval tr. 

After the excitation pulse, local magnetization components exist which are per- 
pendicular to the spin-locking effective field. Note that they also remain perpendic- 
ular to the effective field when the effective-field direction is changed, provided that 
this is done in an adiabatic manner. If T 2 p they relax to zero before the signal 

of interest is detected, and they need not be considered further here. Otherwise, the 
spin-lock pulse can be phase cycled ±y in the course of signal accumulation. The 
initial phase of the FID arising from the spin-locked magnetization is always that 
of the excitation pulse, whereas the phase of signal contributions from unlocked 
magnetizations alternates with the phase of the spin-lock pulse. 

The main advantage of the -gradient SLOAFI technique is that the FIDs are 
recorded in the absence of field gradients. That is, the full spectroscopic information 
is preserved. The hardware prerequisite is that the carrier frequency can be varied 
during the experiment in a freely programmable way. As a source of Bi gradients, 
one can use the fringe field of solenoid RF probe coils as they are in use in standard 
probeheads. Other probe geometries such as toroid cavity detectors [516] or coaxial 
resonators [22] are also of interest in this context. 




CHAPTER 16 



Field-Cycling Relaxometry in Biosystems 



Systems of biological origin tend to be heterogeneous in the sense that the investi- 
gated nuclei occur in different environments with different molecular dynamics and 
spin interactions. It is then a matter of exchange rates whether spin-lattice relaxation 
is determined by average intensity functions (“fast exchange” relative to relaxation 
times) so that monoexponential relaxation decays arise, or whether multiexponen- 
tial distributions occur (see Chap. 23). In context with water relaxation in biological 
systems, the two -site/fast- exchange model turned out to be very successful in ac- 
counting for experimental findings. Note, however, that the term “exchange” in this 
context may refer to material transport as well as to (immaterial) spin diffusion 
[136, 225]. 

The element usually detected in Ti frequency dispersion experiments with bi- 
ological systems is hydrogen via proton or deuteron resonance.^ Other nuclear 
species can be probed indirectly via cross relaxation if their relaxation rates are fast 
enough to act in combination with proton spin diffusion as relaxation sinks. This 
can be expected in particular with quadrupole nuclei. The cross relaxation then 
manifests itself as “quadrupole dips” at the resonance crossing frequencies [234] as 
demonstrated in Fig. 16.1 for polyalanine protons cross-relaxed by the amide 
relaxation sinks. 

The Ti frequency dispersion may further be influenced by electron paramagnetic 
constituents such as molecular oxygen [229], paramagnetic ions [221, 272], or heme 
groups [226, 274], for instance. On the other hand, NMR relaxometry studies have 
been performed with many purely diamagnetic systems of biological origin. Typical 
examples are dissolved [225, 273], wet [238], or dry [369] proteins, DNA [234], lipid 
bilayers [232, 410], tissue [238], eye lenses [53, 276], or small animals in vivo [233]. 

The principal constituents of biological systems are biopolymers and water. In 
vitro, the water component (including all exchangeable hydrogen atoms of the 
biopolymers) can be conveniently prepared in deuterated form so that separate 
studies of the dynamics in the two components can be performed. Figure 16.2 
shows the Ti frequency dispersions of water deuterons on the one hand, and of 
nonexchangeable biopolymer protons on the other which were measured in the 
same solution of bovine serum albumin (BSA) in D 2 O [370]. The entirely different 
nature of the fluctuations within these two constituents is obvious. 



^In exceptional cases, relaxation studies may also be feasible [431]. 
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YhBo/2tcMHz 

Fig. 16.1. Top: Field dependence of the and the three low-field quadrupole resonance 
frequencies of amide groups. The hatched areas indicate the range covered in a powdery sample. 
The solid lines within these areas represent the powder averages. The magnetic flux density Bq 
is expressed in units of the proton Larmor frequency. Bottom: Ti frequency dispersion of poly- 
L-alanine at — TC. The three quadrupole dips at the resonance crossings are obvious. 

(Reprinted by permission from ref. [234]) 
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Fig. 16.2. Frequency dependence of the proton (•) and deuteron (o) spin-lattice relaxation times 
of a D 2 O solution of bovine serum albumin (35 wt%) at 291 K, The data in the vicinity of the 
quadrupole dips are omitted. The different Tj frequency dispersions indicate different 
fluctuation processes dominant for water (deuterons including exchangeable protein hydrogens) 
and for the protein molecules (protons). (Reprinted by permission from ref. [370]) 



16.1 

Fluctuations in Proteins 



Molecular motions of proteins can comprise main chain (“backbone”) fluctuations, 
side-group motions, and tumbling of the whole macromolecule. The latter can easily 
be identified by considering the concentration dependence of the reorientation rates 
(see below). Side-group motions, such as restricted rotational diffusion and ring 
flips, are a matter of the local structure and chemical composition. Proteins, for 
instance, therefore tend to be characterized by a broad distribution of the side- 
group correlation times. 

Backbone fluctuations in proteins and polypeptides, on the other hand, appear 
to be governed by homogeneous modes leading to an apparently universal Ti disper- 
sion behavior at low frequencies where side-group motions are of minor importance. 
The frequency dependence in the absence of molecular tumbling was found to obey 
the power law [234] Ti a in a range of several orders of magnitude. As an 

explanation, one-dimensional multiple trapping diffusion of defects locally dilating 
the structure was suggested [369]. The correlation function attributed to backbone 
fluctuations is given by the error function expression 




-h ^2 (16.1) 



where U 2 = I — Ui represents the residual correlation at long times, b is the extension 
of the defect, and a the (anomalous) mean-square displacement of the 
defects in a time interval t. 
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16.2 

Fluctuations in Lipid Bilayers 

Lipid bilayers form another system whose dynamics are governed by dynamic 
modes. In experiments with suitably deuterated samples, one can distinguish be- 
tween the alkyl chain and the headgroup part of the bilayers. In the gel phase, 
one-dimensional restricted diffusion of defects, defined as chain orientation con- 
serving rotational isomers, permits the description of the Ti frequency dispersion 
of the alkyl chains [232]. The corresponding intensity function for defect diffusion 
is characterized by the limits 



hd(co) = 



(ry‘rr-r,y‘ 



for coTd 1 

for COTb < 1 COTd 

for coTt 1 

(16.2) 



where is the mean diffusion time across the bilayer (from headgroup to head- 
group), and Tt is the mean diffusion time over a length equal to the width of the 
defect. 

In the liquid crystalline phase, collective modes (“director fluctuations”) tend to 
dominate at low frequencies [410] (see also Sect. 17.3.2). The behavior is, however, 
much more complex because other mechanisms such as rotational isomerism, chain 
rotations, and diffusion along the curved shape of the bilayer are superimposed. 



16.3 

Deuteron T] Frequency Dispersion of Protein Solutions 

The proton signals observed in tissue, diluted aqueous biopolymer solutions, and 
diluted aqueous lipid bilayer dispersions are normally dominated by water. In such 
systems, the polar surfaces of the macromolecular constituents are covered by hy- 
dration shells. This water phase certainly forms only a minor fraction of the total 
water. Nevertheless, a strong enhancement of spin-lattice relaxation of water occurs 
as first discovered in protein solutions [109]. 

Also at a rather early stage, it was found by NMR spectroscopy that water 
molecules in the hydration shell are oriented relative to the biopolymer surface 
[28, 345] and congeal far below the freezing point of bulk water [291]. Nonfreezing 
water may actually be a useful definition of hydration water, the fraction of which 
can be determined quantitatively in this way. 

Another striking finding is that translational diffusion within the hydration shells 
is relatively fast. Even in frozen protein solutions not far below 0 °C, where diffusion 
is restricted to thin (about one to two monolayer thick) films of liquid water on 
the surface of the macromolecules, the diffusion coefficient is merely reduced by 
one order of magnitude relative to liquid bulk water [246]. On the other hand, 
orientation correlation times up to more than six orders of magnitude longer than 
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Fig. 16.3. Deuteron Ti frequency dispersion of D 2 O hydrated bovine serum albumin at 291 K. 
The solid lines were calculated using the RMTD formalism taking into account protein tumbling 
(Eq. 16.8) and restricted rotational diffusion of the water molecules (high-frequency regime). 
Note that the Ti frequency dispersions at a water content of 25 wt% (powder; no free water) 
and 50 wt% (with free water) are qualitatively the same apart from differences in the absolute 
values of the relaxation times. In these cases, the low-frequency dispersion is dominated by 
RMTD. At 75 wt%, the inflection point is shifted to higher frequencies as a consequence of the 
competitive action of protein tumbling. (Data from ref. [238]) 



those in bulk water must be concluded from T\ frequency dispersion experiments 
revealing inflection frequencies as low as 30 kHz (see Fig. 16.3). 

The Ti frequency dispersion of the water phases in protein/D20 solutions was 
selectively measured using deuteron resonance [238]. In the frame of the two-site 
fast-exchange model (Sect. 23.1.3), the effective water spin-lattice relaxation rate is 
given by 



1 

Ti ^ t( 



(16.3) 



where t( and T(‘ are the spin-lattice relaxation times in the “free” (i.e., bulk-like) 
and '‘hydration” water phases, respectively, and is the fraction of hydration wa- 
ter. 

The description of the frequency dispersion of hydration water is principally 
based on four competitive mechanisms. 

• Tumbling of the macromolecule including its hydration shell (correlation time 

• Restricted rotational diffusion of water molecules about axes perpendicular to 
the local surface (correlation time r^). 

• Exchange between free and hydration water (correlation time = residence time 
in the hydration shell t_l). 
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• Reorientations mediated by translational displacements (RMTD) along the more 
or less rugged and curved surface of the macromolecule (see Sect. 14.3.1 and 
Fig. 14.1). The longest correlation of this mechanism is designated by r . 

The RMTD correlation function is (see Eq. 14.46) 



GRMwit) = 



1 

2(fcu — fc/) 





(16.4) 



where /c„ and ki are the upper and lower cut-off wave numbers of the equipartition 
assumed for the surface structure. D is the translational water diffusion coefficient 
effective in the hydration shell. The lower cut-off wave number is connected with a 
cut-off correlation time 

r = (Dk^r^ (16.5) 

revealing itself as the “inflection point” 27TV^r| ^ 1 in the absence of molecular 
tumbling (see Figs. 14.2 and 16.3). This correlation function produces the square 
root frequency dependence typical for water relaxation in aqueous protein solutions 
at intermediate frequencies. 

Restricted rotational diffusion, exchange with free water, and macromolecular 
tumbling can be represented by exponential correlation functions. Restricted rota- 
tional diffusion is only important for the high-frequency dispersion, whereas the 
exchange mechanism is normally too slow (relative to the other contributions) to 
limit the reorientation rate. What remains as low-frequency mechanisms are macro- 
molecular tumbling and RMTD. 

On the basis of this scheme, the deuteron Ti frequency dispersion of D 2 O in aque- 
ous protein solutions can be described in full detail [238]. The cut-off correlation 
time T (Eq. 16.5) revealing itself via the inflection point at a protein concentration 
prohibiting macromolecular tumbling (see below) can be combined with the water 
diffusion coefficients experimentally determined with the NMR field-gradient tech- 
nique at the corresponding water content [246]. From the wavenumber evaluated in 
this way, a length scale can be estimated which equals half of the protein circumfer- 
ence as required by RMTD (Figs. 14.2 and 16.3). In other words, the mean diffusion 
time around half of the circumference of the protein molecule is calculated (on the 
basis of the experimental diffusion coefficient and the known short and long axes 
of the protein) to be in the order of 10“^ s in accordance with the inflection point 
measured in the absence of macromolecular tumbling. 

The RMTD mechanism accounts very well for the conspicuously weak temper- 
ature dependence of spin-lattice relaxation. The long orientation correlation times 
found in protein/water systems are due to the geometry of the system rather than 
to high binding energies at certain sites. Transient irrotational binding of a small 
percentage of the hydration water at certain sites as suggested in several studies 
[109, 276] would require binding energies twice as high as the apparent activation 
energies estimated from the experimental Ti data. 

Another question is the origin of the long residence times in the hydration 
shells apparently needed for the observation of correlation times in the order of 
up to 10“^ s. This, of course, is no problem, in principle, if free water is absent or 
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frozen. However, adding more and more water to a protein sample initially having 
saturated hydration shells but no free water does not change the qualitative behav- 
ior of relaxation (see Figs. 14.2 and 16.3) and diffusion [246]. Apart from the onset 
of macromolecular tumbling, there is no evidence for a principally new relaxation 
mechanism in the hydration water owing to the presence of free water. Note, how- 
ever, that the possibility of surface diffusion is enhanced by Levy walks as discussed 
in Sect. 14.3.2. 

The relaxation scheme outlined above can also be applied to systems modeling 
hydrated globular proteins to a certain degree. Water adsorbed on agglomerates 
of silica fine-particles of a similar diameter shows a Ti frequency dispersion again 
reflecting the surface structure (see Sect. 14.3.2. 

While the surfaces of silica fine particles are expected to be smooth and chem- 
ically homogeneous, those of proteins are extremely heterogeneous with respect 
to polarity and hydrogen binding ability. On such surfaces water diffusion likely 
resembles more a hopping process among the preferential binding sites or areas. 
Translational displacements may then be governed by waiting time and step-length 
distributions modifying the Levy walk RMTD mechanism. In any case, exchange 
processes take part in the sense that molecules (or hydrogens) leave and reen- 
ter the hydration shell to and from other environments such as free water or sites 
within the protein. The surface is probed only selectively by a set of discrete binding 
sites. 

From the experimental point of view, the fast jump/exchange limit reveals it- 
self by monoexponential attenuation curves in diffusion as well as in spin-lattice 
relaxation experiments [246]. That is, effective diffusion coefficients, De/f, and ef- 
fective spin-lattice relaxation times, Ti^effy are evaluated. Assume a discrete set of 
microphases (or molecular environments) characterized by statistical weights p/, 
diffusion coefficients D/, and spin-lattice relaxation times Tij. The following fast- 



'^heff 



to hold true: 




= 

i 


(16.6) 


pi 

^ Ti,i 


(16.7) 



where Y.i Pi = 1- 

The quantity Deff tends to be governed by environments with high molecular 
mobility, whereas 1 /Ti^eff is dominated by the slowly reorienting molecule fraction, 
residing relatively long on sites with certain orientations. Thus, high effective dif- 
fusion coefficients, long orientation correlation times, and low thermal activation 
energies do not contradict each other a priori. 

16.4 

Critical Water Contents 

In the low-frequency limit, the Ti frequency dispersion of water in protein solutions 
terminates at the “inflection frequency” v/ in a plateau (see Figs. 14.2, 16.2, and 16.3). 
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Fig. 16.4. Inflection frequency of the deuteron T\ dispersion of bovine serum albumin solutions 
in D 2 O at 291 K vs water content. This dependence can be described by the “free-water volume” 
model of macromolecular tumbling illustrated in the upper left-hand corner of the diagram. A 
protein molecule (P) including hydration water (HW) can only tumble if sufficient free water 
(FW) is available. The minimum free-water volume corresponds to the circumscribing sphere. 
Below a critical water content Co ^ 65 wt%, macromolecular tumbling is slower than the RMTD 
process of water on the surface so that the inflection frequency is governed by RMTD, Above 
Co, tumbling becomes faster than this limit. The inflection frequency is then determined by the 
tumbling rate of the macromolecules. (Reproduced by permission from ref. [239]) 

As an indication of the competitive nature of RMTD and macromolecular tumbling, 
this quantity depends greatly on the water content Cy^ (Fig. 16.4.). 

Tumbling can only take place if the water content exceeds the saturation concen- 
tration Cs defined by the saturation of the hydration shells. Water added in excess to 
that saturating the hydration shells is identified with “free water.” If this is present, 
there is a certain probability, that a macromolecule is surrounded by enough free 
water so that it is enabled to perform rotational jumps. The “free-water volume” 
formalism [238] leads to a macromolecular tumbling correlation time 

Tf = r?exp|y*(r-l )^^ — (Cw > Cs) ( 16 . 8 ) 

( C 5 J 

where rf — q(Vp -{- Vs)/(kBT) is the Stokes/Einstein expression for tumbling of a 
particle of volume Vp -j- Vs (bare protein plus the saturated hydration shell) in a 
solvent with viscosity q; 0.5 < y* < 1 is a numerical constant, and r is the ratio 
of the volumes of the circumscribing sphere and the hydrated protein molecule 
itself approximated by an ellipsoid (see Fig. 16.4.). The critical water content, Cq, 
at which macromolecular tumbling becomes competitive to the correlation time t 
corresponding to the lower cut-off wave number ki of the RMTD process, is then 
defined by the condition r = Tt. Evaluating this condition leads to 

f 

1 + f 



Co — C5 + 



(16.9) 
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where f = (r — l)f*/ln(r /t^). For aqueous bovine serum albumin solutions, one 
finds Cs ~ 30 wt% and Cq ^ 65 wt%, i.e., f ^ 0.5. 

16.5 

Proton Relaxation in Tissue 

The T\ frequency dispersion of a number of different tissues reveals significant 
differences [148, 195, 238, 275]. One is therefore interested in principal schemes 
enabling one to discuss such findings. 

Although water is normally the most abundant compound in tissue, and there- 
fore provides the prevailing contribution to hydrogen signals recorded in relaxation 
experiments, the behavior observed in tissue is determined by the interaction and 
cross relaxation with the macromolecular constituents. The description must there- 
fore refer to fluctuations in the water phases as well as in the macromolecules. 
Assuming fast “exchange” between all components, it is possible to reproduce the 
experimental Ti frequency dispersion of tissue by considering the combined action 
of RMTD in the hydration shells, tumbling and backbone fluctuations of the pro- 
teins, restricted rotational diffusion of hydration water molecules, and (with regard 
to the quadrupole dip frequency region) cross relaxation. Figure 16.5 shows 

two typical data sets [238]. 

Contrasts in ordinary magnetic resonance imaging, are largely dominated by 
relaxation (see Sect. 26.3). The low-frequency behavior of the Ti dispersion corre- 
sponds to that of the transverse relaxation time which often acts as the dominating 




Fig. 16,5. Proton Ti frequency dispersion of a leech (in vivo) and freshly excised frog sartorius 
muscle (FSM) in the relaxed state in vitro. The solid lines were calculated on the basis of 
macromolecular tumbling, RMTD, restricted rotational diffusion of hydration water, protein 
backbone fluctuations, and terms representing the cross-relaxation quadrupole dips. 

(Reprinted by permission from ref. [2381) 
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contrast parameter. The same relaxation scheme can indeed be used for modelling 
the T 2 behaviour [237]. Relaxation schemes for tissue may also be helpful for the 
design of magnetic resonance imaging pulse sequences revealing specific tissue 
properties. An example is given in Chap. 27 where a magnetic resonance imaging 
method is delineated which renders Tip frequency dispersion related image con- 
trasts. 




CHAPTER 17 



The Dipolar-Correlation Effect 



The dipolar-correlation effect refers to the unaveraged part of dipolar coupling. It 
is a particularly favorable way of exploiting residual dipolar interactions for studies 
of molecular dynamics on a time scale typically beginning with 10~^ s. 

The stimulated echo following a sequence of three RF pulses with flip angles of 
preferably 90° was originally introduced assuming isolated spins in an inhomoge- 
neous magnetic field (see Sect. 2.2). This situation applies to low- viscous liquids 
with equivalent spins, for instance, where dipolar interactions are motionally aver- 
aged and indirect spin-spin couplings are absent. 

By contrast, we are now dealing with situations where motional averaging is 
incomplete (compare Sect. 9.3.3). This in particular includes the case where the 
motional narrowing condition, (Aco)riTc 1, which relates the correlation time of 
the fluctuation, r^, and the rigid-lattice linewidth, (Aco)rh is fulfilled only for one 
motional component, whereas it is violated otherwise. Typical examples are liquid 
crystals or polymers, where motional averaging tends to be restricted to rotational 
motions about the molecular axis. 

In the following, we reconsider the pulse sequence 

1-st 2-nd 

(tt /2)x . . . ri . . . (tt /2)_x . . . ti . . . (pr. echo) . . . (i 2 - rO . . . 

3-rd interval 

/ s 

(n /2)y ... Ti ... (stim. echo) (17.1) 

already known from Sect. 2.2. The only echoes of interest in this context are the 
primary echo and the stimulated echo modified by the presence of residual and 
possibly fluctuating dipolar couplings. All other Hahn-type echoes are not exam- 
ined. The particular choice of the pulse phases and of the flip angles of 90° prevents 
the occurrence of a dipolar-order transfer echo (Sect. 4.2) which would otherwise 
be superimposed on the residual-coupling modified stimulated echo and, hence, 
complicate the treatment. 

The attenuation factors of the modified primary and stimulated-echo ampli- 
tudes are designated as Ap^(2ri) and Ast(2Ti + 12 ), respectively. Under complete 
motional-averaging conditions the irreversible echo attenuation factors of homo- 
geneous isotropic systems of equivalent spins would be attenuated solely by inde- 
pendent factors due to spin-lattice relaxation, A^i, transverse relaxation, A^ 2 , and 
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translational self-diffusion, A^iff. That is, 

Apr(2ri) = Adiff(2Ti) exp{-2Ti/T2} 

= Adiff(2Ti)Ar2(2Ti) (17.2) 

Ast(2ri T 2 ) = Adiff(2Ti-\-T2)Ar2(2Ti) exp{-T 2 /Ti} 

= Adiff(2ri T 2 ) Ar2(2ji) Ari(T2) (17.3) 

The formation of distinct echoes requires magnetic field inhomogeneities as already 
delineated in Chap. 2. These, however, can be assumed to be small enough to 
neglect echo attenuation by translational self-diffusion in the systems of interest 
here. Therefore we may approximate Adiff{2Ti) ^ Adiff{2ji + T 2 ) ^ 1. 

Full or partial lack of motional averaging gives rise to further factors, Adc{2ri) 
and Adc(2Ti + 12 ), independently affecting the primary and stimulated- echo ampli- 
tudes, respectively: 



Apr(2Ti) = Ar2(2Ti) Adc(2Ti) (17.4) 

Ast(2ri + T 2 ) = Ar2(2Ti) Ari(T2) Adc{2T\ -h T 2 ) (17.5) 

These factors are due to the dipolar-correlation effect [251], arising as a conse- 
quence of unaveraged dipolar interactions. The factor A^2(2 ti) now represents trans- 
verse relaxation only as concerns the motionally averaged component of the dipolar 
interaction, whereas the “dipolar-correlation factors” Adc{2ri) and Adc{2T\ + 2 t 2 ) ex- 
press components which are not subject to motional averaging (“residual coupling”). 

In Sect. 4.2 we have already demonstrated that the formation of echoes is strongly 
affected by dipolar interactions. That treatment referred to rigid lattices without 
molecular motion. We now turn to the case including molecular motions on the 
timescale of the pulse intervals in such a way that the secular part of dipolar inter- 
action is largely but not completely averaged out. Thus, the nature of the echoes is 
partly “Hahn” (Chap. 2) and partly “dipolar” (Sect. 4.2). 

17.1 

Outline of Attenuation Mechanisms and Time Scales 

The dipolar-coupling Hamiltonian is given in Table 46.5 on page 426. The quantity 
crucial for further treatment is the dipolar-coupling constant (in angular-frequency 
units) of two equivalent spins 1/2, 



Q.d = 



SjJoYnH'^ - 3cos^ &) 
8nr^ 



(17.6) 



where r and & are polar coordinates of the internuclear vector. The fluctuations of 
the dipolar interaction in systems such as liquid polymers or liquid crystals can be 
assumed to consist of (at least) two contributions with rates above and below the 
motional averaging criterion. We will discuss these contributions separately. 
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17.1.1 

The Motional-Averaging Contribution to Echo Attenuation 

The secular dipolar interactions are assumed to be partially averaged by molecular 
reorientations that are fast but restricted with respect to the solid-angle range of 
the internuclear vector. The correlation time of this contribution, 15 , is assumed to 
obey the motional-averaging condition 

{Aco)rlTs « 1 (17.7) 

Quantitatively, this condition is typically Ts <$C 10“^ s for protons, whereas the 
experimental time scale defined by the spacings in the pulse sequence 17.1 is much 
longer: 

Ts<^TuT2 (17.8) 

The residual dipolar coupling constant is defined as the average Q-d- For instance, 
the addition theorem of spherical harmonics gives, for fast rotation about a fixed 
axis, 

Qj = - 3 cos^ #')(3 cos^ ^ - 1) (17.9) 

167Tr^ 

where is the polar angle of the rotation axis, and /3 is the angle spanned by the 
internuclear vector and the rotation axis. 

Due to this fast but restricted contribution the transverse-magnetization is 
subject to an attenuation factor which, according to the Anderson/Weiss theory 
(Sect. 13.2.3), suggests itself as 

As(2ti) = exp |-({ad) - (Qrf))Ts2ri| exp |-i(aj)(2ri)^| (17.10) 

The first exponential factor on the right-hand side represents the attenuation by 
the fast reorientation component fulfilling the motional averaging condition. This 
factor is already implied in A ^2 according to the ordinary definition of transverse 
relaxation (see the discussion in footnote 2 on page 118). The second term, which 
depends on the residual dipolar coupling constant is the basis for the dipolar- 
correlation effect. 



17.1.2 

The Residual-Coupling Contribution to Echo Modulation 

The Gaussian factor in Eq. 17.10 reflects the fraction of secular dipolar coupling 
not underlying motional averaging in the sense of Eq. 17.7. On the other hand, 
this residual secular dipolar coupling may be subject to slow reorientations on a 
timescale characterized by a typical time constant r/ > 10“^ s: 

(AC0)rlTi » 1 (17.11) 

Monitoring such fluctuations via the pulse sequence at Eq. 17.1 requires that the 
experimental time scale defined by the pulse spacings is of the order 



ri,T2 ^ Tl 



(17.12) 
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where the upper limit is a matter of spin-lattice relaxation. 

This is the proper situation relevant for the dipolar-correlation effect. The spin 
coherences can only be refocused in the form of echoes as far as the residual secu- 
lar dipolar couplings are correlated in the whole echo formation process. Thus, the 
dipolar-correlation function in the limit beyond motional averaging is the quantity 
to be probed by detecting modulations of the primary and stimulated echo am- 
plitudes by the dipolar-correlation factors Adc(2ri) and Adc(2ri + T 2 ). The dipolar 
coupling constant effective for the dipolar-correlation effect is (Eq. 17.9) (the 
bar will be omitted in the following for simplicity). 

17.2 

Density-Operator Formalism for Equivalent Two-Spin 1/2 Systems 

The subsequent density- operator treatment refers to a representative pair of two 
equivalent spins 1/2 with the vector operators Ik and I/. The local rotating-frame 
Hamiltonian responsible for the evolution of spin coherences in the course of the 
pulse sequence 17.1 is composed of an RF term, Hrf, a second term representing the 
local field gradient offset, Hg, and, in particular, the incompletely averaged secular 
part of dipolar coupling, 



H' = Hrf + Hg + nf (17.13) 

where 

'^g = ~hn (G • r) (hz + hz) = -hng(r)(Ikz + Ii^) (17.14) 

and 

nf = hcid (^ikzhz - jh • (17.15) 

The secular dipolar Hamiltonian effective for the evolution of spin coherences is 
given by (see Sect. 51.4 and Eq. 51.24) 

= hQdhzIiz (17.16) 

The pulse sequence is to begin in thermal equilibrium. The corresponding (re- 
duced) density operator is 

a(0-)=Ik^ + Iu (17.17) 

All RF pulses are assumed to be ‘‘hard”; i.e., they excite the spin systems irrespec- 
tive of local field-gradient offsets or of dipolar interaction. The first pulse, (n/2)xy 
produces 

C7(0+) = 7^;, + 7/^ (17.18) 

During the first pulse interval, the corresponding coherences evolve under the in- 
fluence of the field-gradient offset and the dipolar interaction. The resulting density 
operator is 



<7(ri-) = [ihy + ky) COS (Pdi - 2{Ikxhz + hxhz) sin <pdi] cos (pgi 

“I" [(Ifcx “t” hx) cos (pdi ”1“ 2{lkyliz “I” hy^kz') sin (pd\\ sin (pg\ (17.19) 
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where 



(Pgi — J Q,g{t ) dt 

0 

ri 

(pdi = ^ J ^d(t')dt' 

0 

The second RF pulse, (nf2)-xy converts this into 

= [(Ikz + Iiz) cos (Pdi + 2{hxhy + hxhy) sin (Pdi] cos CPgi 

“F \iJ-kx “F ^loc) cos (pd\ 2{lj^zliy hz^ky^ sin (pdi\ sin (pgi (17.20) 

The term 2{I}^xhy + Iixhy) sin (pdi represents zero- and double-quantum coherences. 
It can be ignored in further treatment, because coherences tend to relax fast on the 
timescale of the interval between the second and third RF pulses in the presence of 
the residual dipolar couplings assumed here. Anyway, double- quantum coherences 
would not contribute to the echoes of interest (see Sect. 4.2). 

Among the other terms, two groups can be distinguished: 

c^(^i+) = CT5f(TiH-) -f- CTp(ri+) (17.21) 

The first contribution, 

Ostin-i-) = (hz + hz) cos (pdi cos (pgi (17.22) 

eventually leads to the modified stimulated echo. Further evolution of the second 
contribution, 

Op(Ti+) = [ ihx + Iix) COS (Pdi - lihzhy + Uzhy) sin (Pdi ] sin <pgi (17.23) 
results in the modified primary echo which reaches its maximum at time f = 2ri. 



17.2.1 

The Modified Primary Echo 

The reduced density operator representing the maximum of the modified primary 
echo is 

Op(2ri) = i {(Ikx + hx) [sin(^pg2 + (Pg\) ~ sin(^g2 - <Pg\)] 

+{hy + Ily) [cOS{(pg2 + <pg\) ~ COS{(pg 2 ~ (Pgi)] } COS{<Pd2 ~ fdl) 

(17.24) 



2Ti 2T\ 

<Pg2 = J Q.g(,t')dt', (Pd2 = ^ J ^d(t')dt' 

Tl Ti 



where 
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In this expression, we have omitted all antiphase-coherence terms because they gen- 
erate no signals contributing to the echo maximum. Moreover, under low-resolution 
conditions, i.e., when the field-gradient offsets exceed dipolar splitting by far, the 
signal contributions of this sort cancel anyway. 

The (complex) amplitude of the modified primary echo is 

^pr = ( Tr{ [ (Ikx + Ilx) + Khy + f//) ] <7pr(2ri) } ) A2r{2T\) (17.25) 

where the brackets indicate the ensemble average with respect to the phase shifts 
<Pg\y <Pg2y (pdiy (pdi. The factor A 2 r( 2 ri) accounts for transverse relaxation in the 
sense discussed before (Sect. 17.1). That is, it represents the dipolar-interaction 
component which is subject to motional averaging. The gradient- and dipolar- 
interaction-induced phase shifts are independent of each other, so that 

Apr = \ [ (sin(^(>g2 + <Pgi)) - (sin(^^2 - <pg\)) 

+ i{COS((pg2 + (pgi)} - i{cos((pg2 - (Pgl)) ] 

{COS{(pd2 - (pdl))A2r{2Ti) (17.26) 

Let US now assume that the gradient-induced phase shifts in the pulse inter- 
vals are distributed over a broad range. The phase- shift sums in the arguments of 
the trigonometric functions are then widely distributed too. The superposition of 
these trigonometric functions is therefore destructive, so that (sin(^g 2 + <Pgi)) ^ 
{C0S((pg2 + (pgl)) ^ 0 . 

On the other hand, {cos((pg 2 — (pgi)) remains finite because the gradient-induced 
phase shifts tend to cancel each other provided that translational diffusion is negligi- 
ble. Analogously, the dipolar phase shifts in the terms {cos((pd 2 — (Pdi)) are correlated 
if reorientations by rotational diffusion are restricted in the experimental time scale. 
This is the basis of the modified primary echo. 

Note that this echo implies the refocusing of a dipolar contribution although 
the phases of the first two RF pulses are not in quadrature so that a solid echo 
per se should not appear (Sect. 4.1). The reason is that the strong influence of the 
field gradients spoils any sensitivity to the relative phase of the second RF pulse. 
On the other hand, in case of perfect homogeneity of the external magnetic field, 
the gradient-induced phase shifts would be zero, so that the density operator at 
Eq. 17.24 vanishes identically as expected from Eq. 4.11. 

The distribution function of the net phase shifts can safely be assumed to have 
an even parity, so that (sin [<pd 2 — (Pdi)) = The cosine term can then be replaced 
by an exponential function leading to the echo amplitude 

Apr ^ -'-Adc(2Ti)Ar2(2Ti) (17.27) 

where the dipolar-coupling factor is 

Adc(2Ti) = (exp {-/ {(pd 2 - (pdi ) }) (17.28) 

In case of static spin systems, i.e., cpdi = (pdiy we have Apr = —(if2)Ar2{2ri) as it 
must be with two-spin- 1/2 systems. 
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17.2.2 

The Modified Stimulated Echo 

The reduced density operator term, to which the modified stimulated echo can be 
traced back in the second pulse interval, depends only on the 2 : components of the 
spin operators, so that no evolution takes place. That is, 

Ostin +T 2 -) = (Ikz + hz) cos (Pdi COS <Pgi (17.29) 

The third RF pulse, (nl2)y, arbitrarily assumed in phase direction /, converts this 
into 

OitCn + T 2 +) = -(hx + Ilx) cos (Pdi cos (pgi (17.30) 

The maximum of the modified stimulated echo is reached at time t = 2t\ + T 2 . 
Omitting all antiphase-coherence terms for the same reason as above, the reduced 
density operator is found to be 

Ost{2Ti + T 2 ) = -^(Ikx + hx)[cOS{(pd3 - (pdl) + COS((pd3 + (pd\)] 

[cOS(<Pg3 - (pgi) + COS{(pg3 + (pgi)\ 

- ^{Iky + Ily)[cOS{(pd3 - (pdl) + COS(<pd3 + <Pdl)] 

[sin(^g 3 - (Pgi) + sin((pg3 -I- ^^i)] (17.31) 

where 

2Ti+T2 

(pg3 — j 0.g{t ) At 

^■i+T2 

2Ti+T2 

(Pd3 = j 

T1+T2 

The (complex) amplitude of the modified stimulated echo is then 

^st = (Tr{[(4;c H" Ilx) + Khy + Iiy)]Ost(2Ti + 12 )}) Ar2(2Ti)Ari(T2) (17.32) 

The brackets indicate the ensemble average with respect to the phase shifts 
(Pgi, (pg 3 , (pdiy and (pd 3 . The additional attenuation factors Ar 2 ( 2 Ti) and ^^ 1 ( 12 ) ac- 
count for transverse relaxation and spin-lattice relaxation, respectively. As defined 
before, the factor Ar 2 ( 2 r) represents the dipolar-interaction component subject to 
motional averaging. Carrying out the trace leads to 

Ast = [(COS(^d3 - (Pdi)) + {COS{<Pd3 + (Pdl)}] 

[(COS(^g3 — (Pgi)) -I- (COS(^g3 -|- (P^l))] 

- ^ [(COS(^Pd3 - (Pdl)) + {COS((pd3 + (Pdl))] 

[(sin((0g3 - (Pgi)) + (sin((0g3 + (Pgi))] 

A,2(2ri)A,i(r2) (17.33) 
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As with the modified primary echo, the gradient-induced phase shifts can again 
be assumed to be distributed over a wide range. That is, the gradient is assumed 
to be strong enough so that all coherences are spoiled within the intervals. The 
superposition of the trigonometric functions of the phase-shift sums then tends to 
be destructive, i.e., (sin (^^2 + ^^i)) ^ (cos(^g 2 + ^^i)) ^ 0. Taking this into account 
leads to the amplitude of the modified stimulated echo 

Ast ^ -t- T2)A,2(2 ti)A,i(t2) (17.34) 

where the attenuation factor for dipolar coupling is 

Adc(2Ti + 12 ) = ^ ((exp {-i((pd3 - (Pdi)}) + (exp {-i{<Pd3 + <pdi)})) (17.35) 

In this expression, the cosine term has again been replaced by an exponential 
function. Note that the dipolar phase shifts vanish in the case of complete motional 
averaging on the time scales of the first and last Ti intervals, so that A^/c(2ri + T 2 ) = 1 
as expected for ordinary stimulated- echo experiments. 

17.3 

The Dipolar-Correlation Quotient 

In the quotient of the amplitudes of the modified stimulated and the modified pri- 
mary echo the attenuation factors due to transverse relaxation (motional- averaging 
component) cancel. The interval T 2 can be kept constant while varying ii. Therefore 
the factor A^i(t 2 ) is also constant and can be normalized in the limit t\ 0. 

The quotient of the echo amplitudes normalized for ri 0 (indicated by the 
subscript n) is therefore dominated by the dipolar-correlation factors (residual- 
coupling component). The dipolar-correlation quotient is 

Atjc(2ri + T 2 ) 

Adc(2ri) 

1 ( (exp{-f(yrf3 - (pdi)}) + {exTp{-i((pdi + ydi)}) ) 

2 ( {exp{-i{(pd2 - (Pdi)}) ) 

The polar coordinates d\i = t9)t/(0 and r^i = of the internuclear vec- 

tor fluctuate according to the molecular dynamics. As a consequence the dipolar 
coupling constant fluctuates as well. The following consideration includes ordered 
materials such as liquid crystals. In this case the ensemble average of the residual 
dipolar coupling constant, {Q.d)y does not vanish, the coupling constant may then 
be analyzed as 

Qd = {^d)^SQd (17.37) 

where 6Qd is the part of the coupling constant fluctuating on the time scale of the 
experiment. The phase shifts in the pulse intervals can then be written: 
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(pd 2 



(pd3 



2ti 



{Qrf)n + J SQa(t')dt' 



2ri+T2 



- (t 2 d>Ti+ J snAOdt' 

\ +T2 



iWl) + ^^2 



— i<Pdl) + 



(17.38) 



The distribution of the phase shifts 6 (pdu S(pd 2 ^ 6 (pd 3 is an even function so that 
the averages of sine functions of the phase shifts vanish. The average cosine may 
therefore be replaced by the average of an exponential function according to Euler’s 
formula. That is, 



{cos(S(pd2 - S(pdi)) = 

{cos{6(pd3 - 6(pdi)) = (17.39) 

(cos(^d3 + ^Pdi)) = cos(2(^di)) 



Thus 



Qdc = 



(^e-i(Scpd 3 -S(Pcn)^ + cos {2{(pdi)) 
2 



(17.40) 



Assuming a Gaussian distribution of the phase shifts in accordance with the central- 
limit theorem, we find (compare Sect. 13.2.1) 



_ exp {-| {(S(pd 3 - Scpaif)} + cos (2(ydi)) exp ((6yd3 + d(pdif)} 

2 exp {{S(pd 2 - S<pdi)^)} 

= lg{ 6 wiSw,)-{SmS<Pd 2 ) + cos { 2 {(pdi)) (17.41) 



or 






(17.42) 



The correlation function of the fluctuating part of the dipolar coupling constant is 



Gd(r) = {SQd(t') 6 nd(t'')) = (sa^) G(r) (17.43) 



where we have assumed stationarity, i.e., the correlation function depends solely 
on r = t" — f. The reduced correlation function, G(r), is defined by the condition 
G(0) = 1, and obeys G(r) = G(— r). 

The phase shift correlation functions in Eq. 17.42 can be derived in a way anal- 
ogous to the treatment delineated in Sect. 13.2.2 (see also Fig. 13.1). Let us first 
consider {S(pdiS(pd 3 ): 



{S(pdiS(pd3) 



2Ti~\-T2 



i/y sad(t')dt' j SQd(t")dt" 



^'I+T’2 
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Ti 2T1+T2 

= J dt' J dt"G(t"-t') (17.44) 

0 T1+T2 

The integration variables can be substituted by r' = t" — t' and i = t'. The relevant 
range of these variables is split into two regions, (a) T 2 < r' < ti T 2 , that is, 
Ti + 12 — r' < t < Ti, and (b) ii + T 2 < r' < 2ti + T 2 , that is, 0 < f < 2 ti + T 2 — 
so that Eq. 17.44 becomes 



{S(pdlS(pd3) = 




■ Ti+T2 

J dr'G(r') 



Ti+T2-r' 



2ri+r2 2ti-\-T2—t' 

df + / dr' G(r') J di 



Ti ZTl-M 



T1+T2 



0 



1 

4 



(<5a^) 



" Ti+T2 

J dr' (r' - T 2 )G(t') + 

. ^2 



2Ti+T2 

J dr' (2ti + i 2 — r')G(r') 

n+T2 



(17.45) 



Substituting the integration variables in the first and second integrals by r' = — r + 
Ti + i 2 and r' = r + Ti + T 2 , respectively, leads to 



{6<pdi6(pd3) 




j dr (ii - t)G(ti + i 2 - r) 
_ 0 




dr (ri - r)G(ri + r 2 + r) 



(17.46) 



0 J 

The phase shift correlation function {(pdi(pd 2 ) is readily obtained by equating i 2 = 0: 

r n n 1 



1 2 

{S(pdi6(pd2) = -{SO>d) 



J dr (ri - r)G(ri + r) -f 
. 0 



J dr(ri - r)G(ri - r) 
0 



(17.47) 



17.3.1 

Exponential Correlation Function 

The first dipolar correlation function to be considered is a simple exponential func- 
tion: 

G(r) (17.48) 

The phase-shift correlation functions are then calculated as 

(ScpdiScpdi) = \ (6^1) - 2] 

{S(pdiS(pd3) = (6(pdiS<pd2) 



(17.49) 

(17.50) 
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SO that the dipolar-correlation quotient turns out to be 



Qdc = 1 exp <1 


exp {6Q.I) 


(17.51) 


where 




Cl = + 1) (l - 


(17.52) 




C2 = t] + 1) 


(17.53) 



17 . 3.2 

Correlation Function for Liquid-Crystal Director Fluctuations 



In a nematic crystal, for instance, the director is subject to collective director fluc- 
tuations characterized by wave numbers q [89, 112, 127, 384]. The normalized cor- 
relation function is predicted to be 

G(t) — ~ j 1“ (17.54) 



where qc is the upper cutoff wave number, K the elastic constant, q the viscosity, 
and D is the diffusivity. With the “mode correlation time” 







(17.55) 



Eq. 17.54 becomes 



r; 



(17.56) 



where 




(17.57) 



is the shortest mode correlation time.' 

Replacing the correlation time in Eq. 17.51 by Tq, and Eqs. 17.52 and 17.53 by 



Cl 

C2 



CX) 

g-2r,/r, _ + l) (l _ (17.58) 

OO 

_ 2e-"i/r« + 1) (17.59) 





4n this context “shortest” means “shortest beyond the motional- averaging regime” 
(Eq. 17.7) in contrast to the general director- fluctuation theory. Modes contributing to mo- 
tional averaging are irrelevant for the dipolar-correlation effect as discussed in Sect. 17.1. 
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leads to the dipolar-correlation quotient [165] 

Qdc = ^exp|-l (^Q^)Cij + cos((ad)ri)exp|-l (<5Q^)C2|^ (17.60) 



17.3.2,1 
Limiting Cases 

The coefficients Q and Q in Eq. 17.60 may be rewritten as 

oo 

Cl = ^ J (1 - dTq (17.61) 

n 

oo 

The integration variable can be substituted hy x = i 2 /Tq so that 

Cl = (17.63) 

C2 = ^^P2 (17.64) 

where 

Pi hi 

Pi = J {l - (17.65) 

0 

Pi hi 

F2 = y x-5/2 (1 (17.66) 
0 

The integrals Fi and F 2 may be approximated for diverse limiting cases. 

A typical experimental situation is ii 12 . Integral F 2 already converges when 
X approaches a value of the order of 1. Therefore, we may assume xti/t 2 ^ 1. Let 
us now consider the following three cases: 

Limit I: Ti < 12 < i/ 



Fi 







P2 ^ 




0 



(17.67) 



(17.68) 
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where we have used the lowest-order approximations 

e~^ ^ 1 

1 — ^ X 




In this limit the dipolar-correlation quotient becomes 
Qdc ^ + cos((Qd)ri)exp 

Limit II: T\ tz 




(17.69) 






(17.70) 







(17.71) 

(17.72) 



where we have again used the relations 17.69. The upper integration boundary 
has been replaced by oo in all cases where the integrand implies an exponentially 
decaying factor. 

On this basis, the dipolar-correlation factor may be approximated as 



Qdc 



+ COS ((Qd)ri) exp |-1 (6Q^) 



(17.73) 



Limit III: r/ <?C Tj tz 

OO 

Pi ^ J (1 - (I - e-^) dx 

0 

oo oo 

= ,1 _ d. - /x-='= (1 - .--"f d* 

0 0 

'Ml ^ 1 ^ 

(l) (' ' ■ (I) 



(17.74) 
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F2 



2 oo 2 

^ J dx = ^/n 
0 



(17.75) 



In the derivation of Eqs. 17.74 and 17.75, the upper integration boundary was set at 
oo because the integrand either implies an exponentially decaying factor or decays 
proportional to 

The dipolar-correlation quotient may thus be rewritten as 



Qdc 



{{o.d)Ti) exp (<5n^) 



1 + COS { 



17.4 

Applications of the Dipolar-Correlation Effect 



(17.76) 



As outlined in the introductory section, the dipolar-correlation effect is particularly 
suitable for investigations of systems with anisotropic molecular motions so that a 
residual dipolar coupling escapes from motional averaging. Typical applications may 
be classified into two categories depending on whether the system is macroscopically 
ordered or not. 

In the treatment of the dipolar-correlation effect in ordered media presented 
above, it was assumed that the dipolar-coupling constant causes much stronger 
spectral effects than chemical shifts of inequivalent nuclei potentially contributing 
to the signal. Otherwise, chemical-shift offsets are superimposed and modulate the 
attenuation curves of the dipolar-correlation quotient in an analogous manner. Phe- 
nomena of this sort can be eliminated by inserting 180° pulses in the middle of each 
Ti interval. Single-spin frequency offsets are then refocused whereas the evolution 
due to dipolar coupling is not affected (see Sect. 4.1). The dipolar-correlation effect 
can thus be recorded in unconcealed form. 



17.4.1 

Macroscopic Order 

In macroscopically ordered systems the term cos((n^)ri) in Eq. 17.42 is expected 
to have a finite value according to the residual dipolar coupling. This is the typical 
situation in liquid crystalline phases. The consequence is that the dipolar- correlation 
quotient becomes an undulated function of the pulse spacing ii. In simple cases, 
i.e., if dipolar coupling is determined by a distinct dipole-dipole distance r, and if 
the director is aligned preferentially along the external magnetic field, the mean 
dipolar-coupling constant is directly related to the order parameter according to 

i^d) = (1 - 3 cos' &) (17.77) 

Figure 17.1 shows typical dipolar-correlation quotient data of a liquid crystal 
plotted as a function of the pulse spacing ri with T 2 as a curve parameter [165]. 
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Fig. 17.1. Dipolar-correlation quotient Qdc = + T2)/Adc(2ri) of the nematic 4’-n-pentyl- 

4-cyanobiphenyl (5CB) as a function of the pulse interval Ti. The data were measured in the 
nematic and the isotropic phase at 35 and 40 °C> respectively. The curve parameter is T 2 . The 
solid lines represent a least-squares fit of Eq. 17.73, (Reprinted by permission from ref. [165]) 



The nematic phase exhibits a pronounced modulation pattern. This effect is entirely 
absent in the isotropic phase. The modulation directly visualizes the influence of 
the finite value of {Q-d)- 

The shortest mode correlation time accessible was fitted to be 3.9 ms. In reality 
much faster processes occur, of course. However, these are subject to motional 
averaging and do not contribute to the dipolar-correlation effect. An impression of 
the length of the modes that can be probed in this sort of experiment is given by 
the T 2 values in Fig. 17.1 which range up to the order of 100 ms. 

The time scale of this experiment is to be compared with that of field-cycling 
NMR relaxometry (Chap. 15) which was reported for the same liquid crystal 
[271, 524, 531]. At the low-frequency end of the scale, which can be probed by that 
method, director fluctuations also appear to be the dominating process of molec- 
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ular dynamics. The dipolar- correlation effect is sensitive to much slower motions. 
Therefore it favorably supplements field-cycling NMR relaxometry. 

The nematic order reveals itself by modulated attenuation curves of the dipolar- 
correlation quotient. The modulation frequency is determined by the mean dipolar- 
coupling constant which vanishes in isotropic media. This is not to be confused 
with motional averaging, because even in an amorphous solid no modulation of 
this sort would appear. The mean value of the dipolar-coupling constant rather has 
to be taken as an ensemble average in case the system is not ergodic on the time 
scale of the experiment. 



17.4.2 

Short-Range Order and Polymers 

The dipolar-correlation quotient function of disordered systems such as polymer 
melts does not show any undulated pattern provided that chemical-shift offsets 
are absent. This holds true although motional averaging tends to be incomplete in 
polymers [251]. The reason is that subensembles with different values of {Q.^) are 
averaged in this case. The superposition of the corresponding cosine functions in 
Eq. 17.42 is destructive, so that cos ({Qd)ii) ^ 0. 

The undulations may even vanish in locally short-range ordered, but macro- 
scopically disordered, systems. For example, this situation was found in a liquid 
crystal confined in porous glasses [166], where the (local) director is oriented by 
the surface rather than by the magnetic field. As a further consequence of the con- 
finement, the distribution of director fluctuation modes is restricted to the pore 
size in contrast to the bulk. Moreover, according to the boundary conditions, the 
spectrum of the allowed modes is discrete rather than continuous [534]. 

Another example is the mesophase of poly(dialkylsiloxanes) such as poly(di- 
ethylsiloxane). Dipolar-correlated stimulated-echo studies suggested the existence 
of exchange fluctuations between a more ordered and a less ordered segment 
environment. Although macroscopic order is known to be characteristic in such 
mesophases, no undulations of the dipolar-correlation factor as a function of the 
pulse spacing ti were observed. This again is a consequence of an order-parameter 
distribution [167]. 




CHAPTER 18 



Survey of NMR Diffusometry 



Self-diffusion or translational displacements of molecules as a consequence of Brow- 
nian motions [88] is to be distinguished from interdiffusion [104] of molecules of 
different species which are initially separated. Both phenomena can favorably be 
investigated by magnetic-resonance methods. 

Interdiffusion refers to the intermingling of initially separated components. The 
evolution toward thermodynamic equilibrium can be studied by temporally re- 
solved magnetic-resonance imaging of the spatial distributions of the molecular 
species involved. The experimental distinction of the components is feasible on the 
basis of spectral parameters such as the chemical shift or the gyromagnetic ratio 
of different atom species (e.g., hydrogen and fluorine). Another strategy is to label 
compounds by enrichment of rare isotopes that can be identified by NMR (e.g., 

^^C). Furthermore, a differentiation is possible based on concentration dependent 
relaxation rates. Typical applications of diffusion-profile imaging have been pub- 
lished in [96, 188, 194, 327, 363, 423]. Homo- or heteronuclear magnetic-resonance 
imaging methods suitable for this purpose are discussed in Part III. 

The following chapters are mainly devoted to field gradient NMR diffusometry, 
i.e., to self-diffusion. The gradients either refer to the main magnetic field, Bq, or 
to the RF amplitude, Bi. Versions employing pulsed or stationary gradients are in 
use. 

Diffusion experiments of this sort are usually discussed in terms of spin echoes, 
the amplitude of which is attenuated by translational displacements of the spin- 
bearing particles in the course of the pulse sequence [70, 217, 316]. That is, coher- 
ences are first dephased by field gradients and then rephased in the form of a Hahn 
or a gradient echo. Displacements in the presence of field gradients prevent the 
superposition of coherences, entirely constructive at the time when the spin echo 
is to appear, so that the echo amplitude is irreversibly reduced. 

An echo form often employed for field-gradient diffusometry [481] is the stim- 
ulated echo (Sect. 2.2). In this case, the effective diffusion time is prolonged by 
an intermittent pulse interval. This pause of free coherence evolution is merely re- 
stricted by spin-lattice relaxation which tends to be much slower than transverse 
relaxation unless the “extreme narrowing limit” is fulfilled (see Eq. 13.9). 

In principle, any type of spin echo is suitable for diffusometry. For example, 
multiple-quantum coherence transfer echoes of coupled spin systems (see Sects. 
4.2, 5.2 and 7.2) have been suggested for this purpose [528]. Multiple-quantum 
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coherences of order n have the appealing feature of being n times as sensitive to 
field gradients so that the field gradient has an n-fold efficiency. Since the effective 
field gradient enters quadratically into the echo-attenuation factor (Table 19.1 on 
page 181), multiple-quantum diffusometry is times as sensitive. 

Field-gradient NMR diffusometry has another reading which is equivalent to 
the coherence dephasing/rephasing picture, but is very instructive with respect to 
methodology [248, 428]. Coherence evolution in a spatially constant field gradient 
results in a periodic distribution of the magnetization vectors (“the magnetization 
grid”)- That is, the magnetization becomes a function of the position. In stimulated- 
echo experiments, for instance, the first two RF pulses produce a z-magnetization 
grid. In the course of two-pulse Hahn echo experiments, the magnetization grid 
evolves in the form of circularly polarized transverse magnetization vectors helically 
distributed along the gradient direction.^ 

The effect of diffusion on the grid is a levelling-off tendency as long as this inho- 
mogeneous distribution of the magnetization vector exists. This is what one mea- 
sures in indirect form when recording echo attenuation curves. The direct method 
is to visualize the grid temporally resolved with the aid of NMR imaging techniques. 



18.1 

The Diffusion Propagator 



Displacements by translational diffusion are characterized by the distribution of the 
probability density, p(r, that a molecule is displaced a distance r (components 
X, y, z) in an interval t. In other words, the probability that the particle is found in 
the region x • • • x+dx, y • • • y+dy, z • • • z-l-dz is p(r, t)d?r. For ordinary, isotropic 
diffusion this “propagator”^ obeys the diffusion equation 

^=DV^p (18.1) 

dt ^ 



where 



9x^ 9y^ dz^ 



(18.2) 



is the Laplace operator expressed in orthogonal Cartesian coordinates. 

In the case of ordinary isotropic unrestricted diffusion, the diffusion coefficient 
(or diffusivity), D, is a scalar constant. Furthermore, in an isotropic, homogeneous 
medium, only the magnitude of the displacement is relevant. With the initial condi- 
tion p(r, 0) = 6(r) and the boundary condition p(r, t) ^ 0 for r ^ oo, the solution 
of Eq. 18.1 is the normalized Gaussian function 



pin t) = 






ADt 



(18.3) 



^The 90° - Ti - 180° Hahn echo two-pulse sequence may be interpreted as a 90° - Ti - 90° - 
Ti - 90° three-pulse sequence in the limit T 2 0. 

^ Apart from propagator, the probability density for a displacement r may also be called 
Green’s function, i.e., the response to an initial distribution given by a delta function. 
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Fig. 18.1. Displacement distribution function (Eq. 18.4) calculated for water self-diffusion at 24 
°C, D = 2.15 • 10-^ m^/s [344]. 



where ^ = 1, 2, 3 is the dimensionality of the Euclidean space in which the diffusion 
process under consideration takes place.^ The distribution function at Eq. 18.3 
depends on the net displacement r of a particle, but not on the initial position. In 
this sense, we are dealing with a Markov process. 

In the case of ordinary diffusion in three dimensions, the width of the displace- 
ment distribution function is suitably characterized by its second moment, i.e., the 
mean-squared displacement 



-f-oo -1-00 -foo 



^( 0 ) = 1 1 J ^ ^ ~ ( 18 . 5 ) 



-oo — oo — oo 



Translational diffusion in one dimension is often modeled as a random walk with 
constant step length / and a step rate v. The mean- squared displacement after N 
steps is then [88] 



(x^) =Nf = 2 



DN 

V 



(18.6) 



so that 




(18.7) 



^Note that in NMR diffusometry experiments carried out with unidirectional field gradients, 
only one displacement component, say x, is probed. The corresponding probability density is 
then 

- 1-00 

where J p(Xjt)dx = 1. Figure 18.1 shows representative displacement distributions as ex- 

— oo 

pected for water self-diffusion. 
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Deviations from Gaussian distribution functions arise if the translational dis- 
placements are restricted by geometrical constraints, or the space in which diffusion 
takes place is not of an Euclidean nature. An example of the latter case often referred 
to as “anomalous diffusion” is diffusion on random-percolation clusters which are 
known to be fractal within the correlation length ^ [68, 373]. The time dependence 
of the mean-squared displacement by anomalous diffusion often obeys a power law 
of the form 

(r^) = af (18.8) 

Diffusion on random-percolation clusters is characterized by exponents 0 < k: < 1 
(“subdiffusive behavior”). For ordinary unrestricted diffusion (Eq. 18.5) the expo- 
nent is K = 1, and the coefficient is a = 2^D. The case k: > 1 is referred to as 
“superdiffusive behavior.” Examples of the latter are certain consequences of Levy 
walks [69] already discussed in Sect. 14.3.2, and displacements caused by turbulent 
flow [403]. 

The description of diffusion on a fractal object requires a generalization of 
the diffusion equation leading to a modified distribution function. Corresponding 
approaches were reported in [172, 256, 341, 408, 409]. The consequence may be 
the appearance of “stretched Gaussian” distribution functions, where the fractal 
dimensionality plays a crucial role. 




CHAPTER 19 



Main-Field Gradient NMR Diffusometry 



19,1 

The Principle 



The magnetic-resonance signal usually recorded with this measuring technique is 
either a two-pulse Hahn echo or a stimulated echo. The RF pulse sequences (see 
Chap. 2) are applied in the presence of a strong pulsed or steady main-field gradient 



dB 






dz 



(19.1) 



where we have arbitrarily assumed that the gradient is aligned along the z axis of 
the laboratory frame. Field gradients constant within the sample are particularly 
favorable. Figure 19.1 shows the time dependences of the field gradients and of the 
RF pulses which are typically in use. 

In Chap. 2, Hahn spin echoes were treated under the assumption that coherence 
refocusing is entirely reversible. In reality, irreversible phenomena such as relax- 
ation and translational diffusion tend to attenuate the echo amplitude. The complex 
transverse magnetization at the time te, when the echo maximum occurs, is subject 
to diverse attenuation factors: 



m(te) = mo Adiffite) Adcite) Ar(te) (19.2) 

The quantity mo is the complex transverse magnetization expected in the absence 
of irreversible processes as assumed in the treatments in Chap. 2. The attenuation 
factors refer to translational diffusion, the dipolar-correlation effect, and relaxation, 
respectively. Translational displacements of the spin-bearing particles in the course 
of the pulse sequence cause residual shifts (p{te) of the Larmor-precession phase 
at time which are not rephased in the echo-formation process. The diffusion 
attenuation factor is therefore given by the ensemble average^ 

Adiffite) = (19.5) 



^Note that this attenuation factor is analogous to the incoherent scattering function playing 
a crucial role in quasi-elastic incoherent neutron scattering experiments. Consider a stimulated- 
echo experiment with a spatially and temporally constant field gradient (Fig. 19.1). The time 
intervals are supposed to obey i 2 ^ Ti. Formally introducing the “wave vector” q = y„riG 
suggests the phase shift 

(p{te) = q • r(te) - q • r(0) (19.3) 

so that the echo attenuation factor becomes 



(19.4) 
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0 t, t,+T2 2T.+T2 t 



Fig. 19.1. Programs for main-field gradient diffusometry. Pulsed gradients (sequence (G)j) or 
steady gradients (sequence (G)jj) in combination with two-pulse echo sequences (pulse train 
(RF)a) or stimulated echoes (pulse train (RF)^) are in common use. The echoes occur at 
times te = 2 t or ~ 2ti + T 2 . The echo-attenuation factors for all these gradient/RF pulse 
combinations are summarized in Table 19.1. 

which characterizes the degree to which coherences are refocused at time Clearly, 
in the absence of diffusion or within the limit of very short diffusion times, the phase 
shifts of all coherences are zero at and the attenuation factor is equal to 1. In the 
opposite limit* the residual phase shifts are widely distributed, and the attenuation 
factor suppresses the formation of an echo. 

The local flux density of the main magnetic field in the presence of a constant 
gradient G along the z axis of the laboratory frame is given by 

B(z) =flo + Gz (19.6) 



This expression has the structure of the incoherent scattering function. The wave vector q is 
more than of a formal nature. As will be shown below, the pulse sequences employed in field- 
gradient NMR diffusometry produce wavelike magnetization grids characterized by just this 
wavenumber. The effect of translational diffusion is then to smear out the grid. This is the 
real-space variant for explaining NMR diffusometry. Because of the real and static character of 
the “wave” we prefer in the following to use the symbol k instead of q (see Chap. 20). 
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Tabie 19.1. Echo -attenuation factors for ordinary diffusion and mono-exponential relaxation 
(see Eq. 19.2). The pulse sequences refer to the gradient (I or II) and RF (a or b) programs 
shown in Fig. 19.1. Mq is the equilibrium magnetization. The attenuation factors by diffusion 
are treated in Sects. 19.2 and 19.3. 




A spin-bearing particle diffuses from a position z(0) at time 0 to a position z(t) in 
time t. The coherence-phase shift at time t is 

t t 

(pit) = Yn - B(0)] dt' = Yn J Git')lz{t') - z(0)] dt' (19.7) 

0 0 

In a homogeneous infinite medium, the displacements z(f') — z(0) are distributed 
according to a Gaussian function p = p[z(t') — z(0)y f] at any instant (see Eq. 18.4).^ 
The coherence-phase shifts resulting from the time integral at Eq. 19.7 where G(f) 
is assumed to be either constant or zero, consequently are also Gauss distributed 
[128] so that 

The mean squared phase shift, {(p^{t))y has a minimum at time t = tey when the 
echo occurs. Then all “static” phase shifts are refocused as a consequence of the 
echo-formation principle. The remaining echo-attenuation factor is (compare the 
formalism in Sect. 13.2.1) 



Adiffite) = j p^((p,te)e“fd(p 

— oo 



(19.10) 



^This is a consequence of the central limit theorem [147]. It generally states that sums of 
the form 



N 






(19.8) 



which are repeatedly formed of N random and statistically independent variables are dis- 
tributed according to a Gaussian function when N -> cx). An immensely important character- 
istic of this theorem is that the random distribution, with which the variables themselves occur, 
may be arbitrary provided that it is the same for each variable and that its second moment is 
finite. 
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The problem is thus reduced to the calculation of the mean squared deviation of 
the residual phase shift at the time tg. 

In the following, anomalous diffusion and pulsed main-field gradients will be 
considered first. The cases for ordinary diffusion and stationary gradients will 
then be derived from the resulting formalism similar to the treatment presented 
by Karger et al. in [218]. 

19.2 

Pulsed-Gradient Spin-Echo (PGSE) Diffusometry 

Consider two main-field gradient pulses, i.e., the sequence (G)j in Fig. 19.1, in 
combination with any spin-echo RF pulse sequel. The gradients are assumed to 
be aligned along the z axis of the laboratory frame. In order to derive the echo- 
attenuation factor, the mean squared phase shift at time tg must be related to the 
particle displacements in the diverse intervals and pulse delays of the pulse se- 
quence. For this purpose, we first derive the general correlation function of the 
displacements in two intervals t' and t' + T. 



19.2.1 

The Displacement-Correlation Function 

The system in which the diffusion process takes place is assumed to be isotropic so 
that translational diffusion is also isotropic. The correlation function of displace- 
ments r in the three-dimensional space is then related to the correlation function 
of the displacement components along the z axis (i. e., the field-gradient direction) 
according to 

(zaW + T)) = ^(r(f') • r((' + r)) 

Let us now consider the identities 

(r(fO • r(^' + T)) ^ {r\t')) + (r(f') • [r(^' + T)- r(t')]) 

and 

(r\t' + T)) = {[r(t') + {rit' + T)-r(t')}]^) 

= {rHt')) + {[rit' + T)-r(t')]^) 

+ 2{r{t')-[rit' + T)-r(t')]) 

From the latter equation we deduce 
(r(f') • W + T)- r(t')]) = i {rHt' + T))~\ {rHt')) ~ \ {[r(t' + T)- 

(19.14) 

where the mean squared displacement in the last term may be replaced by 

{[r(t' + T)-rit')]^)^{r^\T\) 



(19.11) 

(19.12) 

(19.13) 



(19.15) 
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Inserting Eq. 19.14 into Eq. 19.12, the displacement-correlation function at Eq. 19.11 
may be expressed in the form 

(z(f')z(f' + T)) = Ur\t’)) + 1 {r\t' + T))-\ (r^\T\) (19.16) 

o o o 

This equation relates the displacement-correlation function with the mean squared 
displacements in the intervals considered. Inserting Eq. 18.8 leads to the displace- 
ment-correlation function for anomalous diffusion 

{z(t')z(t' + T)) = ^ [it' + TY + t"‘- irr] (19.17) 



19.2.2 

The Mean Squared Phase Shift 

The mean square of the residual phase shift at the echo maximum can be calculated 
using Eq. 19.7. The times defining the gradient and RF pulse intervals are given in 
Fig. 19.1. The echoes occur at times te = 2t or te = 2ti -h i 2 for two-pulse Hahn 
or stimulated echoes, respectively. “Static” phase shifts by inhomogeneities and 
gradients are compensated in the echo-formation process. What remains are phase 
shifts caused by incomplete refocusing owing to diffusional displacements. The 
phase shift of a representative (“tagged”) spin is the difference between the phase 
changes adopted in the presence of the two gradient pulses. 



(pite) = YnG 



to+(5 

J z(f) dt' — 

- k 



fo+A+(5 

f z(t') dt' 

to+A 



(19.18) 



The minus sign stands for the coherence-phase shift induced by the RF pulses 
between the gradient pulses (compare the Hahn-echo treatments in Chap. 2). Taking 
the square of Eq. 19.18 and averaging over the spin ensemble leads to the mean 
squared phase shift (see the gradient intervals of pulse train (G)j in Fig. 19.1) 



{(pHte)) = YnG^ 



fo+A+6 

J z(t') dt' — J z{t') dt' 



In'l 



= YnG 



L k fo+A 

fo+^ fo+^ fo+A-t-^ fo+A+<5 

J dt' j dt" {z{t')zit")) + j dt' J dt" {zit')z(t")) 



L k k 
to+<5 fo-l-A+<5 

/-/ 

k fo+A 



fo+A to+A 



dt" {z(t')z(t")) 
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VnG^ 



+ 



fo+A+(5 


fo+A+6— 




/ 


fo+A 


fo+A— f' 



to-f-S to+S—t' 

/ (z(f)z(t' + T)) 

L ^0 to-t' 

to+S 

dT{z(t')z(t' + T))-2 j d^' J dr (z(r')z(f' + T)) 



fo fo+A— f' 



(19.19) 



where t" has been substituted by a new integration variable defined by 

T = t" - t' (19.20) 



Recalling the stationarity property of equilibrium systems, we may arbitrarily 
choose fo = 0 for convenience. That is, the experiment is, effectively, to begin 
at time 0. Any prehistory is irrelevant. Replacing the integrands by Eq. 19.17 and 
carrying out the integrations leads to the mean squared phase shift 






lay^G^ 



3(k + l)(jc + 2) 



(A + (5) 



K+2 



+ J(A. 



A) 



k -\~2 



iK+2 



CK+2 



(19.21) 



19.2.3 

The Echo-Attenuation Factor for Anomalous Diffusion 

With the above result the echo-attenuation factor at Eq. 19.10 reads 



Adiff(d,A) = 




f ^ynG^ 

exp < — 


~{A + + -(A- - A'^+2 - <5*^+2 


) 


\ 3(k: -h V){k -|- 2) 


2 2 


J 



(19.22) 



In the limit of short field-gradient pulses, d ^ A, which is often fulfilled under 
practical conditions, this reduces in second-order approximation to 

^ exp { } = exp { } (19.23) 

where we have introduced the “wavenumber” 

k - y„GS (19.24) 

These results have been derived assuming the general mean-squared displacement 
power law at Eq. 18.8. It should be noted, however, that a crucial assumption in the 
derivations was that the probability density of the displacements is Gaussian (see 
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Eq. 18.3). Strictly speaking this contradicts the character of anomalous diffusion, 
but - with some caution - may be taken as an approximation of non-Gaussian dis- 
tribution function arising if the displacement steps underlie topological restraints.^ 

19.2.4 

The Echo-Attenuation Factor for Ordinary Diffusion 

In the case of unrestricted ordinary diffusion, i.e., k = I and a = 6D, Eq. 19.22 
adopts the form of the Stejskal/Tanner expression [472] 

(19.25) 

Considering the limit 6 A again, we have 

^ exp { — = exp { —k^DA } (19.26) 

where the wavenumber k is given by Eq. 19.24. 

19.2.5 

Direct Evaluation of the Mean Squared Displacement 

In the limit d A, the echo -attenuation factor may be represented by 

k^(r^(A)) I (19.27) 

commonly for ordinary and anomalous diffusion (see Eqs. 19.23 and 19.26), where 
we have inserted Eq. 18.8. Solving this equation results in 

(19.28) 

Recording the echo-attenuation factor for constant wavenumber k thus permits one 
to evaluate the time dependence of the mean squared displacement (r^} = (r^(A)). 

19.3 

Steady-Gradient Spin-Echo (SGSE) Diffusometry 

The PGSE method described and treated in Sect. 19.2 has the advantage that the 
gradients can be varied without distorting the homogeneous excitation of the sample 
by the RF pulses. Varying the gradient strength means that all time intervals of the 
pulse sequences (see Fig. 19.1) can be kept constant, so that the time scale to which 
the experiment refers is well defined. 

^ An explicit treatment for a non-Gaussian probability density of displacements can be found 
in Sect. 22.2 for polymer diffusion (“reptation”). 
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Nevertheless, steady-gradient spin-echo diffusometry, which was already sug- 
gested when spin echoes were discovered and first applied for the determination of 
dynamic parameters of liquids [83, 186, 308, 518], remains of considerable interest. 
It was recently revived as a method of exploiting the extremely strong and stable 
magnetic-field gradients in the fringe fields of ordinary superconducting magnets 
[240]. Superconducting “anti-Helmholtz” coil magnets especially designed for this 
purpose produce even stronger field gradients [153]. This supercon-fringe field 
steady-gradient spin-echo (SFF-SGSE) technique does not require any power sup- 
ply for the generation of the gradients, and is suitable for the investigation of very 
slow diffusion phenomena. 

Compared with the conventional PGSE technique [70, 217, 474] and the MASSEY 
variant of it [74], the available magnetic field gradients are extremely strong (40 
to 200 T/m) and perfectly stable as far as vibrations of the building can be ex- 
cluded. The encoding efficiency in the dephasing and rephasing intervals is optimal 
because no time is lost by switching the gradients on and off. Thus relatively low 
mean-squared displacements can be studied even in viscous systems having short 
transverse relaxation times. 

Due to the limited RF bandwidth, slices rather than the whole samples are excited 
in the presence of such strong field gradients (see Sect. 25.1). However, the slice 
widths are easily much greater than the maximal root mean squared displacement 
of the molecules. Diffusion into or out of the excited regions during the intervals 
sensitive to displacements can therefore be regarded as negligible, and need not to 
be considered as an echo-attenuation mechanism. 



19.3.1 

Echo-Attenuation Factors 



The echo-attenuation factors for the SGSE variant are already implied in the PGSE 
formulae derived in the previous sections. We must merely set to = 0, 6 = A = t 
in the case of two-pulse Hahn spin echoes (sequence (RF)a in Fig. 19.1), or fo = 0, 
d = Ti, A = i 2 -}- Ti in context with stimulated echoes (sequence (RF)j^ in Fig. 19.1). 
The results are as follows. 

Two-pulse Hahn spin echo; anomalous diffusion: 



Adiffir) = exp 



{ 



2aYnG^ 

3(k + 1)(k' + 2) 



( 2 '‘ 




Two-pulse Hahn spin echo; ordinary diffusion: 



Adiff(r) = exp 






(19.29) 



(19.30) 



Stimulated echo; anomalous diffusion: 



Adi/f(Tl,T 2 ) = exp I ~ 3 ( 4 ii(t+ 2 ) [ 2 ( 2^1 + 1 - 2 )'^+^ + 1^2+^ - (ti + 12)'^+^ - rj^+^] } 



(19.31) 
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In the limit T 2 ^ Ti , the latter formula can be approximated by 



Adiff(T»Ti) ^ exp 



{ 



hX^|=exp|-h?<r^fe))| 



where 

h = YnGTi 

Stimulated echo; ordinary diffusion: 



Adiff{TuT2) = exp 




With the limit i 2 ii, this expression approaches 



Adiff(T»Ti) « exp { -klDT 2 



} = exp| -^kl{rHT 2 )) I 



(19.32) 



(19.33) 



(19.34) 



(19.35) 



19.3.2 

Relaxation-Compensated Pulse Sequences 

The SFF variant of NMR diffusometry excludes the variation of the gradient. There- 
fore the attenuation factors due to relaxation, Ar(te)y^s well as to diffusion, Adiff(te)y 
affect the echo amplitude (Eq. 19.2). In order to be able to measure the latter without 
knowledge of the former, a number of special pulse sequences have been suggested 
permitting relaxation-compensated evaluations [118, 248]. Examples are shown in 
Fig. 19.2. The prerequisite of these methods is that there is no residual dipolar (or 
quadrupolar) coupling. Otherwise the dipolar-correlation effect (or its quadrupolar- 
coupling counterpart) must be taken into account (Chap. 17). 

The pulse trains in Fig. 19.2 consist of three or five pulses. Because of the partial 
refocusing effect of the 180° pulses in pulse train (b), the relevant echo appears 
an interval 2r later than with the three-pulse sequence (a). The insensitivity of the 
diffusion decays to the influence of relaxation is achieved by forming the quotient of 
the stimulated and primary echo signals and/or by keeping the relaxation sensitive 
intervals constant. 

Three-Pulse SFF Method (Fig. 19.2a) 

The primary and the stimulated echoes are acquired in each transient. Half of the 
transverse magnetization dephased in the first S interval is refocused by the second 
90° pulse and forms the primary echo at time t = 26. For ordinary diffusion and 
mono-exponential relaxation curves, the amplitude is (Table 19.1 on page 181) 

1 f 2 , 26 ] 

mp(ki) = -Mo exp ~ jr j (19.36) 



where 



ki = y„G6 = YnGh 



(19.37) 
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(f)x (f)y pe. (f)y st.e. 




tl t2 



Fig. 19.2. RF pulse sequences for the determination of the echo-attenuation factor due to dif- 
fusion, Adiffy without knowledge of that for relaxation, The pulse sequences are applied 
in the presence of a steady gradient, a) three-pulse Hahn echo sequence - the amplitudes of 
the primary (p.e.) and the stimulated echoes (st.e.) are recorded and divided by each other; 
b) five-pulse sequence - the coherences are partially refocused by n pulses in the (constant) 
Ti intervals. The time domains considered in two-dimensional evaluations are designated by ti 
and tj. Only those spin echoes which are relevant for the technique and which are acquired in 
the experiments are indicated. The prerequisite of these techniques is that there is no residual 
dipolar or quadrupolar coupling (compare Chap. 17). 

The other half of the dephased transverse magnetization is “stored” as ± compo- 
nents of the z magnetization and is read out in the form of the stimulated echo 
after a delay A. The free-induction decay envelope obeys 

m(kuk2) = Mo j g-(A-a)/r, 

where 

k2 = YnGt2 ( 19 . 39 ) 

The integral covers the whole slice width along the z gradient direction. The max- 
imum of the stimulated echo is reached for the condition k\ = /12. 
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The quotient of the stimulated-echo FID (Eq. 19.38) and the amplitude of the 
primary echo (Eq. 19.36) is 



S(ki,k2) 



^ m{ki,k2) 

ihpiki) 

= 2 f dz 



(19.40) 



where i 2 = A — <5. In this expression, the transverse relaxation factor has been 
canceled whereas the spin-lattice relaxation term can be kept constant for fixed i 2 
intervals. In pure fc-domain experiments only the maximum of the stimulated echo 
is of interest, and the signal function is reduced to 

S(ki =k 2 )= J dz (19.41) 

Note that the quantity S(/ci, /C 2 ) represents a “two-dimensional fc-domain signal.” 
Five-Pulse SFF Method (Fig. 19.2b) 

In the pulse scheme at Fig. 19.2b, the dephased coherences are partially rephased 
in the first (constant) Ti interval using a 180° pulse. The remaining dephasing of 
the coherences is analogous to a PGSE experiment where the two 6 sections of 
the stationary gradient correspond to the gradient “pulses.” The following diffusion 
and relaxation attenuation factors (Table 19.1 on page 181) and coherence-evolution 
terms (see Sect. 2.2) must be taken into account: 

• losses by transverse relaxation in the two ii intervals, i.e., a factor a exp{— 2 ri/T 2 } 

• losses by longitudinal relaxation in the 12 interval, i.e., a factor a exp{— T 2 /T 1 } 

• attenuation by translational diffusion in the four r intervals during which further 
dephasing of the coherences is compensated, i.e., a factor 

exp {-|iy2G2(ri - (5)^} 

• attenuation by translational diffusion during and between the two S intervals, 
i.e., a factor a exp{-DY^G^S^ (t2 + |6)} 

• coherence evolution during the first 6 interval in gradient induced frequency 
offsets (dephasing from the initial y direction of the rotating frame), i.e., a 
factor a iexp{—ikiz} 

• the same in time f 2 > he., a factor a i exp{z/c 2 z} 

Taking all factors together and integrating over the sensitive slice leads to the signal 
function (divided by zMo/2) 



S(kiyk2) = y* e~l>^«G^^hi-3(5T2+3(52(ri+2T2)+3(53] ^-2ti/T2 0^(^2-ki)z 

_ J g~lD[y^(^h^,-3Y„GT^^ki+3(r,+2r2)k]+:^k{\ g-2r,/r2 gife-/ci)z 



(19.42) 
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The condition for the maximum of the stimulated echo is k\ = k2y i.e., t2 = S. The 
signal is then given by 

S{ki = k 2 ) = j e"6 0[r„^G^rf-3r„GTf*;i+3(ri+2r2)/i?+^*:j] g-Ti/I, ( 19 . 43 ) 

Diffusion experiments are carried out by varying time t\ = d, but keeping the 
intervals Ti and T2 constant. The intervals r therefore must be varied complemen- 
tarily. The relaxation attenuation factors then remain constant, and the decay of the 
stimulated echo amplitude is determined solely by translational diffusion. 




CHAPTER 20 



Reciprocal- vs Real-Space Representations 



In the above description of NMR diffusometry experiments, a quantity k was intro- 
duced which was formally identified with a “wavenumber.” As already stated several 
times, the wavenumber addressed by coherence evolution under the influence of a 
field gradient G of duration Ti is 



k = YnGr, ( 20 . 1 ) 

In the following we will show that the wavenumber is not just of a formal 
nature in this context. It is real in the sense that wavelike magnetization patterns^ 
are generated in the course of field-gradient NMR diffusometry experiments. The 
wavelength corresponds exactly to the wavenumber at Eq. 20.1. The “waves” can be 
directly visualized with the aid of magnetic-resonance imaging techniques. 

This suggests two alternative views of field-gradient NMR diffusometry which 
are of particular interest if diffusion is affected by geometrical constraints, as is the 
case in porous media, for instance (compare also [346, 347, 441]). 

• First, the method can be regarded as an experiment probing the reciprocal space 
in a certain analogy to optical diffraction [75, 77, 100] (compare footnote 1 on 
page 179). The idea is to translate formalisms known for light diffraction at 
geometrical objects into rules for translational diffusion in similar geometri- 
cal confinements. If the wavenumber at Eq. 20.1 matches the length scale of 
the constraints, one expects “diffraction-like” patterns in the echo-attenuation 
curves. 

• The second reading is that the field-gradient NMR diffusometry experiment pro- 
duces an undulated non- equilibrium magnetization distribution in real space. 
This wave-like pattern is then reexamined at the end of the diffusion interval 
concerning effects by translational displacements. In the case of geometrical con- 
finements, the wavelike magnetization distribution is modulated by the structure 
of the material. If the wavelength matches the length scale of the constraints, one 
expects length-scale related diffusion effects. If desired, the phenomena can be 
probed with the aid of NMR imaging methods with the same spatial sensitivity 
as relevant for the reciprocal-space interpretation (see Eq. 20.18 and Chap. 32). 



^ An analogous phenomenon has already been discussed in the treatment of multiple echoes 
(Sect. 2.4). 
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20.1 

The Generalized Reciprocal-Space Formalism 

Assuming the gradient aligned along the z axis, the wavenumber k and the displace- 
ment z can be considered to form a pair of conjugated variables. The relaxation- 
compensated amplitude of a stimulated echo generated by a three-pulse sequence 
with the intervals ii and i 2 (see Fig. 19.2, for instance) can be expressed in the form 
of the convolution [76] 

AdiffiK T 2 ) = |5o(fc)P p(ky T 2 ) 0 L(k) (t 2 » Ti) (20.2) 

Three factors are important. 

a) The Fourier transform of the displacement distribution is 

p(ky T 2 ) = ^zipiz, T 2 )}, (20.3) 

where p(z, T 2 ) is the normalized distribution of displacements z in the interval 
T2- 

This formalism is to include the case of systems with geometrical constraints or 
other heterogeneities. Therefore, a distribution of local diffusion coefficients may 
occur. We take this into account by considering the mean diffusion coefficient 
b. As an average it is independent of the displacement, so that p(z,T 2 ) may be 
represented by the Gaussian function (Eq. 18.3) 

p(z, T 2 ) = {-z^/(4i>T2)} (20.4) 

The Fourier transform is (Table 42.3 on page 401) 

p{k,T2) = TAP(z,T2)] = exp(-fc^DT2) (T2 » Ti) (20.5) 

The width of this diffusion profile function is characterized by 

(Akh = {Dt2)~''^ (20.6) 

b) The Fourier transform of the microstructural correlation function, 

L(k) = TAL(z)h (20.7) 

characterizing the spatial correlation of the diffusion properties at different posi- 
tions. This function in particular reflects any structural periodicity with respect 
to diffusion properties. In the ideal case of a lattice-like structure, it adopts the 
form of a comb of delta functions. In amorphous systems, on the other hand, 
the correlation of diffusion properties is expected to vary analogously to the 
familiar density-density correlation functions of ordered media. The function 
L(k) thus causes a modulation of the echo decay curves by the microstructural 
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modes of the system. The first peak or shoulder of the modulated echo decay 
curve is expected at 

ks ^ 2nb~^ ( 20 . 8 ) 

where b is the correlation length. To reveal itself in diffusion experiments, L(/c) 
must be quasi-stationary, i.e., the mean lifetime of the structural modes must 
exceed the diffusion time T 2 . 

c) The average form factor, |So(/c)p, finally characterizes the shape of the regions 
in which diffusion takes place homogeneously without any constraint. The form 
factor for spherical domains, for instance, is [76] 



|5o(fc)P 



9 [kacos{ka) — sin(ka)]^ 

{kaY 

exp{— /c^a^/5} for ka <^\ 



(20.9) 



where a is the radius. |So(/c)P is also assumed to be quasi-stationary relative to 
the time scale of diffusion experiments. 

In the absence of any structural heterogeneity in the sample, the echo amplitude, 
AdiffiK T 2 ), decays solely according to the diffusion profile function at Eq. 20.5. This 
is the regular situation one expects in homogeneous liquids. On the other hand, 
if the liquid is confined to a porous medium, for instance, diffusion is restricted 
by the microstructure of the pore cavities and capillaries. Callaghan et al. [75, 77] 
have demonstrated with such systems that the diffusion attenuation curves are 
modulated in a pronounced way if the pore radius a and the nearest neighbor pore 
distance b comply with k ^ 2nb~^ or k ^ 2na~^. Vice versa, modulations of this 
sort in experimental diffusion decay curves indicate microstructural constraints of 
diffusion. 



20.2 

The Real-Space Representation 

In this notion, a field-gradient diffusometry experiment consists of a preparation 
interval in which a non-equilibrium magnetization distribution is produced in the 
form of a ‘‘magnetization grid” (or grating). That is, the magnetization is spatially 
modulated along the gradient direction. The consequence of translational displace- 
ments is then that the grid tends to be leveled off. This process can directly be 
observed by imaging the grid after a certain diffusion interval [248, 428]. 



20.2.1 

The Longitudinal-Magnetization Grid 

A stimulated-echo pulse sequence (Figs. 19.1 or 19.2a) may be discussed in terms 
of three subsequent steps (compare Fig. 8.1). Initially, the desired magnetization 
distribution is prepared with the aid of a hard composite pulse consisting of the first 
two RF pulses of the sequence. “Hard” means that the RF amplitude is much greater 
than any gradient induced frequency-offsets. Then an interval follows in which the 
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spatial magnetization distribution is modified by diffusive displacements.^ The last 
section serves the detection of the final magnetization distribution. 

The nominal flip angle of each moiety of the initial excitation double-pulse is 
assumed to be 90°. It is clear that the pulse spacing ti must not exceed the mean 
lifetime of the locally coherent spin states, i.e., the transverse relaxation time T 2 .^ 
Otherwise it would not be permitted to regard the first two RF pulses as a composite 
excitation unit (apart from the fact that the whole experiment would not make much 
sense in that case). 

For the sake of simplicity, the composite excitation pulse is treated as a pair of 
delta function pulses separated by the interval ii. The first pulse is applied at time 
0. The Fourier transform is then 

F((x)) = 1 + exp(zQri) (20.10) 

(compare Table 42.1 on page 399). That is, the sample is excited with a sinusoidal 
profile. 

Let us now assume a constant Bq gradient in the z direction, for instance, so that 
the local frequency offset from resonance is Q = Q(z). The hard double RF pulse 
obviously leaves the magnetization untouched at all positions where 

Q(z) = (j = 0,1,2,...) (20.11) 

^1 

This point of view shows that spins located at these positions do not “sense” the 
double pulse at all. On the other hand, spins at positions corresponding to 

Q(z)=^ (; = 0,1,2,...) (20.12) 

A 

are excited the most. That is, the longitudinal magnetization is reversed at these 
locations. 

After the double pulse, the longitudinal magnetization consequently forms a si- 
nusoidal magnetization grid. As a non-equilibrium distribution, this magnetization 
grating is disposed to become more or less leveled off owing to translational diffu- 
sion (apart from relaxation) in the course of the subsequent interval.^ The third RF 



^As a competitive mechanism, relaxation also contributes in a competitive manner, but, as 
described above, can be compensated for experimentally. Furthermore, coherent flow may be 
relevant if present. This will be considered in more detail in context with the MAGROFI method 
(Sect. 21). 

^This does not refer to the dephasing time T 2 in the field gradient which tends to be much 
less than the pulse separation, of course. 

^There is a complete analogy [428] to the optical “forced Rayleigh scattering” technique 
(also called “holographic grating”) [21, 137, 297, 387, 456]. With the forced Rayleigh scattering 
method the diffusing molecules are labeled with photochromic groups. A grid of excited regions 
with different indices of refraction is produced by crossed laser beams at the beginning of 
the experiment. The diffusion of molecules into the excited regions (and vice versa) is then 
measured by diffraction of a probe beam incident at the Bragg angle. In the NMR case, the 
magnetization is the analog to the concentration of the photochromic molecules. 
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pulse of the sequence finally “reads” the magnetization grid. This may be performed 
in an accumulated form of a stimulated echo (as depicted before) or directly as a 
frequency-encoding magnetic resonance imaging procedure (see below). ^ 

The spatial distribution of the magnetization, Mz(zq,0), immediately after the 
double-pulse excitation is now considered as the initial situation of the subsequent 
diffusion period t. The diffusion propagator is (Eq. 18.4) 

where Zq and z are the gradient-relevant coordinates of a spin at the times 0 and 
t, respectively. The magnetization profile at time t is composed in the form of the 
integral over all initial positions, i.e., of the convolution 

oo 

Mz(z, f) = y -Mz(zo. 0) p{z - Zo, t) dzo = M^iz, 0) ® p(z, t) (20.14) 

— OO 

That is, the spin ensemble defined by the gradient-relevant coordinate z at time t 
cannot be traced back to a certain initial position. Only probabilistic statements are 
possible. 

The initial magnetization grid may be described by 

Mz(zoyO) = Mo cos(fczo) (20.15) 

Inserting this and Eq. 20.13 into Eq. 20.14 gives 

M^(z,t) = j cos(fczo) exp I dxo = Mq cos(fcz) 

— OO 

(20.16) 

Evidently the initially sinusoidal magnetization profile is conserved at later times. 
The grid amplitude merely decays towards zero independent of the position while 
the grid wavelength remains the same (see Fig. 20.1). 

The reason why this magnetization grid does not become so evident in the usual 
experimental field-gradient diffusometry procedure is that the signals are usually 
detected in the form of a stimulated echo in the absence of field gradients. In 
the presence of read-out field gradients, however, one records a reciprocal-space 
(k space) signal, the Fourier transform of which directly renders a one-dimensional 
image of the magnetization grid in real space spread along the z axis (for z gradi- 
ents) (compare Sect. 25.3). This can be done either on the basis of the free-induction 
decay directly after the reading pulse or by recording the stimulated echo. 



^Note that the third RF pulse is usually applied after a time much longer than the lifetime 
of the locally coherent spin states, Tiy so that it does not take part in the primary-excitation 
scheme described above. It therefore only makes sense to consider the first two RF pulses as a 
composite excitation pulse rather than the whole sequence. 
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Fig. 20.1 . Attenuation of the longitudinal-magnetization grid by self-diffusion. The field gradient 
is assumed to be aligned along the x axis. The profiles were calculated on the basis of Eq. 20.16 
assuming for the diffusivity that of water at room temperature (D — 2 • 10“^ m^/s). The 
wavenumber was set k = 10^ m“^ corresponding to a ri interval of 75 ps for proton resonance 
and a field gradient of 10 Tm“^ 



20.2.2 

One-Dimensional Real-Space Evaluation 



As a typical example, we consider the signal function S(ki,k 2 ) in Eq. 19.40 which 
was derived in context with the three-pulse SFF technique. The one-dimensional 
Fourier transform to the Z 2 domain conjugated to the /c 2 domain is 



S(kuZ2) 



00 

A j S(kuk2) dk2 

— CO 

2^-n/c2T2 ^-nlTi ^ikiZ2 



(20.17) 



The cosine of the real part of Eq. 20.17 indicates the modulation of the signals along 
the Z 2 direction. The wavelength is 



27 t _ In 

fci “ y„G(5 



(20.18) 



Figure 20.2 shows a series of experimental grid patterns. 



20.2.3 

Two-Dimensional Real-Space Evaluation 



The 22 domain function S(ki,Z 2 ) still depends on ky according to Eq. 20.17. A 
second Fourier transform now with respect to k\ leads to the two-dimensional 
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Fig. 20.2. Magnetization grids in the Z 2 domain derived as the numerical /c 2 Fourier transform 
of experimental stimulated-echo data of glycerol. The measurements were carried out with 
pulse sequence at Fig. 19.2a. The parameter ki = YnGS was varied as indicated whereas i 2 was 
kept constant. The envelope is due to the finite bandwidth of the RF pulses and corresponds to 
the profile g(z 2 ) across the excited slice. (This factor is not included in Eq. 20,17). The plotted 
signal is proportional to S(ki, Z 2 )g(z 2 ). (Reproduced by permission from ref. [248]) 



intensity distribution: 



l(zi,Z2) = ^ J S{kuZ 2 ) dki 

— OO 




(20.19) 



The maximal intensity is concentrated on the diagonal defined by Zi = Z 2 . The 
diagonal intensity function is 



5(Zi = Zz) 




( 20 . 20 ) 



The “cross intensity” for Zi ^ Zz reflects the diffusion of nuclei from the initial 
position Zi to the final position Z 2 . Thus, the two-dimensional real-space treat- 
ment of stimulated-echo/field-gradient experiments directly mirrors the probability 
P(zi, 0 |z 2 , 0 that a particle is at a position Zi at time 0 and at a position Z 2 at time 
t [248]. 
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20.2.4 

Geometrical Confinements 



In the presence of confinements of the diffusing particles in a pore space such as a 
percolation cluster (of sufficient extension), for instance, the magnetization grid is 
modulated itself by the excluded volume. The initial magnetization grid may then 
be represented by 

Mz(zoyO) = Mo p(zo) cos(kzo) (20.21) 

where p(zo) is the probability that the position Zq is in the pore space, and Mq is 
the equilibrium magnetization in the pores. In an interval r the grid evolves to 

oo 

Mz(z,r)= y P(zo,z,r)Mz(zo,0)dzo (20.22) 

— OO 

The conditional probability density that a particle is found at z at time r if it was 
at Zq at time 0 is denoted by P(zq, z, r). This function may be analyzed into 



P(zo, z, t) = p{z)p{z - Zo, r) 



(20.23) 



where p(z — Zq, r) is the diffusion propagator. We now introduce the pore-space 
correlation function 

Gpiz - Zo) = - ^o)) ^20.24) 

(P^> 

which is assumed to be even and independent from the absolute position.^ The 
brackets indicate the average over all positions with the initial and final coordinates 
Zo and z. Note that the pore-space correlation function approaches a finite constant 
value for distances large compared with the correlation length. 

The substitution ^ = Zq — z leads to the combined formula for the average 
magnetization at the coordinate z 



M 



oo 

:(z,t)=Mo j GpiQp{i,r)cos[k{z + ;)]d^ (20.25) 



The cosine function can be broken down into cosine and sine functions of the 
individual terms of the sum argument. Only terms with even parity contribute to 
the integral so that 



M^{z,t) = Mo cos(fcz) j GpiQ cos(k0d^ 

— OO 

This convolution may be rewritten in the form 

oo 

Mz(z, r) = Mo cos(fcz) J Gp{k')p{k — k',T) dk' 



(20.26) 



(20.27) 



®This property implies “coarse-grain homogeneity and isotropy” of the system. 
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where Gp and p are the spatial Fourier transforms of pore-space correlation function 
Gp and the propagator p, respectively. 

For ordinary diffusion in a homogeneous medium in bulk, we have Gp{Q = 1, 
i.e., Gp(k) = 27T<5(fc), and p(fc, r) = exp{—k^Dr}. Inserting this into Eq. 20.27 readily 
reproduces the result at Eq. 20.16, i.e., 

Mz{Zyi) = Mo cos(kz) (20.28) 




CHAPTER 21 



RF-Field-Gradient NMR Diffusometry 



Diffusion can be also studied with the aid of gradients of the RF amplitude, Ri, 
instead of Bq gradients considered up to now. Several experimental procedures 
have been suggested on this basis [55, 81, 131, 216, 249]. In the following, a Bi- 
gradient method for diffusion and flow measurements will be delineated which 
is entirely analogous to the above real-space evaluation scheme for Rq - gradient 
diffusometry. The principle is to prepare a magnetization grid and then, after a 
certain displacement interval, to image the modifled grid [249]. This magnetization- 
grid rotating-frame imaging (MAGROFI) technique is a pure magnetization pattern 
generation/imaging procedure. 



21.1 

Magnetization-Grid Rotating-Frame Imaging 

Figure 21.1 shows the RF-pulse sequence to be considered in the following. It con- 
sists of two pulses which are varied in length or, equivalently, in amplitude. The RF 
coil geometry is chosen in such a way that a strong gradient of the RF amplitude Bi 
is produced. Due to this Bi gradient, the sample is excited inhomogeneously and 
the flip angle varies along the gradient direction. The first pulse thus produces a 
longitudinal-magnetization grid apart from transverse magnetization. 
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Fig. 21.1. RF-pulse sequence of the magnetization-grid rotating-frame imaging (MAGROFI) 
technique. The second (reading) pulse images the z-magnetization grid produced by the first 
(preparation) pulse. The imaging procedure is rotating-frame imaging (Chap. 34). The flip 
angles of the pulses, ap and a^, depend on the position x according to the JBi gradient assumed 
in the x direction. AQ, acquisition interval. The reading pulse is incremented in length or, 
equivalently, in amplitude. 
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The initially excited transverse magnetization is of no further interest. It decays 
by transverse relaxation or is spoiled by moderate Bq inhomogeneities which may 
deliberately be applied for this particular purpose.^ 

In the interval r between the RF pulses, displacements by diffusion (or flow) 
tend to level (or shift) the longitudinal-magnetization grid. Competitively the grid 
is fading away by spin-lattice relaxation, of course. As several phenomena affect the 
magnetization grid during r, one may generally speak of the “evolution interval.” 
The final distribution of the longitudinal magnetization is then imaged with the 
aid of rotating-frame imaging (Chap. 34) using the same RF coil, i.e., the same Bi 
gradients. A pseudo free-induction decay is generated by incrementing the length or 
amplitude of the reading pulse. The Fourier transform of these nutation-frequency 
encoded signal data forms a one-dimensional image which directly renders the 
effects of diffusion, flow, and relaxation on the magnetization grid visible. 

The jBi gradient is assumed to be aligned along the x axis of the laboratory frame. 
The influence of relaxation, diffusion, and flow during the RF pulses is neglected. 
That is, the RF pulses are assumed to be sufficiently short. 

Assuming a homogeneous sample, the initial magnetization can be set homoge- 
neously equal to the Curie magnetization, 

Mz(x,0—) = Mq = const (21.1) 



The first RF pulse serves for the preparation of the magnetization grid by producing 
a local flip angle ap(x) = YnBi(x)Tp, where tp is the preparation pulse length. The 
z magnetization is thus 

Mz(Xy 0+) = Mo cos ap(x) (21.2) 

The origin of the x axis is arbitrarily defined by any position where the effective flip 
angle is zero. For the sake of simplicity but without loss of generality, we further 
assume a linear variation of Bi with x, i.e., a constant B\ gradient Gi. The preparation 
pulse then defines the wavenumber 



kp = Yn\Gi\Tp (21.3) 

Equation 21.2 can be rewritten with ap(x) = kpX as 

Mz(XyO-\-) = Mq cos(fcpx) (21.4) 

The longitudinal magnetization after the interval r is 



M. 



:(X, T-) = Mq- Mq- Mz(X, 0+)^ 



-r/Ti 



(21.5) 



where we have assumed homogeneous and monoexponential spin-lattice relaxation 
which is not affected by transport of matter. This assumption again serves for ease 



^Note that no spin echo or double-pulse excitation are employed in this case. The Bq gradi- 
ents are therefore irrelevant for the diffusion measurement. 
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of treatment and does not restrict the general applicability of the, principle. The 
quantity Mz{x,0-\-f is the magnetization formed by those spins which are located 
at position x at time r, irrespective of their initial position. We are dealing with 
partial spin ensembles defined by common positions x at time r, but more or less 
extended spatial distributions at time zero. The link is given by the propagator for 
diffusion and flow during r. 

With the attenuation factor for ordinary diffusion (Eq. 19.26) and the phase shift 
expected for coherent flow in the interval r, we obtain 

Mz{x,0-\-f = Mo cos(kpX + kpvr) (21.6) 



where v is the flow velocity component along the Bi gradient. A schematic represen- 
tation of this longitudinal-magnetization grid can be found in Fig. 20.1. Inserting 
Eq. 21.6 into Eq. 21.5 gives 



Mz(XyT~) = Mo 



1 + 1 cos(kpX + kpin)e ~ ^ } 



p-r/Ti 



(21.7) 



This magnetization is then read out by the second RF pulse with the local flip angle 
ar(Xr) = Yn\Gi\^rT^r incremented in a series of cycles. The pulse phase is assumed 
corresponding to the —y rotating- frame axis. The free-induction signal at time taq 
is represented by 



j^l + |cos(fcpX + kpvr)e~^^^p^ — l| e' 



■r/T, 



Bi (Xr) sin{krXr) dXr (21.8) 



where kr = Yn\Gi\Tr and coq = Yn^o- The factor Bi(Xr) takes into account the 
dependence of the detection sensitivity on the voxel-to-coil distance. Transverse 
relaxation is assumed to be monoexponential for simplicity again without loss of 
generality. 

The magnetization-grid shape function is then reproduced by the Fourier trans- 
form from the kr to the Xr space: 



S(kpyXryTytaq) — ^aq)] 

(X { [l - 

cos{kpXr + kpvr)e~^^^p^^ (21.9) 

The curled bracket expression on the right-hand side consists of two terms. The 
first refers solely to spin-lattice relaxation during the evolution interval. The second 
term represents the magnetization grid modified by diffusion, flow, and spin-lattice 
relaxation. All three contributions can be unambiguously distinguished and deter- 
mined in experimental evaluations. 

• The baseline of the magnetization grid is determined by the first term. Evaluating 
the r dependence of the baseline shift permits one to determine the spin-lattice 
relaxation time Ti independent of any influence of flow or diffusion. 
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• The diffusion coefficient D can be evaluated by plotting the amplitude of the 
grid function (second term) vs kp. For a given diffusion time r, the amplitude 
is attenuated exponentially with increasing /c^. As only the grid amplitude is 
evaluated, this procedure is independent of any baseline shift by spin-lattice 
relaxation or of any flow shift of the grid. Note that neither Ti nor T 2 losses 
during r affect this evaluation. 

• Alternatively, the diffusion coefficient can be evaluated on the basis of the r in- 
stead of the kp dependence. In this case, the grid amplitudes can be corrected for 
attenuation by spin-lattice relaxation by exploiting the baseline shift recorded 
in the same experiment. Thus one first evaluates Ti and then the diffusion coef- 
ficient. 

• The flow-velocity component v along the gradient direction can be directly 
evaluated from the r dependence of the grid phase. None of the other observables 
are required for this determination. The resolution of the velocity determination 
becomes better with increasing kp values, i.e., with shorter repeat distances of 
the grid. 

It should be noted that all evaluations mentioned above are intrinsically carried out 
with a certain spatial resolution. As one images the whole grid, the information is 
available for all positions along the Bi gradient. 



21.1.1 

Rapid MAGROFI Diffusometry 

The conventional rotating-frame imaging technique can be replaced by a multipulse 
variant producing a pseudo-FID in a single scan (Sect. 34.3 [314, 340]). In the 
absence of any frequency offsets, such pulse sequences are suitable for rapid data 
acquisition. A corresponding pulse scheme is shown in Fig. 21.2. 

It may be favorable not to image the actual grid as it is effective during the 
diffusion interval, but to stretch the grid wavelength just for imaging purposes 
so that the required spatial resolution is feasible and independent of the actual 
grid wavelength during the diffusion interval. This can be achieved by applying a 
pulse compensating the variable part of the preparation pulse before the grid is 
imaged using the rapid rotating-frame imaging method. The diffusion coefficient is 
determined from the t\ dependence of the amplitude of the stretched longitudinal- 
magnetization grid which is rendered as an image by a sine Fourier transformation 
of the signal S = S(t 2 ) “stroboscopically” acquired in the gaps of the rapid rotating- 
frame imaging pulse train. 



21 . 1.2 

Experimental Aspects of MAGROFI Diffusometry 

In the above treatment, (locally) constant Bi gradients have been assumed for sim- 
plicity. This is not a stringent condition. Since the magnetization grid is rendered as 
an image, the local wave number kp is known. That is, the local transport quantities 
can be evaluated as long as one refers to the same position within one data set. This 
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Fig. 21.2. Bi gradient pulse sequence of the rapid rotating-frame imaging variant of MAGROFI 
diffusometry. The preparation pulse producing the longitudinal-magnetization grid is incre- 
mented in steps Ati starting from a width t*. The subsequent diffusion interval allows for 
displacements by self-diffusion or flow to be detected in the experiment. A further Bi gradient 
pulse compensates the increments of the preparation pulse. The z magnetization grid is then 
rendered as a one-dimensional image with the aid of the rapid rotating-frame imaging sequence 
consisting of a train of read Bi gradient pulses. The dots on the baseline indicate the dwell- 
time intervals in which the signal data points are acquired “stroboscopically”. (Reproduced by 
permission from ref. [452]) 



is an important feature because the RF field gradients produced by the usual coil 
geometries tend to be rather inhomogeneous. 

The required gradients of the RF amplitude can be produced by surface coils, 
anti-Helmholtz coils, or other nonsolenoidal geometries [81, 174, 199, 416, 417, 516]. 
For example, toroid cavity probes have been successfully employed for MAGROFI 
experiments [517]. In the case of this geometry, the radial RF field distribution offers 
an extremely wide kp range to be covered at one time. In analogy to the supercon 
fringe field version of Bq gradient diffusometry (Sect. 19.3), it is also possible to use 
the fringe RF field of solenoid coils of standard NMR probeheads [452]. 

For studies of small displacements, large wave numbers kp are required, i.e., 
large Bi gradients. Suitable coil geometries must therefore be optimized for this 
purpose. The Bi gradients of surface coils of solenoid probes can be improved by 
reducing the coil diameter as far as possible. The fringe-field gradient of a three-turn 
solenoid with a diameter of 5 mm reaches 3.3 T/m. 

Figure 21.3 shows a series of experimental magnetization grids recorded with 
the aid of the MAGROFI pulse sequence (Fig. 21.1) as described above. The influ- 
ence of the evolution interval r on the baseline, and the variation of the grid wave 
number kp with ip, is demonstrated. Longer evolution intervals r lead to reduced 
grid amplitudes as a common consequence of diffusion and relaxation (trace (b) 
relative to trace (a) in Fig. 21.3). The diffusion effect alone reveals itself by the 
reduction of the grid amplitude with increasing kp values (keeping r constant), as 
demonstrated by the profiles (Fig. 21.3c) measured in acetone at room temperature. 
As a consequence of spin-lattice relaxation, the baseline of the magnetization grid 
is shifted upward with increasing evolution intervals (traces (b) and (c) relative to 
trace (a) in Fig. 21.3). 
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(c) 



Fig. 21.3. Typical magnetization grids prepared in water or acetone samples by using different 
parameters of the MAGROFI pulse sequence (Fig, 21.1). The Bi gradient was produced with the 
aid of a conventional surface coil with a diameter of 5 cm. The grids are just as measured, i.e., 
the voxel-to-coil distance dependence of the sensitivity and the nonlinearity of the Bi decay 
with the distance have not been compensated. The reading pulse was incremented 256 times 
in steps of 39 fis. With an average Bi gradient corresponding to 16 kHz/cm, this results in a 
pixel resolution of 0.2 mm. The maximum length of the reading pulse was 10 ms. The field of 
view was 5.1 cm. The displayed grids were recorded with = 3 ms (wavelength, 1.3 mm) and 
Ip = 5 ms (wavelength, 0.8 mm). The evolution interval was: a) r = 14 ms; b,c) r = 1 s. BL, 
baseline. (Reproduced by permission from ref. [249]) 



Figure 21.4 shows four typical magnetization grids of a water sample investigated 
with the rapid rotating-frame imaging variant of MAGROFI in the fringe field of a 
solenoid probe coil [452]. The grid amplitude decays faster close to the coil, where 
the RF amplitude Bi and its gradient are higher. As the quantity to be further 
evaluated, the integral over the half-waves of the grid can be formed (shaded areas 
in Fig. 21.4). For each half-wave position the dependence of the integral values on the 
grid wave number kp can be evaluated by fitting the function A\ exp(-/CpDr) -h A 2 , 
where Ai and A 2 are constant parameters. 

Rotating-frame images recorded with Bi gradients varying in space must be 
evaluated in the proper way, of course. The usual Fourier transform processing of the 
pseudo FID assumes constant gradients. With gradients varying with the position, 
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Fig. 21,4. Typical magnetization grids recorded with the rapid rotating-frame imaging variant 
of MAGROFI diffusometry (Fig. 21.2) in a water sample at room temperature. The Bi gradients 
(up to 3.3 T/m) originated from the fringe RF field of a three-turn probe coil with a diameter 
of 5 mm. The right-hand side of the grids corresponds to the position closest to the coil, where 
the Bi gradient is strongest. The parameters of the pulse sequence were t* = 220 ^s, r = 0.1 s 
and ?2 — 128 x 4 ps. (Reproduced by permission from ref. [452]) 



the coordinate axis of the Fourier transform is correspondingly distorted. It can, 
however, be corrected easily if the spatial distribution of the RF field is known. The 
Bi(r) distribution can either be calculated from the coil geometry or measured by 
conventional Bo gradient imaging of the excitation distribution induced by the RF 
coil. The corrected rotating-frame images of the magnetization grid then permits 
the evaluation of the local kp values.^ 

The only prerequisite for the compensation of variations of the Bi gradient 
within the sample by nonlinear calibration of the imaging axis is that locations of 
equal gradients are simultaneously positions of equal Bi values. The reason is that 
rotating-frame imaging renders the superimposed projections of the magnetization 
on the local gradient directions globally referred to as the “imaging axis.” In order 
to avoid the influence of different preparation wave numbers at the same position 
of the imaging axis, it is advisable to use sample shapes adapted to the symmetry 
of the RF field. 

21.2 

Comparison of fig and Gradient Methods 

The complete analogy of the MAGROFI measuring principle to that of PGSE and 
SGSE techniques (in the real-space reading) became evident with the above treat- 



^ Carrying this option to the extreme should even make it possible to cover at one time the 
whole kp range needed for a diffusion measurement. 
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ment. It is also obvious that magnetization grid experiments based on Bi and on Bq 
gradients in principle could even be “mixed” if there was any need to do so. That is, 
the preparation could be performed using Bi gradients and the imaging part could 
be based on Bq gradients, and vice versa. 

The MAGROFI method provides information on diffusion (or incoherent flow), 
coherent flow, and spin-lattice relaxation at one time without mutual interference. 
Hahn, stimulated, or rotary echoes are not exploited in the measuring principle. 
Transverse relaxation in the free-evolution intervals - a crucial factor limiting NMR 
Bo gradient studies - is therefore irrelevant. Apart from signal detection, the method 
is based solely on the longitudinal component of the magnetization. 

As no free evolution of coherences is involved, Bq gradients or internal gradi- 
ents due to variations of the magnetic susceptibility in heterogeneous samples are 
inessential as long as the RF bandwidth of the pulses exceeds the width of the res- 
onance distribution. In this respect, Bi gradient-techniques are certainly superior 
to methods employing gradients of the main fleld. Moreover, alternating-gradient 
sequences are required as a remedy of susceptibility artifacts in heterogeneous sam- 
ples [103]. 

While there is no free coherence evolution involved in the MAGROFI measuring 
principle, transverse relaxation during the RF pulses must be considered, because 
this may spoil the preparation of the grid or the rotating-frame imaging procedure if 
the RF pulses are not kept short enough [131, 340]. This problem is, however, more 
of a technical nature. With sufficient transmitter power and suitable probeheads it 
should be possible to restrict the pulses to lengths much shorter than the transverse 
relaxation time in the presence of RF fields. Likewise the potential influence of 
translations during the RF pulses [35] can be kept negligible. Thus, spin-lattice 
relaxation in the diffusion interval remains the only time scale limit inherent to 
MAGROFI diffusometry. 

It is often desirable to combine diffusometry with high-resolution spectroscopy 
(e.g. [525]). As no Bq gradient is employed, the MAGROFI method is ideally suited 
for this purpose. In this case, the FIDs as well as the pseudo FIDs must be recorded 
and evaluated in full. Diffusion properties can thus be correlated with spectral lines 
and with the position. 




CHAPTER 22 



Examples for Anomalous Self-Diffusion 



Anomalous self-diffusion^ is the result of restrictions and of the dimensionality of 
the space accessible by the diffusing particles. This, of course, is a matter of the 
length and time scales considered. Displacements far beyond the correlation length 
characterizing the structural restrictions tend to follow the ordinary Einstein law 
(Eq. 18.5) with a correspondingly reduced diffusion coefficient. On shorter length 
scales, topological constraints cause all sorts of deviations. Even the molecular in- 
teraction with a plane surface may give rise to strong anomalies as already discussed 
in Sect. 14.3.2 in context with Levy walks. 

A frequent assumption is that the mean squared displacement follows a power 
law of the type at Eq. 18.8 which is expected for diffusion on random percolation 
clusters, for instance. The consequences for field-gradient NMR diffusometry have 
already been treated under the assumption that the probability density of displace- 
ments can be approximated by a Gaussian function (see Eqs. 19.22, 19.23, and 19.31). 
As a typical application we will consider adsorbate diffusion in lacunar systems. 

In cases where Gaussian probability densities are not justified, a treatment specif- 
ically adapted to the system under consideration is required. An example is segment 
diffusion in entangled-polymer liquids. In this context we will examine the echo- 
attenuation behavior expected for the so-called reptation/tube model [126]. 

22.1 

Anomalous Diffusion in Lacunar Systems 

Random percolation clusters are often considered as model structures for lacunar 
systems. The question whether self-diffusion on such clusters shows anomalous fea- 
tures or not is a matter of the displacement length scale probed in the experiments. 
Only below the correlation length of the confining system does diffusion tend to 
be anomalous [373]. NMR diffusometry is appropriate for such studies, because 
the length scales intrinsic to this method are often in the order of typical correla- 
tion lengths, and moreover can be varied by choosing different field gradients and 
diffusion times. 



^This is to be distinguished from anomalous interdiffusion which may deviate from Pick’s 
law as a consequence of combined diffusion/reaction processes, for instance. Examples studied 
by magnetic-resonance imaging are briefly discussed in Sect. 26.3. 
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Fig. 22.1 . Echo attenuation curve of water adsorbed in an aerogel of BSA prepared by lyophiliza- 
tion of an aqueous solution. The line represents a fit of Eq. 19.32. The field gradient was 9.04 T/m. 
(Reproduced by permission from ref. [246]) 



Fine particle agglomerates and aerogels are suitable lacunar systems in which 
anomalous diffusion shows up in NMR diffusometry. The attenuation curve in 
Fig. 22.1, for instance, was measured in a hydrated protein aerogel. It clearly in- 
dicates anomalous behavior, i.e., a non-exponential decay. This is in contrast to 
ordinary hydrated protein samples which were not prepared as an aerogel. 



22.2 

Reptation/Tube Model 
22.2.1 

The Doi/Edwards Limits 

A polymer chain in a matrix of other polymer chains with molecular weights above 
the critical value is subject to topological constraints often referred to as the 
“tube.” The tube is a replacement scheme, i.e., a model globally representing the 
interactions with the matrix. The tube model is characterized by a number of specific 
power laws concerning translational diffusion. Among these, the time dependences 
of the mean-squared segment displacements are of particular interest. 

Consider linear polymer chains consisting of N Kuhn segments of length b. The 
number of Kuhn segments corresponding to half of the critical molecular weight. 
Mo is designated by Ne. The characteristic length scales are defined by the step 
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length of the so-called primitive path, a, and by the radius of gyration 



R, = b 



N 

~6 



1/2 



( 22 . 1 ) 



The characteristic time scales are specified by a series of time constants. Ts is the 
segment reorientation time representing the orientationally restricted segment mo- 
tions taking place locally in an A length scale. The “entanglement time” 

Te = N^Ts (22.2) 

is the period during which lateral displacements occur which are not yet affected 
by the tube constraint effect. These motions are obviously of a semi-local and 
incoherent nature. The so-called Rouse relaxation time 



Tr = N^Ts 



(22.3) 



is the time after which coherent motions of the whole chain become relevant. Finally 
the time constant 

Td= —Ts (22.4) 

Ne 

is defined as the tube disengagement time. It represents the ultimate correlation time 
because a chain having migrated out of its initial tube tends to have a conformation 
entirely uncorrelated to the initial one. 

With these definitions the following limits for the mean-squared displacement 
behavior are expected on the basis of the Doi/Edwards model [126, 141]. 

Limit I (Ts t <^Te or < (r^) < ): 



(r^) = b^ 



ty/2 



(22.5) 



Limit II (Te t Tr or < (r^) < >/6Rga ): 

(r^) = f - j (22.6) 

Limit III (tr <^t or y/SR^a < (r^) < ): 

(22.7) 

Limit IV (t^Td or 6R^ < (r^) ): 

(r^) = 6Dt (22.8) 



where D is the center-of-mass self-diffusion coefficient of the chain. 
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Limit IV corresponds to segment displacements large enough to be identified 
with those of the center of mass of a chain. The center-of-mass diffusion coefficient 
was predicted to obey [111] 



n^a^kBT 



(22.9) 



where ^ is the friction coefficient of a Kuhn segment, ks is Boltzmann’s constant, 
and T is the absolute temperature. The chain-length dependence inherent to this 
expression has been verified experimentally several times [299]. 

With the excessive field gradients of the fringe field of superconducting magnets, 
root mean-square displacements down to the 10 nm range are accessible by NMR. 
This is to be compared with the radius of gyration of polydimethylsiloxane (PDMS) 
coils, for instance, which exceeds several hundred A for molecular weights above 
100 000. Thus one is already dealing with processes in length scales within the 
polymer coil to which the above limits of the Doi/Edwards should apply. 



22 . 2.2 

Evaluation Formula for PGSE/SGSE Experiments 

According to Eq. 19.5, the echo attenuation factor may be written in the form of 
the ensemble average 



Adiffik^, t) = {exp[ik ■ r(t)})j. (22.10) 

where the “wave vector”, fc = y„dG, is used as above. S is the width of the field- 
gradient pulses in PGSE experiments, and the length of the coherence evolution 
intervals in SGSE experiments, t ^ 6 is the effective diffusion time between the 
gradient pulses, and G is the gradient of the magnetic flux density during the 
gradient pulses. 

Equation 22.10 is now to be applied to the reptation/tube model [145]. The 
segment displacement, r(t), during t may be analyzed into r(f) = remit) + f(f), 
where remit) is the displacement of the center of gravity of the polymer chain, and 
fit) is the segment displacement relative to a reference frame fixed in the center 
of gravity. In the limit t <$C r^, fit) essentially is the segment displacement in the 
initial tube. 

Center-of-gravity diffusion follows Pick’s law, whereas segment displacements in 
the tube do not. As the two displacement contributions are uncorrelated, we may 
factorize Eq. 22.10 resulting in 

Adiffik^, t) = (exp{i* • f(t)}>r (exp{ffc • remit)}) = hiffik^, 0 exp{-A:^D^} 

( 22 . 11 ) 

where Adiff{k^,t) = (exp{lfc • r(l)})p, and D is the center-of-gravity diffusion co- 
efficient. The problem is now to find an expression for the attenuation factor for 
segment diffusion in the tube. 

The segment displacement in the Euclidean space, fit), is connected with a 
displacement sit) measured in curvilinear coordinates along the tube. That is, the 
end-to-end vector of the curvilinear path of length s(f) is given by fit). Assuming 
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a Gaussian probability density for the end-to-end vector of a given path length s(t), 
we find 



«|s(()l) exp expl* ■ 

= ^exp|-ifc^fl|s(f)l|^ (22.12) 

For t Td the curvilinear segment displacements may be considered as the result 
of a one-dimensional ordinary diffusion process, i.e., they are distributed according 
to a Gaussian probability density. Hence 



^ 2 

Adiff{k^,t) = J (271(5^(0))“*^^ exp exp ds 



= exp 



f k^a^s\t)) ] I k^ay(?(ijj 

I 72 j M 6V2 



(22.13) 



The mean-squared curvilinear segment displacement is given by [126] 



Do 2Nb^ 



(s\t)) = 2^t + 
N 



3tt^ 






2^0 ^ , ^by/Dpt 

N V^+18^ 



(22.14) 



where Dp = ksT/^ is the monomeric diffusion coefficient. ^ is the friction constant 
of a Kuhn segment of length b. The polymer chain is assumed to be composed of 
N Kuhn segments. The approximation implies the correct limits for t tr and 
t » tr (see [126]). 

Equation 22.14 is valid in the limit t Td. In the opposite limit, i.e., t ^ 

^ I'rj the treatment of the mean-squared curvilinear segment displacement can 
be considered as a one-dimensional restricted-diffusion problem with reflecting 
boundaries at curvilinear tube coordinates X5 = 0 and Xs = L ^ Lt where Lf 
is the tube length. The “free-diffusion” length, L, depends on the position of the 
considered segment in the tagged chain. Let P(XsyXspy t) be the probability density 
that the segment is at a position Xs at time t if it was at the position Xsp at time 0. 
The diffusion equation. 



d Dp 

— P(Xs, XsPy t)= — ~^P(Xsy XsPy t) 

dt N dxt 



(22.15) 



must be solved for the boundary conditions 




22.2 Reptation/Tube Model 



213 



The solution is 



P(Xs,Xso, ^ + (J^pXs^ COS [jpXso) cxp |- (J^p^ ^ A (22.17) 

p=l ^ ^ 



The mean-squared curvilinear displacement is then 






L L 

= ( 22 . 18 ) 



Combining Eqs. 22.17 and 22.18 leads to 



{5^(0} = 



4L 



71^ 



E^fl-exp 



podd ' 



N 



L 

6 



if 

if 






2^t 



TTll^ (22.19) 

J- 1 \ tt 2 



ATL2 



( 22 . 20 ) 



The latter formulae are valid in the limit t ^ tr. An expression of the mean-squared 
curvilinear segment displacement in the whole time range of interest is obtained 
by combining the second term of Eq. 22.14 and Eq. 22.19, i.e., 



{s\t)) = 



2ft 2b^t 

l + W V^+18^ 



( 22 . 21 ) 



According to Eqs. 22.11 and 22.13, the total spin-echo attenuation factor is 



^diff (^ > ^) 



ik*aHs\t)) 



erfc I ^ I (22.22) 



where (s^(f)) is given by Eq. 22.21. 

Let us now determine the quantity L. In the limit t ^ r^, fc ^ 0, Eq. 22.10 may 
be approximated by 



Adiff(k\ t) = exp I (2RI + 6Df) | (22.23) 

where Rg = Nb^/6 is the radius of gyration. Equation 22.22 may be approximated 
in the same limit by 

Adiffik^, t) = exp I -^k^ (s2(f)) -|- 6Dt j | (22.24) 

where we have used the approximation erfc(x) ^ I — 2xj ^/n ^ exp{— 2x/.y/^} 
which is valid for x ^ 1. 
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Equations 22.23 and 22.24 must become identical in the limit t ^ r^. That is 



\ —k^a\/ ( 5 ^( 0 ) = k^2R\ = -Nb^k^ 
\ n ^3 



(22.25) 



Using Eq. 22.20, we find 



so that 




(22.26) 



(22.27) 



where Lf = Nb^/a [126]. 

The final result of the spin-echo attenuation by segment diffusion in the repta- 
tion/tube model is 



^diffik^y t) 

(sHt)) 



fk*aHs\t))\ 



erfc I 

i 6^2 



sHt)) 



2^t 



1 + 



12Dof 

NL] 



+ 



2b'>/D^ 

V^+18^ 



exp{-fc^Dt} (22.28) 
(22.29) 



where Dq = ksTj^y Lf = Nb^ D = DoNe/(3N^), a = b^/N^, and Ne is the number 
of Kuhn segments corresponding to the step length a of the primitive path. 

In the limit t ^ r^, the factor exp{— dominates. The spin-echo attenuation 
curve then corresponds to ordinary diffusion of the center of gravity. The opposite 
limit, t Tdy is connected with anomalous (segment) diffusion, i.e., the above 
factor virtually does not vary in this time scale. The spin-echo attenuation is then 
governed by 



. ,12 ^ r 






6 6V2 << ^ 



( 5 ^( 0 ) js^jt)) 

eVi 

6,/i ^y= if 



^ k^a^ (s2(f)) 



6V2 



» 1 



(22.30) 



where we have used the approximations erfc(x) ^ 1 — 2x/y^ for x ^ 1, and 
erfc(x) ^ exp{— x^}/(xy7T) for x 1. Equation 22.30 implies the situations ex- 
pected for limit II, i.e., Te ^ t tr, and limit III, i.e., tr t r^, of the 

tube/reptation model. For limit II, we must put (s^(0) ^ 2b>/^/V^> whereas 
(s^(0> ^ 2D()t/N in limit III. A discussion of Eq. 22.30 in comparison with experi- 
mental data can be found in [149, 421]. 
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The result Eq. 22.30 is to be compared with the attenuation formulae found 
for anomalous diffusion assuming a Gaussian propagator for Euclidean-space dis- 
placements (see Eqs. 19.23 and 19.31). The discrepancy emphasizes that the latter 
assumption is inadequate for the situation in the tube/reptation model. In this case, 
the curvilinear displacements inside the tube have a Gaussian character, whereas 
the Euclidean- space displacements strongly deviate from this behavior. 




CHAPTER 23 



Exchange 



The objective of one- or multiple-dimensional exchange spectroscopy is to probe 
fluctuations between different resonance frequencies a spin experiences. The ex- 
change processes as well as the fluctuations of the resonance frequency can be of 
extremely different natures. The resonance frequency may vary for example due to 

• sites subject to different chemical shift 

• isomers with different chemical shift 

• environments of different magnetic susceptibility 

• anisotropic spin interactions in combination with different orientations in solid- 
like materials 

• positions in a held gradient 

There may be a discrete or continuous variation of spin environments which are 
connected with different resonance frequencies. The term “exchange” is understood 
to comprise such different mechanisms as 

• chemical exchange of the spin-bearing particle 

• structural or isomeric fluctuations of the spin environment so that the resonance 
frequency becomes a function of time 

• diffusion of the considered molecule in environments with varying magnetic 
susceptibility 

• immaterial spin exchange by spin flip/flop processes (spin diffusion or cross 
relaxation) 

• reorientations of molecules so that the secular terms of anisotropic spin inter- 
actions are modulated 

• translational diffusion in the presence of a field gradient (see Chap. 18) 

• time-varying coherent flow (if “resonance frequency” is considered to be equiv- 
alent to “phase-variation rate” of velocity phase-encoding by gradient pulses 
[80]) 

In this chapter we restrict ourselves to the treatment of a finite set of discrete spin 
environments between which exchange can occur. We will first consider the effect 
of exchange on the evolution of spin states and coherences, and then turn to two- 
(or multiple-) dimensional exchange experiments. 
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23.1 

Equation of Motion for Discrete Spin Environments 

The exchange network is assumed to comprise N discrete different “environments” 
the spins can experience. A spin environment is characterized by the chemical 
composition, the molecular mobility, the orientation of the spin system, the spin 
interactions that contribute, and possibly other factors. These environments are 
specified by the resonance frequencies, coo,j, and longitudinal and transverse relax- 
ation times, Ti,j, and Ti^j. Other relaxation times like those referring to longitudinal 
order or multiple-quantum coherences can also be brought into play if relevant 
in the course of the pulse sequence considered. The interaction between spins in 
different environments is neglected. 

For each spin environment, a complex transverse partial magnetization 

nij = Mx,j + iMy^j (23.1) 

and a partial z magnetization with the equilibrium values Mo,j can be defined 
where j — \ ,,.N. On the basis of these magnetizations, N-dimensional magneti- 
zation vectors can be formed: 





/ rrii ^ 




f M,.i ^ 




( Mo,i \ 


m = 


rrij 


II 


■ ■ 


% 

II 


• • 




\ niN J 




V ) 




V Mo,n j 



We will designate these vectors as transverse and longitudinal “magnetization sys- 
tem vectors” in order to distinguish them from ordinary magnetization vectors. 
Bloch’s equations can then be extended by exchange terms and rewritten as new 
matrix equations of motion 



dm(t) 

dt 


= 1 m(t) 


dMz(o 

dr 


= I[M,(f)-Mo] 



(23.3) 



called Hahn/Maxwell/McConnell equations [187, 309]. The coefficients i and I are 
referred to as HMM matrices. 

Recall that, as concerns transverse relaxation, Bloch’s as well as these Hahn/ 
Maxwell/McConnell (HMM) equations stipulate beforehand that the motional- 
averaging condition is fulfilled. The general solutions of the HMM equations, 
Eqs. 23.3, are 



m (t) = exp {it} m (0) 

M, (t) = Mo- exp [Lt] [Mo - M, (0)] 



(23.4) 

(23.5) 
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23.1.1 

Interpretation of the HMM Matrices 

The matrices I and L are defined by 



— id — ^ 



(23.6) 



and 



L = -Ri-\-K 



The matrix of the resonance frequencies within the exchange network is 



(23.7) 



/ 0 ) 0,1 .. . 0 \ 



£2 = 



\ 0 ... 7 



(23.8) 



If this were the only finite contribution to the matrix i in the HMM equations, 
Eqs. 23.3, we would have dm/dt = iClm. It is easy to show that this corresponds to 
a set of the ordinary precession equations for the different m components. 

The relaxation-rate matrices. 
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l/^U . 


. . 0 \ 






... 0 \ 


II 






; Kl — 
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( 0 . , 


■ • l/Tl,N ) 




l 0 


• • • 1/^2, N / 


represent the potential distribution of relaxation rates in 


the diverse enviroi 



(23.9) 



If these matrices were the only contributions to I and I in the HMM equations, 
Eqs. 23.3, we would have dm/dt = —R 2 m and dMz/dt = —Ri[Mz — Mq] instead, 
i.e., component by component, the ordinary rotating-frame Bloch equations. 

Finally, the exchange-kinetic matrix, which is of particular interest here, is de- 
fined as 

/ fci,i • • • \ 



K = 






(23.10) 



Kl 






where the elements kf^i are the transfer-rate constants from the environment no. 
i to environment no. /. Considering the effect of this matrix on the magnetiza- 
tion system vectors separately from the other contributions in the HMM equations, 
Eqs. 23.3, leads to the kinetic equations dm/dt = Km and dM;^/df = K[Mz — Mq], 
The solutions of these equations represent the time dependences of the magnetiza- 
tions due to exchange between the different environment. 
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In the equilibrium limit, the populations of the environments and, hence, all 
magnetizations become stationary. With respect to exchange, this stipulates the 
condition 



/ ^ 0,1 \ / ^ 1,1 



_d 

dt 



\ / V ^N,l 




^ kpMo,i = 0 

1=1 



(23.11) 



(23.12) 



Moreover, the principle of microscopic reversibility requires a detailed balance for 
each exchange path. The transfer rates back and forth must be the same for each 
exchange path: 

= kjjMoj (23.13) 

Combining the conditions at Eqs. 23.12 and 23.13 leads to 



ku = -Y,hj 

SO that the exchange-kinetic matrix can be rewritten in the form 
( ~ ^i>; * * * \ 



K = 



V ^N,l • . • / 



(23.14) 



(23.15) 



In terms of the populations pi, this result is equivalent to the familiar set of kinetic 
equations 

^ {kujpj — kjjpi) (23.16) 

7=1 

The positive sum terms represent the transfer rates increasing the population of 
environment z, whereas the minus sign indicates depopulation. 



23.1.2 

HMM Solutions in Terms of Eigenvalues 

The general solutions (Eqs. 23.4 and 23.5) of the HMM equations contain exponen- 
tial factors exp{Pt] where P — ^ or I. The exponential functions are interpreted by 
their expansions 

ePt = ylpJtJ 



(23.17) 
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The power of the matrix P is carried out by first diagonalizing the matrix and then 
applying the power: 

pj = UA^U'^ (23.18) 

The matrix A is the (diagonal) eigenvalue matrix of P, and the transformation 
matrices are designated by U and its inverse matrix The eigenvalue matrix is 
determined by the eigenvalues Ak and has the form 



f A\ , , , 0 \ 



so that 



\ 0 Am J 

The power series at Eq. 23.17 then reads 

( x{ . . . 0 \ 



„pt 






/ x{ . . . 0 \ 

\ 0 . . . x{, ) 

/ . . 



(23.19) 



t’ = U 



V 0 ... AW 



0 \ 



V 0 . . . / 






(23.20) 

Denoting the eigenvalues of i by Xj^\ and those of I by X^)^\ the HMM solutions at 
Eqs. 23.4 and 23.5, can be rewritten as 



. . . 0 \ 



m(t) = Ue 



Uf m(0) 



(23.21) 



y 0 ... ‘ j 



M, (f) = Mo- U l 



I 



V 0 



. . e ^ 



0 \ 






Ul' [Mo - M, (0)] (23.22) 



23.1.3 

TwO’Environment-Exchange Model 

Defining two environments “1” and ‘‘2” between which exchange occurs with rate 
constants fci ,2 and /c 2 ,i, the exchange model to be considered in the following may 
be represented by the scheme 



^ 1,1 > ^ 2,1 ) • • • 


^ 1,2 


T \,2 > ^ 2,2 > • • • 


(^ 0,1 > pi 




(^ 0,2 > p 2 


^ 2.1 



(23.23) 
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where the populations obey pi + p 2 = 1- The dots indicate other relaxation times 
which, depending on the pulse sequence, potentially play a role. 

A typical example of such a situation are hydrogen atoms subject to exchange 
between OH groups and water molecules in an aqueous alcohol solution. The ex- 
change can also be of a more physical nature such as water molecules exchanging 
between the hydration shells of macromolecules or other polar surfaces and free 
water. 

The above matrices are now of the format 2x2: 



Q = 



<^0,1 0 
0 COo ,2 



K = 



Ri = 



1/Tu 

0 



0 

1/Ti,2 



Ri = 



The general HMM solutions at Eqs. 23.21 and 23. 
combinations of two exponential functions: 



—k- 2,1 

^2,1 


^1,2 A 

-kia ) 


(23.24) 


1/T2,1 

0 


l/Ta,j ) 


(23.25) 



22 thus take the form of linear 



m(t) 
M, (t) - Mo 




0 



0 



m (0) 



/ M,,i \ / Mo,i \ 

V m,,2 ) \ Mo, 2 ; 

( 0 \ 



(23.26) 



(23.27) 



Two limits can be distinguished (compare refs. [8, 535]): 
a) Slow exchange: 



In the limit |/c 2 ,i |, |/ci, 2 | < 



1 

T’i,2 



1 



the total longitudinal magnetization. 



Mz{t) — Mz^\{t) -h Mza(.t)i with the equilibrium value Mq = Mo,i + Mq ,2 
piMo + pzMo obeys 



Mz(t)-Mo 
Mz(0) - Mo 



— pi exp — h k 2 ,ij t 

+ d-pi)exp{-(^ + fcu) 



(23.28) 



Likewise, we find for the limit |fc 2 ,il> 1 ^ 1 , 2 ! — (^ 0,2 > 



1 

^2,2 



transverse magnetization, m{t) — m\{t) + m 2 {t) the relation 



1 

T’2,1 



, the total 



m(t) 

m(0) 



= pi exp <; ( zft>o,i - ^ 2,1 1 t 
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+ (1 - pi) exp <{ ( fo)o ,2 - fci ,2 

1 2,2 



(23.29) 
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b) Fast exchange: 

In the limit |/c 2 ,i|, |/ci, 2 | > 
out to be 



1 

Ti ,2 



, the total longitudinal magnetization turns 



^ exp (- f a + a 

MAO) -Mo \Ti,i \2 

The total transverse magnetization in the limit 




(23.30) 
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(23.31) 



The fast-exchange limit is thus ruled by monoexponential relaxation curves and 
single-line resonances characterized by the effective parameters^ 
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- f + 


1-pl 
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1-pl 


T 2 


Ti,2 


COo 


= pi COo,l + (1 - pi) COo,2 



(23.32) 



So far, the above treatment is valid for free evolution of the transverse magneti- 
zations once excited at the beginning of the experiment. This situation is to be 
discriminated from the behavior arising while CPMG pulse trains are applied. The 
apparent transverse-relaxation rates which are revealed in the CPMG case have been 
treated in [211, 306], for instance. 

23.2 

Two-Dimensional Exchange Spectroscopy 

The combined study of the distribution of nuclear environments, exchange rates, 
and pathways between spin environments which are distinguishable owing to dif- 
ferent resonance frequencies, is referred to as two-dimensional (2D) exchange spec- 
troscopy (EXSY). 

Two-dimensional exchange spectroscopy was first suggested by Jeener et al. 
[209]. Subsequently a seemingly endless series of successful applications of this 
measuring principle followed. The technique has been applied to liquids [139], 
solids [222], to proton magnetic resonance, to the NMR of other nuclear species 
such as deuterons [432, 507] and even to electron spin resonance (ESR) [13, 439]. 
In ref. [480] a sample-turning variant of deuteron 2D exchange spectroscopy was 



^Recall that this behavior stipulates motional averaging as concerns transverse relaxation. 




23.2 Two-Dimensional Exchange Spectroscopy 



223 



reported. The first nuclear quadrupole resonance (NQR) application was demon- 
strated in [419]. 

Dipolar coupling causes an efficient magnetization transfer by cross relaxation. 
This immaterial spin exchange competes with the real (chemical) exchange, and 
decoupling pulse sequences or temperature-dependent measurements are necessary 
for a distinction. On the other hand, there is an interesting technique relying on 
cross relaxation: Nuclear Overhauser Effect Spectroscopy (NOESY) is an extremely 
powerful and widespread method for the determination of molecular structures 
[312]. In a sense, this method also belongs to the class of multiple-dimensional 
exchange experiments. 

Further diversification is provided by generalizing the term “exchange” to dif- 
fusion and coherent flow (velocity). In [248] two-dimensional experiments are re- 
ported probing the position exchange by Brownian motion. The correlation of ve- 
locities at time 0 and at a later time may also be interpreted to be equivalent to ex- 
change. A corresponding method termed velocity exchange spectroscopy (VEXSY) 
was published in Ref. [80]. 

The idea of multiple-dimensional exchange spectroscopy is to phase encode the 
coherences of the isochromats in the different environments in evolution intervals 
that are small compared with the exchange times. The signal is recorded after 
mixing intervals that are long enough to permit the exchange processes to take 
place. The lines measured in the detection interval are then correlated in a multiple- 
dimensional spectrum with those encoded in the evolution intervals. Thus, cross 
peaks are indicative for nuclei changing the environment in a mixing interval. 

The two-dimensional version of this experiments consists of three 90° pulses of 
equal length separated by intervals ti and as shown in Fig. 23.1. The discussion 
will be led for uncoupled spins, so that multiple-quantum coherences or spin-order 
effects need not be considered, although the pulse sequence is identical with that 
treated in Sects. 4.2 and 7.2 for coupled spins. 



preparation 


evolution 


1 mixing 


detection 




RF 








— ► 



field gradient 



Fig. 23.1. RF pulse sequence of 2D exchange experiments. The sequence consists of three RF 
pulses. Two time domains, ti and t 2 > are distinguished. The first evolution interval, ti, is incre- 
mented in subsequent transients, whereas the t 2 domain is probed by acquisition of the FID. 
The conjugated frequency domains, coi and CO 2 , are interrelated to the two time domains by a 
double Fourier transform. Under normal circumstances, the mixing interval, tm, is much longer 
than ti and t 2 . Therefore it is this interval which specifies the time scale of the exchange and 
relaxation processes to be detected via cross peaks. 
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The exchange is assumed to be slow enough so that the coalescence of the 
different resonances can be excluded. In other words, exchange during the evolution 
interval ti is assumed to be unlikely. The subsequent mixing interval r^, in which 
part of the coherences are transferred to z magnetization is much longer so that 
exchange is more likely to become operative. Taking spin-lattice relaxation into 
account, the range of particular interest is specified as 

^1 » Tm » h (23.33) 

The coherences remaining after the second RF pulse can be spoiled by a magnetic 
field gradient pulse. Alternatively one can apply a phase cycle so that no signal 
contribution arises on this basis. 

At the end of the mixing interval, a reading RF pulse is applied generating 
the free-induction signal to be detected. A data set, is recorded which 

depends on the two time domains, ti, t 2 (during which spin coherences evolve) and 
the mixing interval r^. Note that the signal is recorded, preferably with the aid of 
the quadrature detection technique, in the t 2 as well as in the t\ domain. The latter 
means that two data sets must be recorded with the phase of the second pulse in 
quadrature [432]. 

A twofold Fourier transform finally produces the two-dimensional spectrum, 
S(a>iyC 02 yTm)y where the mixing time is an experimental parameter. The diagonal 
peaks of the spectra represent nuclei having suffered a cyclic or no exchange. Ex- 
change among sites with different resonance frequencies gives rise to cross peaks. 
Axial peaks eventually appear because of incomplete excitation by the pulses or 
owing to spin-lattice relaxation in the mixing interval. Typical spectra are shown in 
Fig. 23.2. This experiment was carried out with 4’-n-pentyl-4-cyanobiphenyl (5CB) 
filled in a porous glass with a mean pore diameter of 4 nm. At the measuring 
temperature of 302 K this substance is normally in a nematic phase. However, in 
the present case, this is prevented by the pore confinement. Rather a pore-specific 
phase exists with a spectrum of only two resolved resonances. The two-dimensional 
exchange spectra at Fig. 23.2 illustrate the appearance of cross peaks between the 
two resonances as a consequence of cross-relaxation. The mean exchange rate was 
found to be about 100 s“^ 



23 . 2.1 

Matrix Formalism 

At the beginning of the pulse sequence, the subsystems of the spins are in equilib- 
rium. The transverse and longitudinal magnetization system vectors (see Eqs. 23.2) 
at time t = 0— are 



m(O-) = 0 (23.34) 

M,(0-) = Mo (23.35) 



The first 90° pulse is assumed to be applied along the y direction of the frame 
rotating with the carrier frequency. The magnetization system vectors after the 
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Fig, 23,2. 300 MHz 2D exchange (NOESY) proton spectra of 4'“n-pentyl-4-cyanobiphenyl (5CB) 
filled in a porous glass with a mean pore diameter of 4 nm. The mixing time was 100 ms: a) 
projection; b) contour plot of the magnitude of the two-dimensional Fourier transform, coi 
and 0)2 are the frequency-domain variables conjugate to the time-domain variables ti and t 2 
(Fig. 23.1). (Courtesy of F, Grinberg) 
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pulse are 



m(0+) = -Mo (23.36) 

= 0 (23.37) 

After the first RF pulse, a free-evolution period follows in which the transverse 
magnetization components are subject to transverse relaxation, and precession with 
the resonance frequencies of the respective environments of the exchange net- 
work. The magnetization system vectors before the second RF pulse are 

m(ti—) = exp{^fi} m(O-l-) (23.38) 

= Mo- exp{Lti} [Mo - M^(0+)] (23.39) 

The second 90° pulse is again applied along the y direction. This pulse simulta- 
neously transfers the x components of the transverse magnetizations into the z 
direction whereas the coherence components along the y direction are left un- 
touched. The magnetization system vectors at the beginning of the mixing interval 
are 



(23.40) 

M,(ti+) - (23.41) 

The homospoil pulse in the mixing interval is assumed to dephase all coherences 
completely. The longitudinal magnetization components are subject to exchange and 
spin-lattice relaxation processes so that we have at the end of the mixing interval 



Tn(ti-\-Tm-) = 0 (23.42) 

Mz(h + Tm-) = Mo- exp{LTm} [Mq - M^(fi-f)] (23.43) 

The third 90° pulse, whose phase is assumed to correspond to the y direction, 
converts the z magnetizations into transverse magnetizations. That is 

m(ti + Tm+) = -Mzih + Tm-) (23.44) 

Mzih + r^+) = 0 (23.45) 



The evolution in the detection interval leads to 



m(ti + + ^ 2 ) — Mz(ti + r^— ) 



Mo - e^^’"[Mo - M,(fi+) ] 



9i{ m{ti-) 






(23.46) 
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Substituting all underbraced terms by the expressions for the preceding intervals 
gives 

m(ti -\-Tm-\-t 2 ) = - exp{it2} [1 - exp{Ir^} (l + di{exp{£ti} )] Mq (23.47) 

All terms not depending on t\ give rise to axial peaks which are not of interest 

here, and which can anyway be suppressed by a phase alternating pulse sequence 

with respect to the first RF pulse and the reference phase for signal acquisition. We 
therefore omit these terms, i.e., the figures 1 in Eq. 23.47. 

The results for the phases of the second pulse in subsequent transients in quadra- 
ture, i.e., alternately along the y and x axes, are 

m(ti-\-Tm-\-t2)\y = exp{^t2} exp{Lr^}9^{exp{€fi}Mo (23.48) 

m(ti -\-Tm-\- t 2 )\x = i exp{it2} exp{LTm} ^{exTp{iti] Mo (23.49) 

Ignoring the infiuence of relaxation and exchange during the evolution periods ti 
and t 2 y these equations simplify to 

m(ti + + ^2)17 = exp{/Qt2} exp{Lr^} {exp{iClti] Mq} (23.50) 

m(ti -h + t 2 )\x = i exp{/Qt2} exp{Lr^} ^ {exp{iClti} Mq} (23.51) 

The sum of the quadrature signals gives 

m(ti + H- t2) = exp{iClt2} exp{Lr^} exp{iClti} Mq (23.52) 



23.2.2 

Exchange Between Two Environments 

The situation to be considered is similar to that represented in the scheme 23.23. 
For the sake of simplicity, the transfer-rate constants and the spin-lattice relaxation 
times are assumed to be equal, i.e., fci,2 = A:2,i = k = Ifr and Tij = Ti,2. r is the 
mean residence time in each of the environments. Exchange and relaxation during 
the evolution intervals is neglected. 

The matrices determining the signal according to Eq. 23.52 are (see Eqs. 23.24 
and 23.25) 



and 



exp{iQti^2} = 



j J j J 



<»o.i 0 

0 COo,2 



‘ 1,2 



expllT^} = exp{-«i + ^^} = 4 f ^ 



-l/Ti-k 



(23.53) 






^ [1 — e e ^ 1 + e e 



-rm/Ti 



(23.54) 
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The transverse-magnetization system vector at time t = t\ Tm t 2 (Eq. 23.52) is 
thus 



mi(t — ti Tm 12) 






[l + e e 



ztt)o,i h 



mit = ti+T„, + t2) 



picoo,iti - 



^icoo,2tij^i I’j _ ^ 2 /cr^j ^ TmlTi ^icoo^it2 
^ZO)o, 2 fli _|_ ^-2kTm^ 0-Tm/Ti ^iCJo,2t2 




(23.55) 



A twofold Fourier transformation gives diagonal peaks at the positions coo,i,tt>o,i 
and 0 ) 0 , 2 , o)q ,2 in the two-dimensional o>i, 0)2 domain. The diagonal-peak intensities 
are proportional to 



i [1 + exp{-2Zcr„}] exp{-T„,/Ti]Mo,i 

and 

- [1 + exp{-2A:Tm}] exp{-T^/ri}Mo,2 

respectively. The intensities of cross-peaks arising as a consequence of exchange at 
the positions o)o,i, 0 ) 0,2 and 0 ) 0 , 2 , coo,i are proportional to 

i [1 - exp{-2fcr^}] exp{-T„,/Ti}Mo,i 

and 

- [1 - expl-lkTm}] exp{-r„/ri}Mo,2 

respectively. The maximum cross-peak intensity is achieved for 

fm = ^ln(2kTi-{-l) (23.56) 



23.2.3 

Comparison with 2D Exchange NQR Spectroscopy 

A complete treatment of the nuclear quadrupole resonance variant of 2D exchange 
spectroscopy can be found in [365]. In the magnetic-resonance versions of the 
2D exchange spectroscopy experiment, the direction of quantization, that is the 
external magnetic field Bq, remains unaffected by the exchange process. This is in 
contrast to the NQR case, where the resonance frequency as well as the direction 
of quantization may change [46]. The latter is given by the local orientation of 
the electric field gradient (EFG) tensor. That is, it is defined by the local charge 
distribution determined by the molecular or crystalline structure. In this sense, 2D 
exchange NQR spectroscopy is more general than the magnetic resonance versions. 

Although the 2D exchange NQR experiment is analogous to the NMR case in 
principle, there are a number of peculiarities to which attention should be paid. 
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First of all, the efficiency of RF pulses applied in the presence of a powder distri- 
bution of the electric field gradient tensors is strongly reduced. The consequence 
is not only a sensitivity loss which increases multiplicatively with each pulse con- 
tributing to the coherence pathway. The excitation is intrinsically imperfect in NQR 
of powdery materials, so that each of any subsequent pulses gives rise to new coher- 
ences originating from the residual equilibrium magnetizations of the subsystems. 
In the NMR case, by contrast, almost perfect 90° pulses are feasible, so that residual 
longitudinal magnetizations normally play a minor role. 

Moreover, the exchange processes tend to be accompanied not only by a change 
of the NQR frequency but also by a change of the direction of quantization. There- 
fore, the cross-peak intensities are reduced by corresponding “projection” losses 
from the initial to the final direction of quantization of an exchange process. It is 
obvious that this phenomenon is solely a matter of the molecular structure. 

Compounds suitable for NQR studies are prone to resonance line separations 
larger than the usual bandwidth of the RF pulses. In conventional NQR spectroscopy 
this is not necessarily a major deficiency. For 2D exchange experiments, however, it 
is crucial that all resonances of the exchange network are excited at the same time. 

A remedy for the problem are phase alternating excitation pulses (PAEP) pro- 
ducing sidebands which can be tuned to several resonances. This was demonstrated 
in the case of p-chlorobenzotrichloride, for instance, where two resonances sepa- 
rated by 750 kHz had to be excited simultaneously [419]. For exchange networks 
implying more than two resonances, more complicated pulse modulations may be 
necessary for the generation of suitable side band patterns. 




Localization and Imaging 




CHAPTER 24 



Survey 



Most of the fundamental spin-echo phenomena and measuring principles discussed 
in Parts I and II find their applications in tomography techniques. As a new fea- 
ture, spatial resolution comes into play. That is, the position dependences of object 
parameters^ relevant for NMR are converted into image contrasts. 

An “NMR image” in a word refers to contrasts determined by several object 
parameters such as the spin density and the relaxation times. The influence of 
these quantities need not necessarily be very well specified. As will become clear 
in subsequent chapters, different experimental parameters, i.e., predominantly the 
echo time and the repetition time, change the “weight” the individual material 
parameters possess in the formation of contrasts. 

If the experiment is led in such a way that one particular material parameter 
dominates the contrasts, one speaks of “filtered” or “parameter-weighted imaging.” 
Examples are relaxation- or diffusion-weighted representations. Nevertheless, the 
gray shades in all images of this sort are not just reflecting a single parameter. Other 
material parameters may more or less strongly influence the contrasts as well. 

On the other hand, there are measuring protocols providing spatially-resolved 
data sets of well-defined quantities. Rendering such data of a single well-defined pa- 
rameter in the form of a picture is termed “parameter mapping.” Typical examples 
that will be depicted in subsequent chapters are spin-density maps, transverse- 
relaxation time maps, spin-lattice relaxation time maps, velocity maps, frequency- 
offset (or spectral) maps, and diffusivity maps, for instance. 

Object-parameter mapping may also imply multiple-dimensional techniques. 
For example, mapping of any spectral parameter such as chemical shift or linewidth 
requires a further measuring domain in addition to the k space domains from which 
real-space images are derived. Supplementary measuring domains are also required 
for velocity (vector) mapping as delineated in subsequent chapters. 

“Rendering an image” or a “map” means that the contrast parameter(s) to be 
displayed are transferred into the shades of a gray (or color) scale. This is what 
we usually have in mind when we refer to tomography. However, the scope of 
this technology is much wider. That is, it may be of interest to determine local 
material parameters quantitatively. The most promising and far-reaching option 
of tomography is the localized, non-destructive, non-invasive, remotely controlled 



^“Object parameters” are determined by the sample whereas “experimental parameters” 
are quantities to be adjusted when implementing a pulse sequence. 
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Fig. 24.1. Schematic interval sequence of standard NMR imaging experiments. 



measurement of an observable via NMR. It is not just the visualization of qualitative 
properties of an object. 

Apart from imaging and parameter mapping, the term tomography therefore 
addresses ail sorts of - potentially image- guided - localized or volume-selective 
measurements of object parameters accessible by NMR techniques. This also in- 
cludes physical or chemical quantities which can be calibrated to NMR parameters. 
It may be of interest to measure a local relaxation time, for instance, which is in- 
dicative for the local stress influencing the relaxation process in a characteristic 
manner. 

Following the outline of this book, we first consider the elements from which 
a typical tomography experiment is composed, and turn later to practical schemes 
suitable for different experimental purposes. Figure 24.1 shows the principal sequel 
of intervals which may be defined in this context. 

An imaging pulse sequence is composed of segments serving the selection of a 
certain slice or volume region, and the encoding of the spatial information in the 
signal phase and frequency [288, 289, 295, 323]. The usual selection or encoding 
principle is based on pulses of a field gradient, 






G = VB= dB/dy 
\ dB/dz 



which modify the external magnetic flux density^ 



B(r) 




0 

0 



Bq G ' r 



(24.1) 



(24.2) 



In the presence of field gradients, the Larmor frequency therefore becomes a func- 
tion of the position, coi — coiir). The evolution of coherences, while field gradients 
are on, consequently leads to position dependent phase shifts, (p = (p(r). This is 
the basis of frequency- and phase-encoding of spatial information concerning the 
signal intensity. 

The information is decoded by Fourier transformations of the signals in the 
respective encoding domains. The principle may be illustrated by considering a 



^In terms of absolute values the field changes caused by practical field gradients are so small 
that any inclination of the field vectors against the z direction can safely be neglected. 
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Fig. 24.2. RF and field gradient pulse scheme for two-dimensional Fourier transform (2DFT) 
NMR imaging also referred to as “spin-warp imaging” A Hahn RF pulse sequence generates 
the spin echo signal (SE) to be acquired. The first, suitably shaped RF pulse is applied in the 
presence of a “slice selection gradient.” A “phase-encoding gradient” is applied in the first RF 
pulse interval. This gradient is incremented in a series of subsequent transients. The spin echo 
is read out in the presence of a “frequency-encoding gradient”. 



Fourier component of an NMR signal, 

^(r, t) = ^o(^) sin[(o(r)t + (p(r)] (24.3) 

There are three independent parameters which can be used for encoding the infor- 
mation of interest, the amplitude ^o> the frequency a?, and the phase <p. It is clear 
that in a two-dimensional imaging experiment, two of these parameters serve the 
localization of the third parameter which is supposed to render the image contrast. 
In a three-dimensional experiment, two-fold phase-encoding must consequently be 
applied to allow for a third encoding dimension. 

The quantities from which the image is reconstructed are normally the frequen- 
cies and phases determining the superimposed free-induction signals acquired in 
the experiment. Thus the amplitude remains as the quantity establishing the con- 
trast. It is determined by object parameters such as the local spin density and the 
local relaxation times. 

Figure 24.3 shows a typical RF and field gradient pulse sequence for NMR imag- 
ing of an object slice. The steps of common (laboratory-frame) imaging schemes 
are (a) slice selection, (b) (Larmor-precession-) phase encoding, (c) (Larmor-) fre- 
quency encoding, and (d) image reconstruction. There is also a rotating-frame 
imaging variant which is based on (e) (nutation) frequency encoding, i.e., on 
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Fig. 24.3. RF and field gradient pulse scheme for two-dimensional Fourier transform (2DFT) 
NMR imaging also referred to as “spin-warp imaging” A Hahn RF pulse sequence generates 
the spin echo signal (SE) to be acquired. The first, suitably shaped RF pulse is applied in the 
presence of a “slice selection gradient.” A “phase-encoding gradient” is applied in the first RF 
pulse interval. This gradient is incremented in a series of subsequent transients. The spin echo 
is read out in the presence of a “frequency-encoding gradient”. 



(laboratory-frame) gradients of the RF amplitude 



Gi = VBi 



(24.4) 



Phase- and frequency encoding of spatial information are jointly considered in 
the “reciprocal space.” That is, one introduces an up to three-dimensional wave 
vector 



k = 



/ 






Yn jGxit') dt' 

0 

ty 

Y„jGy(t')df 

0 

YnjGziO dt' 

0 



\ 



) 



(24.5) 



as we will see in the subsequent sections. The encoding intervals (j ~ x, y, z) are 
defined by the effective period for which the encoding gradient acts on the signal. 

It should be noted that the same phase and frequency encoding principles are 
also used for acquiring additional information on quantities such as frequency off- 
sets (chemical shift, inhomogeneities, magnetic-susceptibility shifts), and velocity 
components. Pulse sequences serving this purpose will be described in the follow- 
ing after having formulated the principles of spatial encoding. Table 24.1 gives an 
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Table 24.1. Encoding and localization principles: list of the explicit and implicit dependences 
on r of the parameters in magnetic-resonance tomography. 





signal: S oc f So sinicoit^) exp{—i(coLt -h (p)]d^r 


a>L = codr) 

col = a>L[a{r),xir)\ 


explicit function of r (Larmor) frequency encoding 

implicit function of r 

via chemical shift, magnetic susceptibility 


<P = <p(r) 

<p = (p[vir),a(r),xir)] 


explicit function of r ^ phase encoding 
implicit function of r 

via flow, chemical shift, magnetic susceptibility 


(»i = coi(r) 


explicit function of r ^ nutation-frequency encoding 


So = So(r) 

So = So[p{r),Ti{r),Tip(r), 

T2{T)Mr),D{r),...] 


explicit function of r ^ slice selection, localization 
implicit function of r 

via spin density, relaxation, inflow/outflow, diffusion, ... 



overview of the versatile experimental possibilities NMR imaging and localization 
offer. The general objective of NMR tomography may be summarized by the for- 
mula: to image the implicit r dependences with the aid of the explicit r dependences. 




CHAPTER 25 



Fundamentals of NMR Imaging 



The elements of NMR imaging will first be outlined and treated taking the pulse 
scheme (Fig. 24.3) for two-dimensional Fourier transform imaging as an example. 
This is basically the spin-warp technique described in [134, 212, 354]. Other variants 
which are related in principle but different in the performance will be depicted 
thereafter. 

25.1 

Slice Selection by Soft Pulses 

Slice selection by “soft pulses,” i.e., narrow-band RF pulses in the presence of a 
magnetic field gradient [156], is a technique ubiquitous in NMR tomography. The 
homogeneous flux density of the magnet, Bq = B^Uzy is superimposed by a field 
pulse AR(r, t) = (G (f) • r) Uz which depends on the laboratory- frame position r. 
Thus the total local magnetic flux density is 

R(r, t) = Bq-\- (G(t) • r) Uz (25.1) 

The unit vector Uz defines the z direction. The gradient G = G(t) with the compo- 
nents Gx = dBo/dx, Gy = dBo/dy, and Gz = dBojdz is chosen to be constant within 
the sample (i.e., the magnetic flux density varies linearly in the gradient direction). 
Note that normally only one of the Cartesian components is switched on during 
selective excitation. 

The effective flux density in a frame with the Cartesian coordinates x', y\ z' = z 
rotating with the angular frequency odq = —yn^o about Bq is 

Be(r,t) = (G-r) u'^-\-B[ (25.2) 

where B[ = B[(t) is the RF component relevant in the rotating frame, and where 
the carrier frequency of the transmitter, coc, is assumed to be equal to coq as usual. 
Let us first consider a ‘‘hard pulse” defined by the condition 

hynBi > hynGds » {ni)m (25.3) 

where ds is the dimension of the sample and {Hi)m is the largest expectation value 
of the spin interaction energy such as those due to chemical shift and spin-spin 
coupling. In these circumstances the effective field is approximated by 

Be(r,t) ^ B[(t) ^ f(r) 



(25.4) 
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During a short intense RF pulse, any influence of spin interactions, relaxation, and 
diffusion can be neglected so that the expectation value of the local magnetization 
M'(r, t) obeys the simple equation of motion in the rotating frame 

^ YnM'ir, t) X B[(t) (25.5) 

The initial condition is M'(r, 0) = Mo(r) where Mq = Mo(r) = Mq{t)u'^ is the ex- 
pectation value of the equilibrium magnetization at position r. The RF flux density, 
B[(t) = is assumed to be constant during the pulse and directed along the x' 
axis of the rotating frame. The solution is then a precession about R' , i.e., 

M;(r,0 = 0 

M^(r,0 = Mo(r)sin(y„RiO (25.6) 

M;(r,0 = Mo(r)cos(y„RiO 

A hard pulse consequently excites the sample homogeneously with a constant flip 
angle a = 

By contrast a “soft pulse” is defined by the limit 

0^i)m hynBi <$C hynGds (25.7) 

where the influences of spin interactions, relaxation, and diffusion are again as- 
sumed to be negligible during the pulse. The effective field now varies spatially, i.e.. 
Be = BeiVy t) (Eq. 25.2). The equation of motion in the rotating frame then reads 

t) X Beir, t) (25.8) 

The solution for time independent Be = Be(r) ^ f(t) is 

M^(r,t) = Mo sin©cos0 {1 — cos(y„ReO} 

M^(r, t) = Mosin0sin(y„ReO (25.9) 

M'^{Tyt) = Mo{cos^0 -h sin^ 0cos(y„Ret)} 

The angle 0 is spanned by the vectors Bq and Be{r) and amounts to 

0 = 0(r) = arctan | (25.10) 



The response of the magnetization to the applied RF field is obviously a function 
of the position. Only for 0 = tt/ 2 is the solution given above for hard RF pulses 
retained. The situation becomes even more complex if the RF pulses are shaped by 
an envelope function Bi = Bi(t), The equation of motion is then no longer linear 
so that the solution is aggravated. 

The purpose of a soft pulse is to produce a spatially dependent magnitude of 
the transverse magnetization. This is the idea of slice selection. However, as a result 
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of a soft pulse, it is in principle not only the magnitude that becomes a function 
of the position. The phase of the transverse magnetization vector and the tip angle 
are inhomogeneously distributed across the sample as well [325]. 

A rigorous treatment of the response of the magnetization vector to the pulse 
can be established either by numerically solving the equation of motion (Eq. 25.8), 
or more advanced analytical techniques for the exact solution of Bloch’s equations 
must be employed [313, 353, 424]. 

For most applications it suffices to consider approximate solutions. With re- 
gard to the instrumental imperfections one is unavoidably facing in tomography 
experiments, the approach discussed in the following section forms an operational 
compromise between the rigor of treatment and what can be brought about in 
practice. 



25.1.1 

Approximation for Small Tip Angles 



For small flip angles an approximate version of the equation of motion can be 
established, the solution of which suggests Fourier transform responses of the mag- 
netization to soft pulses [19]. This result is readily conceivable because spins can 
only be excited if the RF pulse contains Fourier components at their resonance fre- 
quency. However, the question to be answered is how the local three magnetization 
components are distributed in space after the soft pulse in the small-tip angle limit. 

Let the reference frame rotate with the local resonance frequency oo = — fniG • 
r) Uz — Yn^o- At a position r, the magnitude of this frequency is (coq y„G • r) 
rather than the carrier frequency of the RF pulse, coc = coq. The consequence is 
that the effective field, Bg(r, f), is time dependent even if Bi were constant. It is now 
directed transversely to the external field, and rotates with an angular frequency 
= —Yn(G • r) about the z direction: 



(25.11) 

The unit vectors u^, and m' define the directions of the axes of the local rotating 
frame. Bi(t) is the envelope function or “pulse shape” assumed to be centered at 
t = 0 and to have a width 4 . That is Bi(t) = 0 for t < —tw/2 and t > (see 
Fig. 25.1). 

At the beginning of the pulse, i.e., at the time t — —t^j 2, the phases of the local 
rotating frames are the same everywhere. The initial situation corresponds to an 
alignment of the local effective-field vectors along the coinciding local x' axes. 

The equations of motion for the local magnetization components in the their 
local rotating frames then read 



Beirut) = Bi(t) I cos 



Tn (G • r) ( f -h 



tu 



-h sm 



y„ (G • r) f -h 



dM^;(r, t) 
dt 

dM;(r,0 

dt 



YnM',(rJ) Bi(t) sin 
YnM'^irJ) Bi(t) cos 



Yn(G • r) 

Yn(G‘T) 
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Fig. 25.1. Soft pulse for slice-selective excitation of (gradient refocused) coherences. A narrow- 
band RF pulse is applied in the presence of a field gradient. For constant magnitude of the 
gradient the maximum of the gradient echo appears at t — te — The envelope of the RF 
amplitude is proportional to which - in the version shown - is shaped according to a 

truncated sine function. The spatially constant magnetic field gradient is arbitrarily assumed 
in the z direction of the laboratory frame. 

^^ddt ^ ynBiW I Osin y„(G-r)^t+y^ 

cos y„G-r^t + y^ | (25.12) 

The transverse components of the magnetization can conveniently be written as 
a complex quantity with the real and imaginary parts representing the and / 
components, respectively, 

m(r, t) = M'^(r, t) + fM^(r, t) (25.13) 

obeying the combined differential equation 

= iynM'^ir, f) Bi(t) exp {-iy„(G • r)(f + 4/2)} (25.14) 

For small flip angles we may approximate M^(r, f) Mo(r) = const. That is, we 
decouple the evolution of the transverse magnetization from the z component. 
Equation 25.14 can then be integrated with the initial condition m(r, t = —ty^jT) — 
0. The transverse magnetization at the end of the pulse is derived on this basis as 

m(r,f = 4/2) % zy„Mo(r)exp|-iY„(G-r) y| j Bi(0 exp {-iy„ (G • r) ?} df 

— tyj/l 



(25.15) 
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Since Bi(t) = 0 for \t\ > the integration limits may be replaced by ±oo. The 
complex transverse magnetization m(r, ty^/2) can thus be rewritten as the Fourier- 
transform expression 



oo 

m{r,t„l2) « j dt (25.16) 

— OO 

where — y„G • r. In this approximation the distribution of Larmor frequencies 
of the excited transverse magnetization isochromats is determined by the Fourier 
transform of the pulse envelope function. The profile of the excited slice thus directly 
reflects the RF pulse envelope, so that the design of slice-selective excitation pulses 
is strongly facilitated in this approach. 

Assuming a spatially constant gradient arbitrarily chosen along the z axis, the 
slice profile function, g(z)y is implicitly given by 



oo 



= Mo(z) g(z) e 



-i{Y„GzZtw-Ti)l2 



(25.17) 



That is, 

oo 

g{z) = Yn j dt 

— OO 



(25.18) 



For example, according to this Fourier-transform relation, a rectangular RF pulse 
envelope. 



B,«) = { I 



for - f < f < f 
otherwise 



(25.19) 



produces a slice profile described by a sine function (see Fig. 25.2). Generalized 
to the case of the carrier frequency resonant at a position z = Zq, the normalized 
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Fig. 25.2. Slice profile excited by a rectangular RF pulse in the presence of a constant field 
gradient along the z axis. The low-flip angle approximation (Eq. 25.17) is assumed. The zero 
positions are given by Eq. 25.22. 
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profile function is 



g{z - Zq) 

^( 0 ) 



sin [\{z - Zo)y„Gzr] 

|(Z - Zo)YnGzT 



= sine 



— (Z - Zo)YnGzT 
In 



(25.20) 



where 



sinc(x) = 



sin(7Tx) 



nx 



(25.21) 



The main maximum at the position Zq is symmetrically flanked by a sequence of 
pronounced side-lobes with zero positions at 



Zn — + — (25.22) 

InrynGz 

where n is an integer. The shorter the RF pulse, the wider the region excited by 
the pulse. However this profile does not correspond to a well-defined slice. Other 
pulse shapes like those described in the following section serve the purpose more 
appropriately. 

25.1.2 

Frequently Used Pulseshapes 

In the approximation outlined above, a soft pulse with Gaussian envelope of the RF, 

Exit) = (25.23) 



produces a Gaussian slice profile 

/25 24) 

g(0) - 

where Q. = fnGziz — Zq). The parameter a is determined by the full width at half 
height, Azi/ 2 , according to 

“ = 

Zq again indicating the position where the carrier frequency is resonant. 

Another pulseshape frequently used has the property of a sine function, 

sin(bt) f ht\ 

Exit) = Ex (0) — ^ = Ex (0) sine f - j (25.26) 



In the small-tip-angle approximation, this pulse produces an ideal rectangular pro- 
file of the width Az, 



g(z - Zq) _ f 1 if \z-Zq\<y 
g(0) \ 0 Otherwise 



(25.27) 
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Fig. 25.3. Profiles of the gradient-refocused magnetization components after a double-lobe 
truncated sine pulse (data from ref. [76]). The RF phase corresponds to the x' direction of the 
rotating frame. The nominal flip angle (in the middle of the slice) is 90°. The initial magneti- 
zation is assumed to be aligned along the z' direction. The pulse scheme is shown in Fig. 25.1. 



The parameter h is related to the slice width by 



~ 2 



(25.28) 



The sine function is characterized by a series of side-lobes on both sides with 
zero points at f = ±nnfb in between where n = 1,2,3,.... Practically this ideal 
sine shape needs be truncated at a finite number of side-lobes. The effect is a 
slight oscillatory modulation of the rectangular profile and the appearance of small 
sidebands (Fig. 25.3). These can be reduced substantially by apodizing the truncated 
sine function with a cosine function [261]. The truncation at n = 3, for example, 
gives the rotating-frame time dependence of the RF amplitude 






sinc(^) cos(f ) 
0 



if ^<t<f 

otherwise 



(25.29) 
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At first sight, the approach so far employed appears to be rather crude but 
provides amazingly good descriptions of slice profiles for central flip angles up to 
90° [76, 451]. For larger flip angles, however, the situation is less favorable. Relative 
to the transmitter phase, out-of-phase excitations of the transverse magnetization 
become more and more important. On the other hand, the slice width remains 
related to the RF bandwidth of the pulse for any nominal flip angle, of course. 

A special pulse shape suitable for the slice- selective inversion of z magnetiza- 
tions was proposed by Silver et al. [451]. This “hyperbolic secant pulse” produces 
almost perfect rectangular profiles.^ As this pulse requires both amplitude and phase 
modulation, it is best described using a complex rotating-frame RF field 






e^t _j_ g-/3f 
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= [sech(^0]'^^'^ 



(25.30) 



where jS and p are real constants, 
is given by 



The width of the slice of inverted z magnetization 



Az = 



2 ^ 

Yn^z 



(25.31) 



25.1.3 

Refocusing of the Coherences 

Up to now we have not explicitly considered the factor exp{— /(y„GzZ4 — 7t)/2} 
in Eq. 25.17. It produces a distribution of precession phases along the gradient 
axis. At the end of the pulse, the spin isochromats are therefore dephased entirely, 
and the total transverse magnetization is canceled. That is, the coherences must be 
rephased in the form of a spin echo in order to become detectable. A possibility is 
to apply one or more subsequent RF pulses and a “trimming” gradient pulse in the 
refocusing interval as suggested in context with coherence transfer pulse sequences 
[235, 264, 464], for instance. 

The simplest compensation method is the generation of a gradient-recalled echo. 
After the RF pulse the gradient is reversed rather than switched off (see Fig. 25.1) 
where the magnitude is assumed to be constant. That is, G{t > t^/2) = —G{t < 
4/2). 

The complex transverse magnetization (Eq. 25.17) then evolves as already de- 
scribed in Sect. 2.3. The effective field in the rotating frame is Be(z) = —ynGz^Uz 
so that the resonant position is in the origin. The transverse magnetization at time 
t has developed to 

m(z, f) = m(z, t«,/2) (25.32) 

The echo maximum appears at a time t = te when the exponent vanishes irrespective 
of the position z. That is, te = 4- The local complex transverse magnetization thus 



^Unfortunately this does not hold good for pulses which are to refocus the transverse mag- 
netization in spin-echo experiments, for instance. 
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reaches its maximum aligned along the y direction of the rotating frame, 

m(z, te) = i Mo(z) g(z) (25.33) 

Note that the slice profile g(z) can be measured directly by leaving the gra- 
dient after t = te on and Fourier transforming the echo signal of a sample with 
homogeneous spin density, Mq(z) = const, 

S(t) oc j m(z, t) Az = Mq J g(z) dz. (25.34) 

The integration covers the whole extension of the test object. 



25.1.4 

Variation of the Slice Width and Position 



The selected slice is subject to apparative settings and can be defined in different 
ways. Let us arbitrarily assume a z slice again, i.e., a gradient of the form G = GzUz. 
The width of the slice profile can be controlled either by changing the length of the 
RF pulse (via the parameters a or b in Eqs. 25.23, 25.26, and 25.29 for instance), or 
by variation of the gradient. 

The spatial resolution is obviously a matter of how long the chosen RF pulse is 
and how strong the field gradient can be produced. The position of the slice can be 
shifted by readjusting the position Zq where the carrier frequency is resonant. 



25.2 

Phase Encoding 



The effect of a pulsed, spatially constant phase-encoding gradient assumed in y 
direction of the laboratory frame. 



«>■<') = { o' 



for 0 < f < 
otherwise 



(25.35) 



on the evolution of coherences is in principle already implied in the treatment of 
Hahn echoes outlined in Chap. 2. The local precession-phase shift caused by the 
field gradient depends on the y coordinate according to 

ty) — ^yty = Yn^ytyy = (25.36) 

where Qy = YnGyy is the Larmor frequency offset in the field gradient, and ky = 
YnGyty is the wave vector component generated by the pulse. The local rotating- 
frame transverse (complex) magnetizations before and after the gradient pulse are 
then related according to (compare Eq. 2.10)^ 

m{r, ty) = tn(r, = m(r, (25.37) 



^The minus sign in the exponents originates from the antiparallel alignment of the Larmor 
frequency and magnetic flux density vectors for positive gyromagnetic ratios. 
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The local phase in the complex plane of the rotating frame is shifted by the position- 
dependent angle (p(y, ty), which therefore labels the laboratory-frame y coordinate 
of the nuclei contributing to the local transverse magnetization. Note that an entirely 
analogous way of encoding is performed in context with two- or multidimensional 
spectroscopy as outlined with a series of examples in Chap. 7. 



25.3 

(Larmor) Frequency Encoding 

In imaging experiments, the free-induction signals are usually recorded in the pres- 
ence of a frequency-encoding (or read) gradient. Assume that a Hahn (Sect. 2.1) 
or gradient-recalled echo (Sect. 2.3) is generated in the middle of such a gradient 
pulse, where the gradient is assumed in the x direction of the laboratory frame. 
The origin of the time scale tx during the acquisition interval is centered at the 
maximum of the echo inducing the signal. The local coherence phase shift at time 
tx is then 



tx) — ^xtx — YnGxtx^ — ^x^ (25.38) 

where 0.x = is the Larmor frequency offset in the field gradient, and kx = 

Yn^xtx is the wave vector component generated by the pulse. Note that the phase 
shift vanishes for tx = 0, i.e., at the maximum of the echo. The local rotating- frame 
transverse (complex) magnetizations at the echo maximum and before or after it 
are then related according to (compare Eq. 2.10) 



m(rytx) = m(VyO)e = m(r,0)e = m(r, 0)e (25.39) 



The free-induction signal acquired in this way is composed of contributions evolv- 
ing according to the local offset frequency labeling the nuclei responsible for 
this local magnetization. Hence the term “frequency encoding.” Note that this is 
the conventional way of encoding in Fourier transform spectroscopy. However, in 
context with imaging, signals are processed in terms of the wave number kx rather 
than of offset frequencies. 



25.4 

Two- and Three-Dimensional Fourier Imaging 

Figures 24.3 and 25.4 show the pulse sequences which, in numerous variants, but 
based on the same principles, are most frequently applied in tomography. These 
schemes obviously contain the slice selection and encoding procedures outlined in 
the previous sections. All resolution and field-of-view aspects of these techniques 
will be discussed separately in comparison to other digital-acquisition mode tech- 
niques (see Chap. 32). 
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Fig. 25.4, Field gradient and RF pulse sequence for three-dimensional Fourier Transform (3DFT) 
imaging. 



25.4.1 

2DFT Imaging 

The two-dimensional Fourier transform (2DFT) NMR imaging experiment (Fig. 
24.3) begins with the selection of a slice which is then to be imaged. The standard 
slice selection method is a ‘‘soft” RF pulse in the presence of a field gradient as 
described in Sect. 25.1. 

The phase-encoding gradient pulse is applied in the first free-evolution interval. 
It is incremented in subsequent transients of the pulse sequence in order to vary 
the wave number ky. The 180° RF pulse refocuses all frequency offsets which are 
stationary or symmetrically arranged in both free-evolution intervals before and 
after this pulse. The phase-encoding gradient pulse does not comply with either of 
these conditions, so that the phase-encoded spatial information is not spoiled by 
coherence refocusing. The 180° pulse merely inverts all precession phases relative 
to the phase of the pulse (see Chap. 2). 

The frequency-encoding (or read) gradient pulse is applied in the second free- 
evolution interval where the coherences are to be refocused as a spin echo. The read 
gradient tends to dephase the coherences before the spin echo is formed. Therefore, 
a gradient pulse is applied in the first free-evolution interval in such a way that the 
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first half of the read gradient is compensated.^ The echo maximum is then reached 
at t = 2r (Fig. 24.3). ^ 

The free-induction signal of the echo is composed of the signals of all voxels of 
the sample. That is, it is represented by an integral over the sample volume, 

S(kxyky) = J d^r ^ Az J p(x, dxdy (25.40) 

where p(r) is the (parameter-weighted) spin density, g(z) is the (normalized) slice 
profile, and the wave vector components are kx — fnGxtx and ky = jn^yty. The 
approximation in the above expression means that the slice profile is assumed to 
be rectangular, and that the spin density is constant across the slice width Az. 

The signal function S{kx,ky) represents a “hologram” in complete analogy to 
the optical case. A graphical representation is shown in Fig. 25.5. The object image 
becomes accessible to the human eye after two-dimensional Fourier transformation 
from the reciprocal (k) to the real (r) space. The signal function S(kx, ky) is of the 
form of Eq. 42.14, so that its Fourier transform is given by (see Eq. 42.15) 

Tk{S(kxy ky)} = p(Xy y)Az a p(x, y) (25.41) 

where we have assumed perfectly symmetric echo signals with respect to the origin 
of the k space and neglected any signal attenuation in the course of the (infinitely 
long) acquisition interval (compare the Fourier transform pairs listed in Table 42.3 
on page 401). In reality a complex function comes out which is usually rendered as 
an image representing the magnitudes of the complex data. 

25.4.2 

3DFT Imaging 

Three-dimensional image data sets can be recorded with the aid of the pulse se- 
quence shown in Fig. 25.4. Instead of selecting a slice as usual in the two-dimensional 
case, a further phase-encoding domain probing the third dimension is introduced. 
The signal encoded in all three dimensions is then represented by the function 

S(k^,ky,k,) = y d^r (25.42) 



^Alternatively (but under practical circumstances less favorable) this compensation gradient 
can be applied in the second free-evolution interval before the read gradient in the form of a 
gradient pulse in the opposite direction. 

^If the signal acquisition starts only at the maximum of the spin echo a part of the potential 
sensitivity is lost because no use is made of the first half of the echo. In other words, only 
the positive half of the kx scale is probed. On the other hand, spin echoes tend to have an 
asymmetric shape owing to transverse relaxation. Therefore the record of both spin-echo halves 
together may possibly lead to artifacts in the image reconstruction process (compare the Fourier 
transform pairs for symmetric and asymmetric functions in Table 42.3 on page 401). Also, the 
longer acquisition times needed for acquiring the full echo stipulates longer pulse intervals, 
i.e., further T 2 losses. An extensive discussion of the matter can be found in [76]. 
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k'Space: S(k^, k.) = S,(k,. k^)+iS (k^^, k^) 
rfja I pa rt (S,(k - ^ rr^agi naty pa rt (S A . k^) ) 



Fig. 25.5. Top: two-dimensional k space plots (“hologram”) of the real and imaginary parts of 
a signal function Sik^yhy) recorded in quadrature phase-sensitive detection mode from a quail 
egg; bottom: conjugated magnitude and phase real-space images, (courtesy of U. Gorke) 



Three-dimensional Fourier transformation leads to the conjugate function (see Eq. 
42.15) 

Tk{S(k^, ky, kz)} = p(x, y, z) (25.43) 

This result is valid for ideal acquisition conditions, i.e., negligible T 2 or T 2 losses 
in the (infinitely long) acquisition interval, and perfectly symmetric echo signals 
with respect to the origin of the k space (see Table 42.3 on page 401). Under real 
conditions, the result is complex and the data must be rendered in the form of 
magnitude values. 
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25A3 

Gradient-Recalled Spin-Echo Imaging 

Spatially encoded signals can also be generated in the form of gradient- recalled 
echoes instead of the Hahn echoes suggested in Figs. 24.3 and 25.4. The two- 
dimensional version of corresponding imaging pulse schemes is displayed in 
Fig. 25.6. The three-dimensional modification can be found as part of the scheme 
shown in Fig. 33.2. The formalism of fc-space data acquisition and image rendering 
is the same as described above in context with Hahn echo 2DFT and 3DFT pulse 
sequences. 

Such short pulse sequences are of particular interest for fast imaging. In this 
case the flip angle of the excitation pulse is chosen much smaller than 90°. Equation 
26.12 shows that much shorter repetition times Tr can be adjusted so that complete 
sets of image data can be acquired in total times in the order of 100 ms. This version 
of gradient-recalled spin-echo imaging is referred to as the “fast low-angle shot” 
(FLASH) protocol [175, 177]. 

A disadvantage of gradient-recalled spin-echo imaging is, that frequency offsets 
due to chemical shifts and heterogeneous magnetic susceptibility distributions in 
the sample are not restricted to the read direction. Rather the phase-encoding 
domain is affected as well. Remedies are the use of sufficiently strong encoding 
gradients, or the additional record of the spectroscopic dimension as described in 
Chap. 26. The latter solution of the problem conflicts with the desire of fast image 
acquisition, of course. 
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Fig, 25.6. Gradient-recalled echo (GE) pulse sequence for two-dimensional imaging. 
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25.4.4 

Echo-Planar Imaging 

The pulse schemes discussed up to now are multi-transient techniques which require 
at least one transient for each phase-encoding step. Under such circumstances, 
the time needed for the record of a complete image data set can only be reduced 
by shortening the repetition time of the transients by exciting only a part of the 
magnetization in each transient. This is the low flip angle method depicted in 
the previous section. Even faster data acquisition can be achieved by the multiple 
signal read-out technique. That is, the coherences, once excited by a 90° RF pulse, 
are refocused many times with increasing phase-encoding increments. This is the 
basic idea of echo-planar imaging [324, 326, 471]. 

The coherences to be recorded can be generated in a cyclic way with the aid of 
the CPMG pulse sequence [83, 337], i.e., a train of 180° RF pulses, or using multiply 
gradient-recalled echoes. The latter version has the advantage that the RF power 
deposition in the sample is much lower. Figure 25.7 shows the pulse scheme of such 
experiments. The echo signals are read out in the presence of read gradients of 
constant magnitude |G;cl* The phase-encoding gradient pulses of magnitude \Gy\ 
and of width jy lead to phases incremented from echo to echo. The corresponding 
wave-vector components are 
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Fig. 25.7, Pulse scheme for echo-planar imaging with the aid of multiply gradient-recalled spin 
echoes (GE) (in reality more than the six cycles shown are needed, of course). The optional 
gradient pulse represented by the dotted line serves the precompensation of the phase-encoding 
gradient pulse train so that the phase increments symmetrically cover negative and positive 
values. 
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kx = Yntx\Gx\ 

ky = Yn[{Tl — l)Ty — 

The read-out time tx is defined in the usual way to be zero at the center of each 
echo. The total phase-encoding period ty reached at the n-th echo is composed of 
n — I additive intervals Vy owing to the n — I phase-encoding gradient pulses. This 
pulse train is precompensated at the beginning by a single inverted pulse of width 
tc. Its wave-number contribution, —yntc\Gy\, is chosen in such a way that the phase 
increments of the echoes symmetrically cover negative and positive values. 

The total image data acquisition time achievable with echo-planar imaging is in 
the order of 10 ms, so that a good time resolution of the images can be achieved. This 
is a major advantage if “movies” of temporally varying objects are to be recorded. 
An example is imaging of flow patterns [281]. 




CHAPTER 26 



Parameter-Weighted Contrasts 



26.1 

Contrast Parameters of Conventional Images 

The gray shades of an ordinary NMR image recorded with the aid of Fourier trans- 
form echo pulse sequences such as those shown in Figs. 24.3, 25.4, or 25.6 are the 
result of several object and experimental parameters. Without paying attention to a 
special performance of the imaging experiment, one commonly obtains relaxation- 
attenuated spin density images or, in a word, plainly NMR images. 

This sort of image is to be distinguished from parameter maps in which the 
gray shade is unambiguously related to the quantitative value of a single parame- 
ter. Examples are pure spin density or relaxation time (rate) maps which can be 
evaluated using more elaborate experimental protocols. As further cases, velocity, 
frequency-offset. Tip dispersion, and diffusivity maps are discussed in subsequent 
chapters. 

In an NMR imaging experiment using an ordinary spin echo pulse sequence, 
the image contrasts are produced by object parameters in combination with exper- 
imental parameters. The latter determine how strong the weight of the former is. 
The images rendered in this way are object parameter weighted according to the 
choice of the experimental parameters. 

The echo signals are recorded at the spin-echo time Te after the initial excita- 
tion RF pulse with the flip angle a. The phase-encoding gradient is incremented 
in subsequent transients with a repetition time Tr, that is the interval between two 
subsequent excitations by the first RF pulse of the pulse sequence. A further exper- 
imental parameter of interest may be the gradient time tg which characterizes the 
extension of dephasing/rephasing gradient pulse pairs (compare Figs. 24.3, 25.4, or 
25.6). These are the pulse sequence parameters to be adjusted before the experiment 
is carried out. 

The local signal contributing to the free-induction signal acquired in an imaging 
experiment is proportional to the number density of nuclei at this position. This 
material property is usually referred to as the spin density po = Po(^)- h is clear that 
the spin density may be an effective one. For instance, pulse sequences in standard 
NMR tomography are usually unsuitable for the record of broadline signals so that 
solid constituents will not contribute to the signal. In medical diagnostic imaging, 
for instance, bones appear as black regions although the (proton) spin density is 
definitely finite, and can in principle easily be imaged by methods appropriate for 
solids. 
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The transverse magnetization refocused in the form of a gradient or Hahn 
echo, measured before in the form of a free-induction signal, decays by transverse 
relaxation. The corresponding parameter is the local transverse relaxation time 
T 2 = T 2 (r) which may vary from voxel to voxel according to the local molecular 
mobility. 

Samples to be imaged by tomography tend to be heterogeneous. Actually, this 
is the primary motivation for rendering an image, of course. If the sample het- 
erogeneity also manifests itself in a spatial variation of the magnetic susceptibility, 
internal magnetic field inhomogeneities arise. Coherences dephased by these inho- 
mogeneities are refocused in the form of Hahn echoes but not as gradient echoes 
as they are intrinsic to many imaging pulse sequences. In this case the local signal 
is attenuated during the echo time Te by a local inhomogeneous dephasing time 
T 2 = T 2 *(r) < T 2 (r) rather than by the proper transverse relaxation time. 

The local signals are further weighted by spin-lattice relaxation if the repetition 
time Tr is not much longer than the local spin-lattice relaxation time Ti == Ti(r). 
In this case partial saturation of the local magnetization arises in analogy to the 
progressive saturation technique mentioned in Table 10.1 on page 94. 

As a further parameter specific for the system, the local diffusivity D = D(r) 
may influence image contrasts. Coherence rephasing in echo experiments in which 
relatively strong gradient pulse pairs are involved tends to be incomplete when 
self-diffusion (or incoherent flow) becomes perceptible as outlined in Sect. 19.2. 

26.2 

Contrasts in Gradient-Echo Tomography 

Let us consider a gradient-echo pulse sequence (see Fig. 25.6) for simplicity as 
an example producing typical NMR imaging contrasts. The relaxation curves are 
assumed to be exponential as predicted by Bloch’s equations (see Chap. 10). The 
potential echo attenuation by translational diffusion (or incoherent flow) is also 
assumed to be governed by an exponential factor as derived in Sect. 19.2 for ordinary 
diffusion. 

The total gradient echo amplitude is given by the proportionality 

S{Te)(x J m{r,TE)d^r (26.1) 

where m(r, Te) is the local complex transverse magnetization. 

The excitation pulse of the scheme at Fig. 25.6 is assumed to have a flip angle a 
and a phase in x direction of the rotating frame. The magnetization components just 
before the pulse are then transferred into the magnetizations immediately thereafter, 

m(r,0-f) = MziVyO—) sina (26.2) 

M^(r, 0-h) = Mz(r y0-\~) cos a (26.3) 

where the period from an excitation pulse to the next, Tr, is to obey Tr ^ T^. In 
repetitive applications of the pulse sequence we have 



Mz(ry0-) = MziryTR) 



( 26 . 4 ) 
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The irreversible attenuation of the complex transverse magnetization by trans- 
verse relaxation and translational diffusion, or - more likely - incoherent flow, is 
expressed by 



m(r,TE) = m(r,0+)exp|-^;^|exp{-b(fg)D(r)} (26.5) 

The function b(tg) globally represents the actual shape of the read-gradient in 
combination with its compensation lobe, and possibly that of the slice-selection 
gradient. Typical expressions for such functions can be found in Table 19.1 on 
page 181. 

The influence of spin-lattice relaxation is given by the solution of the corre- 
sponding Bloch equation in the rotating frame. 



Mo(r) - Mz(r,TR) = [Mo(r) - M^(r,0-h)] exp 



or 



Mz(r, Tr) = M^(r, 0-h) exp 



rjL) 

I Tdr)j 



+ Mo(r) 



1 — exp 



Ti(r)f 
I T,(r)f 



Combining Eqs. 26.3, 26.4, and 26.7 gives 



MAr,0~) = Mo(r)- 



l-exp{-2i/ri(r)} 



1 — exp {—TR/Ti{r}} cos a 
Combining further Eqs. 26.2, 26.5, and 26.8 yields 

l-exp{-TR/ri(r)} 



m{r,TE) = Mo(r) 
exp 



1 — exp{— TR/ri(r)}cosa 
Te 



Introducing the actual and the effective spin densities, 

Po(r) Qc Mo(r) 
p(r) oc m{r,TE) 



(26.6) 



(26.7) 



(26.8) 






(26.10) 

(26.11) 



we And the final contrast formula 



Pix) = po(r) 



l-exp{-r^/Ti(r)} 

1 — exp{— Ti^/Ti(r)}cosa 



exp<- 



Te 

T^{r) 



exp {-b(tg)D(r)} sin a 
(26.12) 



determining the intensity obtained after Fourier transformation of the echo signal 
data matrix. This function is then rendered in the form of image gray shades. 

In this derivation, motional artifacts, e.g., due to inflow or outflow of fluids 
into or from the sensitive slice, and frequency-offset artifacts were not considered. 
Contrasts arising on these grounds are discussed in subsequent sections. 
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26.3 

Relaxation-Weighted Contrasts 

Equation 26.12 demonstrates that typical imaging pulse sequences such as those 
displayed in Figs. 24.3 or 25.6 unavoidably produce relaxation-weighted image con- 
trasts. An example is shown in the 2DFT image of a hen egg in Fig. 26.1. The 
contrasts realistically look like those of a black-and-white photograph: the yolk ap- 
pears dark whereas the egg-white is rendered white. This amazing similarity with 
an optical photograph is fortuitous, of course. What we essentially have here is a 
transverse-relaxation weighted image, and the transverse relaxation times in the 
yolk are much shorter than those in the egg-white. The in vivo relaxation times 
at 38 °C and 4.7 T have been reported to be [259]: T 2 (yolk, CH 2 ~signal) = 40 ms; 
T 2 (yolk, water) — 120 ms; T 2 (egg-white, water) = 380 ms. For comparison, the spin- 
lattice relaxation times are Ti(yolk, CH 2 -signal) = 14.. .360 ms; Ti(yolk, water) = 
2.4 s; Ti (egg-white, water) = 2.0 s. 




■■t j ^ 

6 4 2 0 

ppm 



Fig. 26.1. 2DFT image of a hen egg recorded at 4.7 T (top). The pulse sequence used corresponds 
to Fig. 24.3. The experimental parameters are: slice width 1 cm; field of view 8 cm; echo 
time 30 ms; repetition time 2 s. The white and black squares indicate the regions to which 
the localized spectra refer. Spectra (a) and (b) have been recorded with the aid of VOSY 
(Sect. 37.1) in the egg-white and in the yolk regions, respectively. Spectra (c) and (d) have been 
recorded in the egg-white and in the yolk, respectively, using the CYCLCROP-LOSY technique 
for proton detected spectroscopy (Sect. 40.2). (Reproduced by permission from ref. [293]) 
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Equation 26.12 tells us how to choose the experimental parameters if a certain 
object parameter is to dominate. Of course, imaging pulse schemes such as the one 
assumed above (Fig. 25.6) can easily be combined with the preparation pulses of 
conventional relaxation experiments as precursors to the proper imaging pulses in 
order to enhance the influence of nuclear relaxation. 

Non-selective inversion or saturation RF pulses and a certain relaxation in- 
terval preceding the proper imaging pulse train may be used as a “filter” for 
the emphasis of certain relaxation features. In principle most of the experimen- 
tal schemes discussed in Chap. 10 can be combined with imaging pulse schemes. 
Saturation/recovery, inversion/recovery, Hahn echo, or CPMG precursors are of- 
ten employed for preparing relaxation-weighted magnetization distributions in the 
object prior to the proper imaging experiment. The systematic variation of pulse 
intervals even permits rendering of pure Ti, Ti, or po maps. Typical examples 
of relaxation time maps recorded from fruits can be found in [79]. 

Relaxation contrasts can also be produced artiflcially by treating the object 
with relaxation contrast agents. These can be electron paramagnetic atoms and 
molecules, or bio-compatible complexes thereof [277, 358] Applications in medi- 
cal diagnosis are now routine. Contrasts based on paramagnetic species are also 
useful in other fields. In [362, 363], for instance, studies of the temporally resolved 
uptake of heavy metal ions in alginate gels are reported. Figure 26.2 demonstrates 
that spin-lattice relaxation tends to increase the signal intensity (owing to reduced 
saturation) whereas transverse relaxation generally causes attenuation. 

Modifying the Belousov/Zhabotinsky reaction with Mn^“^ ions as a catalyst, the 
spatio/temporal pattern formation (“chemical waves”) could impressively be visual- 
ized by three-dimensional NMR imaging [486, 487]. In this case the contrasts refer 
to transverse relaxation because, as a consequence of scalar proton/electron spin 
coupling, manganese ions reduce T 2 much stronger than Ti [192]. 

26.4 

Functional Tomography 

The coherence attenuation time constant T 2 is predominantly shortened by inhomo- 
geneities arising from local magnetic susceptibility distributions within the sample. 
Susceptibility shifts are proportional to the magnetic-flux density and become ap- 
preciable in high-field tomography at 2 to 4 T or even more. This is the basis of the 
so-called “functional imaging” of brain regions active under certain exercises of the 
test person. The enrichment by (paramagnetic) molecular oxygen changes the local 
magnetic susceptibility so that high-field 72* -weighted images display “blood oxy- 
genation level dependent” (BOLD) contrasts of brain activity [132, 152, 224, 338]. 

The contrast changes arising in functional imaging are relatively weak and can 
scarcely be evaluated quantitatively. Based on a multi-parameter weighted image 
recorded with the aid of a conventional imaging pulse scheme, it may therefore 
be desirable to obtain quantitative information on a specific object parameter in a 
certain region of interest. In this case it is more economic to perform an image- 
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Fig. 26.2. Cross-sectional image of an alginate tube through which a dilute copper ion solution is 
pumped. A scheme of the experimental set-up is shown in Fig. 28.7. The paramagnetic copper 
ions are taken up by the alginate via an ion exchange process. The enriched concentration c of 
paramagnetic species in the alginate leads to transient relaxation-weighted contrasts as long as 
the equilibrium concentration is not yet reached. Note that the copper ion ingress first leads to 
an increase (less saturation losses) of the signal intensity S(c) and then to a reduction (more 
T 2 losses). The plot corresponds to Eq. 26.12. (Reproduced by permission from ref. [363]) 
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guided volume-selective parameter determination experiment rather than modify 
the imaging procedure in such a way that the desired information of the region of 
interest is provided together with that of regions not of interest. This is just a mat- 
ter of the measuring time spent to record the desired information. Techniques of 
this sort are often combined with volume-selective spectroscopy (VOSY) techniques 
[235]. Examples are spectroscopically resolved volume- selective diffusometry [259] 
or spectroscopically resolved volume-selective transverse and longitudinal relaxom- 
etry [437]. 

Using the latter technique it was possible to demonstrate a reproducible re- 
duction by about 35 percent of the lipid spin-lattice relaxation time in the human 
calf in vivo at 2 T during intense static flexing of the muscles, whereas the trans- 
verse relaxation time and both water relaxation times are not affected [438]. This 
phenomenon, which occurs independently of the biological variability and which 
apparently is not correlated with the muscle temperature may thus be called "func- 
tional volume-selective spectroscopy.” 

26.5 

Diffusive Attenuation and ''Edge Enhancement" 

When the root mean squared displacement by self-diffusion or intra-voxel incoher- 
ent flow during the application of the field gradients exceeds the pixel resolution, the 
signal intensity of the corresponding volume elements will be perceptibly attenu- 
ated according to the factor exp {—b(tg)D(r)] in Eq. 26.12. This in particular refers 
to gradients applied in long periods of the pulse sequence, i.e., to the read gradient 
and its compensation counterpart (compare Figs. 24.3 and 25.6). The image con- 
trasts are then weighted by diffusive attenuation according to the local (apparent) 
diffusivity. 

Under such circumstances bright fringes appear at fluid interfaces to solid struc- 
tures within the object or to the sample container walls [78, 197, 203, 392]. This 
“edge enhancement” effect is attributed to the reduced root mean squared displace- 
ments of liquid molecules in the vicinity of regions with strongly reduced diffusivity. 
Diffusive attenuation in these edge regions is less effective. That is, boundaries in 
the object appear as bright image contrasts. 




CHAPTER 27 



Relaxation-Dispersion Maps 



Apart from the two laboratory- frame relaxation times, Ti and T 2 , the spin-lattice re- 
laxation time effective in the rotating frame, is a suitable parameter for modify- 
ing image contrasts.^ Two-dimensional Fourier transform imaging pulse sequences 
modified for the production of rotating-frame relaxation-weighted images have 
been presented in [411, 442]. Attenuation by rotating-frame spin-lattice relaxation 
requires a period in the pulse sequence where the magnetization is “spin-locked,” 
i.e., where it is aligned along the effective field in the rotating frame. In [411], this 
spin-lock pulse is suggested to be applied in the presence of a gradient pulse so 
that it efficiently serves the production of rotating-frame weighted contrasts and 
slice selection via the LOSY principle (Chap. 36) at one time. In order to increase 
the effective frequency and to avoid high RF power deposition while applying the 
spin-lock pulses, off-resonance experiments have been suggested in [412, 418]. 

By contrast to the laboratory frame, spin-lattice relaxation in the rotating frame 
is indicative of slow motions with rates in the frequency regime of coi = 
defined by the spin-lock pulse amplitude b[^^\ Molecular fluctuations in this range 
are also relevant for transverse relaxation. Therefore the contrasts of Tip and T 2 
weighted images tend to be similar. 

On the other hand, contrasts of a very peculiar sort can be produced by consid- 
ering the frequency dependence (“dispersion”) of In [412, 418] experimental 

procedures for rendering dispersion maps are reported. They were referred to 
as “rotating-frame relaxation dispersion imaging” (RODI). Figure 27.1 shows the 
pulse schemes employed for this purpose. 

RODI techniques refer to the frequency effective in the rotating frame during 
the spin-lock pulse, 

(Oe = ^ col + Q? (27.1) 

where cox = Invx = YnBi^^ and Q = 27 t(vo — v^). With the aid of the off-resonance 
technique, the rotating-frame relaxation dispersion is accessible in a relatively wide 



^The superscript ‘‘e” refers to the magnetization spin-locked by the flux density effective in 
the rotating frame, Be. Generally this definition includes off- and on-resonance conditions for 
the spin-lock pulse. With experiments carried out with resonant spin-lock pulses the superscript 
is usually omitted (compare Sect. 10.3). 
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Fig. 27.1. RF and gradient pulse scheme for rotating-frame relaxation dispersion imaging 
(RODI). The magnetization is first weighted by under on-resonance (a) or off-resonance 
(b) conditions. After these preparation intervals a conventional 2DFT imaging sequence follows. 
The signals are recorded in the form of a Hahn spin echo (SE). Maps characterizing the disper- 
sion of the rotating-frame spin-lattice relaxation time are rendered by subtracting on-resonance 
(low effective frequency) (a) from off-resonance (high effective frequency) (b) rotating-frame 
relaxation weighted signals. The contrast parameter is given in Eq. 27.3. 



range (see Sect. 10.3). The problem is now to define a suitable parameter charac- 
terizing the slope of the dispersion. 

An operational procedure is to represent the dispersion indirectly by the differ- 
ence of the pixel intensities alternately measured at two different effective frequen- 
cies cOg. The contrast parameter to be mapped is then 



where 7(0) is the pixel intensity without spin-lock preparation pulses, and Tsi is the 
length of the spin-lock pulse. 

For short spin-lock intervals, this expression can be approximated linearly, lead- 
ing to the dispersion parameter 
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(27.3) 
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where is the difference between the relaxation times at and 

With this parameter representation of the dispersion, striking contrast 
changes have been found with mice tumors [412, 418]. Malignant tissue produced 
clear bright contrasts, whereas the surrounding tissue (predominantly muscle) 
was suppressed completely (see Fig. 27.2). This is noteworthy because in normal 
relaxation-time weighted images one observes changes of contrast but scarcely a 
complete suppression of certain tissue species. 

The contrasts in dispersion maps may be modified by contrast agents specifi- 
cally designed for this purpose. A “contrast agent” of particular interest is water. 

The natural abundance is about 4 x 10“^. The modulation of the scalar coupling 
between protons and by chemical spin exchange leads to a pronounced low- 
frequency proton spin-lattice relaxation dispersion, especially if the water is isotopi- 
cally enriched [162]. At pH 7 the mean exchange time is in the order of milliseconds, 
so that the scalar-coupling relaxation mechanism contributes to rotating-frame re- 
laxation. A strong dispersion arises above about 100 Hz. This dispersion can 
be recorded with the RODI technique, and converted into the gray scale contrasts 
of a dispersion map visualizing the distribution in the sample. Figure 27.3 
shows a comparison of a RODI map and a conventional image of water vials for 
the demonstration of ^^0-based contrasts. In the RODI map, ^^O enriched water 
is only visible at neutral pH, i.e., when the dispersion occurs in the right fre- 
quency range. On the other hand, acidified water has a dispersion shifted outside 
the frequency window relevant in this experiment. This does not affect conven- 
tional imaging, while the corresponding sample is entirely concealed in the RODI 
map [412]. 
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Fig. 27,2. NMR images of a mouse in vivo with an implanted tumor at the right hind leg. 
The tumor is located at the left side of the images showing cross sections of the abdomen 
and the upper thighs of the mouse lying on the back. The data were recorded at 4.7 T: a) 
Tip -weighted two-dimensional spin-echo Fourier transform image (see Fig. 24.3); b) rotating- 
frame dispersion map (RODI) rendering the dispersion parameter (Eq. 27.3) as gray scale 
contrasts. The tumorous tissue on the left-hand side can clearly be distinguished from muscle 
tissue (right), the signal intensity of which is completely suppressed without application of any 
gray scale windowing. The dispersion refers to the frequency range 500 - 1670 Hz. The spin-lock 
time was Tsi = 40 ms. The vertical lines are artifacts due to the superposition of FIDs generated 
by imperfections of the 180° RF pulse in the 2DFT imaging sequence. These signals are neither 
phase encoded nor weighted. They therefore produce projections of the whole (!) mouse 
on the read gradient direction even when the signals of the benign tissue are suppressed as is 
the case in (b). This again demonstrates the efficiency of the -weighting preparation pulses 
of the RODI pulse sequence. The structured horizontal line artifact in (a) is a consequence of 
imperfect baseline corrections of the echo signals. (Reproduced by permission from ref. [412]) 
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Fig. 27.3. a) Tip-weighted image of acidified (left) and neutral (right) samples of water enriched 
with 4 percent b) dispersion (RODI) map of same. The water was doped with MnCh 
in order to reduce the relaxation times (without affecting the low-frequency dispersion). The 
experimental frequency range was 165 Hz to 620 Hz. The spin-lock time was Tsi = 100 ms. In the 
RODI map the acidified sample is entirely invisible by contrast to the Tip -weighted image. No 
gray-scale windowing was applied. This experiment demonstrates the sensitivity of the RODI 
technique for the detection of neutral ^^O containing water. (Reproduced by permission from 
ref. [412]) 





CHAPTER 28 



Frequency-Offset Maps 



Frequency offsets of any origin can directly and unambiguously be recorded by 
introducing a further measuring domain, the spectral-encoding domain, in addi- 
tion to the k space domains. The dimension of the experiment is increased by one. 
Thus up to four-dimensional pulse schemes are considered. “Mapping” in this con- 
text means that the shift of a spectral line is evaluated from the local spectra and 
rendered in the form of a gray-scale or color map. 

One of the most important spectral parameters probed by NMR is the chemical 
shift of the resonance frequency. This information is closely related to the molec- 
ular composition and structure of the compounds bearing the nuclei. Frequency 
offsets can also arise on a supramolecular length scale by variations of the local 
magnetic susceptibility or even by inhomogeneities of the magnet.^ From the ex- 
perimental point of view, the NMR signals are affected by these frequency offsets 
in the same way, irrespective of the origin. However, a distinction becomes possible 
by post-detection processing and considering the different length scales on which 
these phenomena are relevant. Pulse sequences probing local frequency offsets are 
referred to as magnetic resonance spectroscopic imaging (MRSI) methods. 

Local frequency offsets by the inhomogeneous susceptibility and chemical-shift 
distribution in an object from which an NMR image is to be rendered can cause 
severe artifacts, especially if the flux density of the main magnetic field is high and 
the encoding gradients are moderate [73, 95, 389, 407]. 

However, MRSI provides full information for post-detection processing of the 
image data, so that artifacts due to local frequency offsets can be corrected what- 
ever the origin. In NMR microscopy, the spatial resolution of such frequency-offset 
corrected images is merely restricted by the voxel signal-to-noise ratio and the po- 
tential influence of diffusion, flow, and motions in the object (see Chap. 32). As 
a consequence, relatively low read gradients can safely be used even at very high 
magnetic fields, so that the signal-to-noise ratio benefits from the correspondingly 
narrow acquisition bandwidth. 

The same information background optionally permits mapping of the spatial 
distribution of frequency offsets in the form of gray shades or colors. This means in 
particular that the spatial distribution of field offsets due to magnet inhomogeneities 
or magnetic-susceptibility variations within the sample can be visualized. Moreover, 



^ These inhomogeneities must not be confused with the field gradients deliberately applied 
for spatial encoding purposes. 
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the spatial distribution of compounds with distinct and resolved chemical shifts can 
be rendered as chemical-shift selective images. 

The first problem to be solved is to have a pulse sequence suitable for encoding 
the local frequency offsets. That is, a further (spectroscopic) domain is to be added 
to the two or three spatial dimensions. Another no less important task is to find 
a suitable post-detection procedure for the correct artifact-free representation of 
the spectral and spatial information. Experimental data sets achieved in this way 
permit one to produce maps of certain spectroscopic parameters. The third problem 
therefore is to define informative quantities which can then be represented in the 
form of gray-scale or color images. 

28.1 

MRSI Pulse Sequences 

The spatial distribution of frequency offsets can be acquired in imaging pulse se- 
quences either by correspondingly phase-encoding the signals, or by reserving the 
read-out domain for this purpose. The former, i.e., echo-time encoding of the spec- 
tral information, turned out to be particularly favorable [176, 318, 380, 509, 511]. 
The technique consists of a standard Fourier imaging pulse sequence supplemented 
by a coherence evolution interval before the echo signals are acquired. The spectral 
frequency offsets are encoded by incrementing this interval in a series of image 
records. Figure 28.1 shows a variant based on gradient-recalled echoes. 
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Fig. 28.1 . Gradient-recalled echo (GE) pulse sequence (Fig. 25.6) modified for “magnetic res- 
onance spectroscopic imaging” (MRSI). The method is suited for the recording of maps of 
frequency-offsets due to chemical shifts, magnet inhomogeneities, or magnetic susceptibility. 
One spectroscopic and two spatial dimensions are probed by phase and frequency encoding. 
Frequency offsets are phase encoded by incrementing the echo time Te = teo -h rigAt in subse- 
quent transients as indicated (“spectroscopic phase encoding”). 
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The complex signal raw data recorded with the aid of this method are processed 
by three-dimensional Fourier transformation typically after zero-filling an m x n x n 
data matrix for the read, spatial phase-encoding, and spectroscopic phase-encoding 
dimensions, respectively. The resulting image data matrix provides the full spectral 
information for each pixel so that the image can be corrected by post-detection 
processing for frequency-offset artifacts. 



28.2 

Theory of MRSI 



Let us denote the (relaxation and/or diffusion weighted) density of spins with a 
frequency offset in the range Q . . . Q -|- dQ by p(x, y, z, Q)dQ. The frequency offsets 
may originate for any of the reasons mentioned before. The signal to be detected 
is weighted by the slice profile g(z) so that the effective (relaxation/diffusion and 
slice-profile weighted) offset-specific spin density is 

p(x,y,Cl)= [ g(z)pix,y,z,Q)dz (28.1) 



The total signal recorded with the pulse sequences (Fig. 28.1) is then 

S{k^,ky,TE) = J j J dxdydQ p{x,y,n) (28.2) 



where Te is the echo time. The wavenumbers, kx = fnGxtx and ky = fnGyty are 
functions of the encoding gradients and the encoding intervals, Gx, Gy, and txy ty, 
respectively. 

We realize that the Fourier transform S(kxyky,TE) with respect to ky yields the 
right dependence of the spin density to be rendered as an image on the coordinate y, 
but that the other two dimensions, kx ^ x and Te ^ O, are not independent of each 
other. Rather there is a correlation arising in the course of coherence evolution in the 
presence of the read gradient. The Fourier transformation without corresponding 
correction must therefore lead to distorted image data. 

The interdependence becomes obvious by the substitution 



tx 



kx 

YnGx 



(28.3) 



leading to 



S(kx,ky,TE) = J J J dxdy do, p(x,y,Q.) e 

This relation suggests the substitution 
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The measured signal function can then be represented by 



S(kx,kyyTE) 
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(28.7) 



The three-dimensional Fourier transformation with respect to the variables Te, k^, 
and ky yields 



p\x', y, Q) = p(x' -I- y, Q) 1 -|- 

Yn'-’x 



1 dQ' 
Y„Gx dx'_ 



(28.8) 



The function p{x' + :^,y,Q.) = p(x,y, Q) is what we want to render as an im- 
age whereas p'{x',y,Q.) represents the experimental result after Fourier transform 
processing. Thus, the function to be mapped in the image is 



p(x, y, Q) 



p'(x',y,Q.) 

1 + -L 

YnGx dx' 



(28.9) 



28.3 

Post-Detection MRSI Data Processing 

In terms of digital data acquisition and post-detection signal processing, we first 
acquire a three-dimensional data matrix 

{Si,„,n} = {s{kf,kf,tY^}} (28.10) 

From this we evaluate the Fourier transformed data set 

{Pl,m,n} — {P ymy^n)} (28.11) 

The frequency-offset encoding time, i.e., the echo time T^, can only be varied in 

the range 0 < teo < Te ^ T 2 for experimental reasons. The upper limit, the effective 
transverse relaxation time restricts the resolution achievable in the spectroscopic 
dimension (see Chap. 32), whereas the lower limit given by the shortest adjustable 
echo time teo leads to frequency-dependent phase shifts. Straightforward Fourier 
transformation of the measured data representing S(kxykyyTE) thus provides the 
function p\x',y,Q) exp{iQ.teo} in the form of a raw data set. Therefore, the matrix 
^ust be first-order phase corrected prior to further processing. 

The resulting three-dimensional data set allocates a local spectrum including any 
offset relative to the reference frequency to each pixel (x',y). These local spectra 
permit one to correct the pixel coordinates in the read direction. The principle is 
to identify a typical resonance line in the spectra of each pixel. In biological objects 
this may be the water or the lipid (“fat”) lines, for instance. 
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The next step of the procedure is the division of the data by the elements of the 
scaling matrix 
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(28.12) 



The quantity /m) — ym) is the variation of the offset of 

the selected reference line at the resonance frequency £2^^^ between the (apparent) 
positions and x^ym- Note that this is a measure of field offsets due to 

magnet or susceptibility inhomogeneities and therefore a local quantity in contrast 
to the (constant) apparent pixel resolution in x' direction, 6x', 

Finally the resulting data matrix elements for triples Z, m, n are assigned to triples 
I K,m,n where 



K = 



integer nearest to 



YnGx 



(28.13) 



As the quantity n^^V(T«^x) is normally a fractional number, and because the cor- 
rected pixel size may deviate from 6x\ the original and new pixel patterns do not 
necessarily coincide so that the data values of the pixels neighboring the position 
I + K must be weighted according to the overlap ratio of the original and new pixels 
[509, 510]. The image data matrix is then given by 



{pl,m,n} — ymi ^n)} 



(28.14) 



as the corrected effective offset-specific spin density. 

This data matrix provides the total spectrum including any inhomogeneity or 
susceptibility shifts for each pixel (x/, y^). A further matrix Q^^^(x/, ym) representing 
the local offsets of the reference line from the carrier frequency is readily available. 
On this basis, different sorts of images can be rendered. For instance, integrated- 
spectra images are produced by integrating the effective offset-specific spin density 
over all frequency offsets 0„. Resonance-line selective effective spin density images 
can be generated by integrating over the resonance line of interest. Finally, suscep- 
tibility (or more generally, inhomogeneity) images can be rendered by converting 
the frequency offsets Q^^^(x/,y„) into gray shades [381, 510]. 

28.4 

Post-Detection Correction of Frequency-Offset Artifacts 

Once having an image data set including a frequency-offset dimension, there is a 
wealth of representation possibilities of different images and maps. In the following 
we will discuss typical applications to a human finger and an application to time- 
resolved imaging of heavy ion intrusion in alginate gels. Let us first demonstrate the 
post-detection correction of frequency-offset artifacts in NMR images. The diverse 
steps of this procedure are illustrated in Figs. 28.2a-f. 

Figure 28.2a,b represent a MRSI data set of a human finger directly after 3D- 
Fourier transform without any artifact correction. Figure 28.2a shows a cross- 
sectional image the gray shades of which were calculated as the integral of the 
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Fig. 28.2. NMR-images and spectroscopic maps of a human finger as recorded and after ap- 
plication of post-detection correction procedures. The data are represented in the magnitude 
mode. The dashed lines in the spatio/spectral maps indicate the right range of the yellow 
bone marrow which is dominated by lipid signals. The three-dimensional data matrix recorded 
in the ky and Te domains of pulse sequence Fig. 28.1 had a format of 128 x 128 x 48. 
The number of transients was 2. The slice thickness is 1 mm, the in-plane pixel resolution 
200 ^m X 200 pm. The positions of the water or lipid peaks needed for artifact correction 
procedure were determined from magnitude spectra on a FWHM (full width at half maximum) 
basis: a) image of the integral intensity of the whole spectral axis of a 3D- Fourier transformed 
MRSI-data set without any post-detection correction. The read gradient was relatively low, so 
that chemical shift artifacts arose in the form of dislocations up to about 8 to 9 pixels; b) 
uncorrected spatio/spectral intensity map of the spectra of the pixel row marked in (a) by the 
horizontal stripe in the read-gradient direction. The data are represented in magnitude mode. 
“Dark” gray shades mean “high intensity”, “light” indicates “low intensity”. Frequency offset 
artifacts reveal themselves as dislocations on the x axis, and in the tilted contours of the line 
ridges; c) image (a) corrected for chemical shift but not for susceptibility and inhomogeneity 
artifacts; d) spatio/spectral map (b) after correction for chemical shift artifacts. The influence 
of susceptibility changes and inhomogeneities are still visible in the form of tilts of the spec- 
troscopic ridge contours; e) frequency-offset map of (a) after correction for all shifts Q. The 
gray shades represent a range -0.3 ppm < 0/y„Bo < 0.6 ppm where Bq is the external mag- 
netic flux density; f) spatio/spectral map (b) after correction for all frequency-offset artifacts. 
Resonance ridge contours are now horizontal, and the dislocation of the (lipid) signal of the 
bone marrow relative to the (water) signal of the muscle tissue has disappeared. (Reproduced 
by permission from ref. [511]) 
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whole spectrum. The image rendered in this way is equivalent to an ordinary gra- 
dient echo 2D image. The white horizontal stripe marks a row of pixels whose 
spectra are mapped in Fig. 28.2b. The pixel shifts along the read direction due 
to the chemical-shift and magnetic-susceptibility differences between tissues pre- 
dominantly consisting of muscles (strong water signal) and bone marrow (strong 
lipid signal) are obvious (see dashed reference lines). The patterns of the resonance 
ridges are also tilted in respect to the axis as a consequence of inhomogeneous 
offsets which in the present case predominantly refer to the external magnetic field. 

The integrated-spectrum image Fig. 28.2c and the corresponding spatio/spectral 
intensity map, Fig. 28.2d, represent the data set after correction for chemical shifts. 
The spatial intensity distribution associated with the lipid line in the bone marrow 
is now at the correct position relative to the water signal of the tissue outside the 
bone. However, the susceptibility and inhomogeneity artifacts are still present as 
indicated by the spectroscopic ridges of the water or lipid lines which are tilted with 
respect to the baseline. 

Figure 28.2e finally shows a map of the frequency offsets of the highest peak of 
the local spectrum at corrected pixel positions. The offsets are caused by the spatial 
distribution of the susceptibility of the tissue and the inhomogeneity of the external 
magnetic field. The spectra obtained after correction for spectral susceptibility or 
inhomogeneity artifacts are displayed in the spatio/spectral intensity map (Fig. 
28.2f) where the x-positions are again corrected as described above. 

The distortions by the susceptibility and inhomogeneity artifacts are demon- 
strated in the finger images Figs. 28.3a, b. The corrected longitudinal cross-section, 
Fig. 28.3b, is elongated by 6 pixels in the x (read) direction relative to the apparent 
length in Fig. 28.3a (see dashed reference lines). By contrast, the corresponding 
shortening in the transverse cross-section (Fig. 28.2c) is only 2 pixels so that it is 
scarcely perceptible. The larger distortions in the case of the longitudinal cross- 
section are due to the strong susceptibility step in Bo-direction at the finger tip. 




Fig. 28.3. Images of a human finger recorded with the aid of pulse sequence (Fig. 28,1). The 
experimental parameters are the same as in Fig. 28,2. The white bar represents 2 mm in reality: 
a) image after correction for chemical shift artifacts; b) image after correction for chemical shift 
as well as susceptibility and inhomogeneity artifacts. The white lines illustrate the distortion 
of the read axis length scale by the magnetic susceptibility and inhomogeneity artifacts. Image 

(a) is apparently shortened in the x direction by 6 pixels relative to the fully corrected image 

(b) . (Reproduced by permission from ref. [511]) 
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28.5 

Spectroscopic Maps and Shift-Selective Images 

The three-dimensional spatio/spectral data set corrected for artifacts as outlined 
above can be used for producing maps of different parameters. For instance, 
Fig. 28.4a-d represents chemical- shift selective images of the integrated intensity 
of the water and lipid lines in a human finger. 

Maps of further spectroscopic parameters are displayed in Fig. 28.5a-d. These are 
images of different kinds of T 2 weighted contrasts and direct maps of the percentual 
contribution of water and lipid signals. 

The spectroscopic identification of certain tissue constituents even permits one 
to render selective images of anatomical details. In Fig. 28.6, different gray shades 
are attributed to pixels in muscle, fat, blood, and bone marrow. 

Analogous to the contrast agents one uses for the artificial enhancement of 
relaxation contrasts, there is a possibility to enhance chemical shifts with the aid of 
lanthanide shift reagents [334]. In this way, one can separate overlapping resonances 
of compounds by formation of paramagnetic metal complexes. The chemical shift 
is then altered either by transfer of electron spin density from the metal ion to 
the associated nuclei (“contact shift”)j or by the direct interaction of the unpaired 
electron with the spins to be observed (“pseudocontact shift”). 




Fig. 28.4. Chemical-shift selective images of: a) transverse; b) longitudinal; c) transverse; d) lon- 
gitudinal cross-sections of a human finger recorded with the aid of pulse sequence (Fig. 28.1). 
Frequency offset artifacts were corrected as described in Sect. 28.4. The experimental parame- 
ters are the same as in Fig. 28.2. The gray shades of (a) and (b) represent the integrated water 
line, whereas (c) and (d) reflect maps of the integral over the lipid line. The white bar represents 
2 mm in reality. (Reproduced by permission from ref. [511]) 
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Fig. 28.5. Transverse cross-sections of a human finger recorded with the aid of pulse sequence 
(Fig. 28.1). The experimental parameters are the same as in Fig. 28.2. The white bar represents 
2 mm in reality. The gray shade contrasts represent different spectroscopic parameters evaluated 
after correction for frequency- offset artifacts (see Sect. 28.4). The image parameters are; a) 
magnitude of the highest peak in each voxel; b) full width at half maximum of the highest peak 
of each voxel (this corresponds to a “T 2 * map”); c) quotient of the integrated water peak and 
the integral of the total spectrum (this essentially corresponds to a “water percentage map” 
without corrections for the possibly different relaxation losses of the chemical constituents); 
d) quotient of the integrated lipid peak and the integral of the total spectrum (this virtually 
corresponds to a “lipid or fat percentage map” without corrections for the potentially different 
relaxation losses of the chemical constituents). (Reproduced by permission from ref. [511]) 



The frequency offset itself can be a contrast parameter of interest. This was first 
suggested as a means for imaging field inhomogeneities of the magnet for shim- 
ming purposes [332, 333]. In cases where the frequency offset varies spatially due 
to material or tissue properties, corresponding images may also serve the charac- 
terization of the object. A typical application of this sort is “magnetic-susceptibility 
mapping.” 

Figure 28.7 represents an experiment where the ion uptake of paramagnetic 
ions in calcium alginate from a dilute solution is imaged via the local change of 
the magnetic susceptibility [362], This ion exchange process leads to a local field 
shift AB{r) causing a frequency offset Q(r). The molar concentration of biosorbed 
paramagnetic ions is given by 



3 AB(r) 
c(r) ^ — ■ 



Xn 



Bo 



3 Q(r) 
Xm COo 



(28.15) 



where Xm is the molar magnetic susceptibility of the paramagnetic species. Thus the 
gray shades in the frequency offset maps directly reflect the local concentration. A 
series of time-resolved maps of this sort permits one to describe the time evolution 
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Fig. 28.6. Cross-sectional image and spectra of a human finger recorded using pulse sequence 
(Fig. 28.1) with the same experimental parameters as in Fig. 28.2. Anatomical details were 
identified according to the spectroscopic information implied in the three-dimensional spa- 
tio/spectral data set after correction for frequency-offset artifacts (see Sect. 28.4): a) image 
composed of gray shades for anatomy-specific spectral properties (key - “1”, blood vessels 
identified as the slowly relaxing component of the water signal (altogether 347 pixels corre- 
sponding to a total volume of 13.9 mm^), “2” yellow bone marrow identified as the lipid signal 
inside the bone (altogether 211 pixels corresponding to a total volume of 8.4 mm^), “3” fat 
identified as the lipid signal outside the bone (altogether 111 pixels corresponding to a total 
volume of 31.1 mm^), “4” water outside the blood vessels identified as the fast relaxing com- 
ponent of the water line (altogether 3,967 pixels corresponding to a volume of 158.7 mm^)); 
b) proton spectrum of all pixels (gray shades “1” to “4” in (a)); c) proton spectrum of fat tissue 
(gray shade “3” in (a)); d) proton spectrum of the yellow bone marrow (gray shade “2” in (a)). 
(Reproduced by permission from ref. [511]) 



of the diffusion/reaction front which turns out to be remarkably steep. The ingress 
clearly does not obey Pick's diffusion laws. A better description is possible with a 
model analogous to Stefan's treatment of a related heat conduction problem [470] 
This formalism [395] takes into account that the diffusion front proceeds only as 
fast as the ion exchange reaction permits. 

Sometimes the record of the spectroscopic dimension in addition to the two 
or three spatial domains may turn out to be too time consuming. A favorable 
strategy in that case is to image the object just in order to be able to define a region 
where spectral information is of interest. The spectrum can then be recorded in a 
second experiment using volume-selective spectroscopy. Suitable pulse sequences 
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Fig, 28.7. Frequency offset (or magnetic-susceptibility) mapping of the ingress of paramagnetic 
ions into alginate. A dilute solution (1 mmol/1) of PrCl 3 is pumped through a tube prepared from 
diamagnetic calcium alginate. The cross-sectional image on the right-hand side was recorded 
after 14 h of exposure to the ion solution. The frequency offsets are mapped in the form of 
gray shades. In the dilute solution in the middle no perceptible offset is detected. However, 
the high concentration of the Pr ions reached in the diffusion zone in the alginate leads to a 
strong offset reflected by the dark gray shade. Note that the diffusion/reaction front is too steep 
to be represented by Fickian diffusion. The frequency-offset encoding interval (see Fig. 28.1) 
was incremented in 32 steps. The white bar corresponds to 1 mm in reality. (Reproduced by 
permission from ref. [362]) 



for localization are described in Chap. 37. This is particularly rewarding if further 
experimental parameters such as the local temperature [241] or the local pH value 
[354] are to be evaluated from single- or double- quantum coherence chemical shifts. 



CHAPTER 29 



Gradient-Pulse Moments and Motions 



Fast coherent displacements of matter by flow or movements of the object to be 
imaged interfere with spatial phase or frequency encoding and even with slice 
selection. Artifacts of this origin can partly be avoided by suitable choices of the 
pulse sequence and the shape of the gradient pulses. 

Images of objects with motional components perpendicular to the selected slice 
are prone to inflow/outflow artifacts. Signals of matter displaced out of the initially 
excited slice can appear with gradient-recalled echoes or Hahn echoes generated 
with a non-selective refocusing RF pulse. If there are motional components parallel 
to the slice to be imaged, these signals appear in blurred form at positions shifted 
with respect to the original location. Hahn echoes refocused with an RF pulse se- 
lective to the same slice as the initial excitation pulse avoid such “displaced” signals 
superimposed on signals from static material. That is, all matter that has moved out 
or in the selected slice does not contribute to the signal. The corresponding regions 
appear as black spots in the image. It is clear that echo times as short as possible 
help to avoid artifacts of this sort. 

Spatial phase and frequency encoding of echo signals are also predisposed to mo- 
tional artifacts. The interval between the phase-encoding and frequency-encoding 
gradient pulses should be as short as possible so that the k space components 
addressed by these gradients remain correlated in the presence of motions. 

Particular attention must be paid to bipolar gradient pulses used for self- 
compensation of coherence defocusing by slice-selection or read-out gradient pulses 
(see Fig. 24.3, for instance). As will be shown in the following, velocity or acceler- 
ation dependent phase shifts may arise. A remedy against artifacts based on such 
phase distortions is to use gradient pulse shapes with vanishing moments in orders 
relevant for dephasing by position, velocity, and acceleration. 

The trajectory of a nucleus, r == r(t), may be expanded according to 

r(t) = »b + Mof+y^^ + ... (29.1) 

where ro, Vq, uq are the initial position, velocity, and acceleration, respectively. Terms 
of higher order refer to time dependences of the acceleration which will not be 
examined further here. A held gradient pulse of an arbitrary shape. 






G(t) 

0 



for 0 < f < r 
otherwise 



(29.2) 
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leads to the accumulative phase shift of a nucleus which is initially located at r = Vq: 

T T 

(t>iT) = J Q[r(0] dt = Yn I G(t) ■ r(t) dt (29.3) 

0 0 

Q(r) = y„G • r is the angular-frequency offset at the position r = r(t) due to the 
spatially constant field gradient. Inserting Eq. 29.1 gives the moment series 






Yn 



T T T 

Vq • J G(t) dt -\-Vq • J G{t) t dt -\-—cio • J G{t) t^ dt + . . . 
0 0 0 

' V ' V ^ V ' 

mo (0th mom.) rni (ptniom.) m2 (2^‘imom.) 



= + 01 (T) + 02(^) + • • • 



(29.4) 



29.1 

Bipolar Gradient Pulses 



Neglecting any switching ramps, 
the equation 

r Go 

Gx = < —Go 
0 



a bipolar gradient pulse may be represented by 
for 0 < t < T 

for r + Ar < t < 2r + Ar (29.5) 

otherwise 



where we have assumed the gradient to be aligned along the x axis of the laboratory 
frame. A graphical representation is shown in Fig. 29.1 for the case Ar = 0. 

The zeroth moment of this pulse obviously vanishes, mo = 0. That is, all coher- 
ence phase shifts depending on the initial position are refocused. This in particular 
means that static spins provide a completely recovered gradient echo at the end of 
the pulse (Fig. 29.1). The first moment takes the value mi = — Go(t^ + t At). That is, 
for a stationary velocity component along the gradient axis, a first-moment based 
phase shift 

01 (2r + Ar) = -y„Go(r^ + r Ar)i;o (29.6) 

remains which is proportional to this velocity. Phase shifts of moving nuclei are not 
refocused at the end of this bipolar pulse (Fig. 29.2). Therefore, bipolar gradient 
pulses can serve phase encoding of the local velocity as described in Chap. 30. 

The second moment is m 2 = —2Gq(t^ + t^ At + |t At^). Stationary acceleration 
components along the gradient axis hence lead to an additional second-moment 
based phase shift 



02 (2 t + At) = -y„Go (t^ + t^ At + ^0 (29.7) 

Higher-order terms of the moment expansion of the gradient pulse can lead to fur- 
ther additional phase shifts provided that the time-dependent accelerations occur. 
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Fig. 29.1. Bipolar gradient pulse, = Gx(0> foi* At === 0. The gradient is assumed along the x 
axis of the laboratory frame. The angular-frequency offset, O = 0(x, t), caused by the gradient 
is a (preferably linear) function of the position x. The phase shift, (j)o = (l>o(x, t), of static spins 
is refocused in the form of a gradient echo at the end of the pulse because the zeroth moment 
vanishes. 

It is clear that these motion-induced phase shifts tend to cause severe artifacts 
in ordinary imaging experiments, and, therefore, are most undesirable. A remedy 
to a certain degree is provided by so-called “motion-compensated gradient pulses” 
to be addressed in the following section. 
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Fig. 29.2. Bipolar x gradient pulse, = Gx(t), with vanishing zeroth moment. The angular- 
frequency offset, Q — O(xo, t), caused by the gradient is a (preferably linear) function of the 
position Xq (linearly) varying with time owing to a (stationary) velocity component along the 
gradient axis. First-moment based coherence phase shifts, <j)i = remain at the end of 

the pulse, and are proportional to the stationary velocity component along the gradient axis 
(see Eq. 29.6). 

29.2 

Velocity-Compensated Gradient Pulses 

Motional artifacts^ arising with gradient pulse pairs can be avoided with the aid of 
gradient pulse shapes with vanishing first (and potentially also higher) moments. 



^Flow in the presence of bipolar gradient pulse pairs or unipolar gradient pulses separated 
by a 180° pulse causes phase shifts so that the phase-encoding direction of magnetic-resonance 
images becomes distorted. Components of pulsating flow along gradients therefore result in 
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Fig, 29.3. Velocity-compensated x gradient pulse, = Gx(0- The zeroth and first moments 
are zero. The angular-frequency offset, Q = O(xo, f), caused by the gradient is a (preferably 
linear) function of the position x (linearly) varying with time owing to a (stationary) velocity 
component along the gradient axis. At the end of the pulse train, the first-moment based phase 
shifts, (j)i = <l>i{Vxyt) due to stationary velocity components along the gradient axis are 
completely refocused. Accelerated motions, on the other hand, lead to second-moment based 
phase shifts proportional to the acceleration components along the gradient axis. 



As an example consider the h) gradient pulse train (Fig. 29.3): 



{ Go for 0 < f < r 

“Go for T < t <3 t 

Go for 3r < t < 4r 
0 otherwise 



(29.8) 



The zeroth moment vanishes, i.e., coherences of static spins will be refocused. 
The first moment vanishes as well, so that coherences of spins moving with a sta- 
tionary velocity along the gradient axis are also refocused irrespective of the veloc- 
ity value. However, the second moment takes finite values for accelerated motions: 



phase-modulated signals. That is, the corresponding sidebands tend to produce '‘ghost artifacts.” 
Since the series of transients needed for the phase-encoding increments of the gradients and for 
signal accumulation is normally not coherent with the flow pulsations, an apparent fluctuating 
signal attenuation occurs. These signal fluctuations may be Fourier analyzed to reveal the 
frequencies inherent to the pulsations (see ref. [159]). 
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m 2 = — 4GoT. The coherence phase shift remaining at the end of the pulse train, 

02(4t) = -IfnCoT^ao (29.9) 

is proportional to the (stationary) acceleration component along the gradient axis. 
That is, gradient pulses of this shape may in principle be used for phase encoding 
of the acceleration. 

Motion-compensated gradient pulses refocusing phase shifts by the stationary 
acceleration term or even higher-order terms of the trajectory expansion at Eq. 29.1 
are also feasible, of course. Gradient pulse trains with vanishing zeroth, first, and 
second moment typically consist of alternating gradient lobes, -j-Go, — Go, +Gq, — Gq 
[366]. 

For instance, in [259] a pulse sequence for “diffusion and incoherent motion 
weighted volume-selective NMR spectroscopy” (DICSY) is reported. In order to 
discriminate molecular self-diffusion from intra-voxel incoherent motions [296], 
velocity and acceleration compensated pulses were implemented. 




CHAPTER 30 



Velodmetry and Velocity Maps 



Methods for quantitative flow rate measurements (‘‘velodmetry”) without spatial 
resolution have already been suggested before imaging techniques became known 
[376, 453]. Nowadays phase-encoding techniques [32, 130, 339, 348, 356, 399, 490] 
are standard for spatially resolved representations. A review of applications can be 
found in [82]. 

The effects which - on the one hand - lead to undesired motional artifacts as 
discussed before, can be used favorably for flow and velocity measurements on 
the other. One distinguishes techniques merely serving the discrimination of static 
from flowing material (“NMR angiography”) from methods for the quantitative 
allocation of velocities to the voxels of an image data set. The latter are referred to 
as “velocity NMR mapping ” 

For example, the former can be based on inflow/outflow effects in the sensi- 
tive slice to be imaged [366]. Subtraction of transients recorded with and without 
gradient pulses for velocity-dependent phase encoding are also in use. In suitably 
cardiac-cycle triggered versions, i.e., with transients recorded with different in- 
stantaneous blood velocity, even the frequency-encoding gradient together with its 
compensation pulse employed in 2DFT imaging anyway (compare Fig. 24.3) can be 
utilized for this purpose [491]. 

Velocity mapping in the proper sense is somewhat more demanding and requires 
further measuring domains - one per velocity component - in addition to the re- 
ciprocal space domains. In each of these additional domains the distribution of 
the corresponding velocity component is probed. “Mapping” in this context means 
that, e.g., the average or the most likely velocity of each voxel is evaluated from the 
local velocity distribution and mapped pixel by pixel. Thus the experiment can in 
principle become up to six-dimensional if three-dimensional imaging is combined 
with three-dimensional velocity vector mapping.^ 

There may be situations where the rapid record of a local velocity vector is 
desirable with a good time resolution. That is, phase-encoding cycles should then 



^From a more operational point of view, three independent, four-dimensional experiments, 
one for each velocity component, are more favorable than a single six-dimensional conduct of 
the measurement. A six-dimensional experiment in the proper sense would involve encoding 
of six quantities in each transient, i.e., five independent phase-encoding increments would 
be required. Fortunately a series of three four-dimensional experiments is equivalent to such 
an extremely time-consuming procedure as long as spatial and velocimetrical encoding are 
independent from each other, as it usually is the case. 
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be avoided in the measuring process. As a compromise alternative to mapping of the 
whole velocity vector field in an object, localized velocimetry such as the “volume- 
selective measurement of the velocity” (VOTY) technique has been proposed [258] 
for this purpose. This method permits the fast, single-transient determination of 
one or all three velocity components by frequency-encoding in the read-out mode. 

30.1 

Phase Encoding of the Velocity 

The most common technique for velocity mapping is based on phase encoding of 
the velocity. The phase shift at Eq. 29.6 produced by bipolar gradient pulses such 
as that displayed in Fig. 29.2 or by unipolar gradient pulse pairs with a 180° RF 
pulse in between can be favorably employed for this purpose. The local velocity 
component along the gradient axis generates an unambiguous phase shift of the 
signal provided that the velocity is stationary. 

The combination of such velocity phase-encoding gradient pulses with ordi- 
nary imaging pulse schemes permits one to record multidimensional image data 
sets. Two or three spatial dimensions are supplemented by one, two, or even three 
velocity dimensions. Thus up to six-dimensional data matrices can be generated 
[356]. Phase encoding is employed not only for localization but also for spatially 
resolved velocimetry. All phase-encoding gradients are incremented independently 
from each other, so that the encoding information can be separately analyzed via 
Fourier transform processing. That is, the data set does not only refer to the (re- 
laxation or diffusion weighted) spin density in the voxels, but also to the local 
distributions of the velocity vector components. 

30.2 

Mapping of Velocity Fields 

Figure 30.1 shows a typical pulse scheme for two-dimensional mapping of the ve- 
locity vector in a preselected slice of the object. The principle of this technique is 
known as “Fourier encoding velocity imaging” (FEVI) [399]. The velocity compo- 
nents were encoded one by one. In this way three three-dimensional sets of data 
referring to one velocity component and two spatial dimensions were obtained. 

Following Eq. 29.6 the velocity-dependent phase shifts can be expressed in the 
form 

<t>vj = kvjVj (j = X, y, z) (30. 1) 

where we have introduced a velocity “wave vector” 

K = -YnGT^ (30.2) 

in analogy to the spatial wave vector kr (Eq. 24.5). The signal functions acquired 
in velocity-mapping experiments can then be represented by 

S{k„,ky,k^,kvj) = j j p{r)p{r,Vj) dvjd^r {j = x,y,z) 

(30.3) 
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Fig. 30.1. RF and field-gradient pulse scheme for the record of slice-selective velocity maps, the 
gray scale of which represents a velocity component or the velocity magnitude. The velocity 
components along the gradient axis are phase-encoded one by one with the aid of bipolar 
gradient pulses supplemented to a Fourier transform imaging pulse sequence such as that of 
Fig. 25.6, 



In a simplified view one might argue that a certain position can only be con- 
nected with a certain velocity at a time. That is, the local velocity distribution would 
then be given by a d function, 

p{r, Vj) = S[vj - Vj(r)] (30.4) 

so that 

S{kx,ky,k^,kvj) = J p(r) (j = x,y,z) (30.5) 



The Fourier transform component-by-component with respect to the reciprocal- 
space variables provides 

S(x,y,z,kyj) = {S(kx,ky,k^,ki,j)} = p(r) (30.6) 



This expression implies a phase factor merely determined by the local velocity. If 
the X component of the velocity is encoded in the experiment, for instance, one 
may evaluate 



Vx{r) 



1 l I{S(r,hx)} ~ 

Y„G^t^ [n{~S(r,kvx)} . 



(30.7) 



An assessment of a velocity map merely based on the local FT signal phase would 
be strongly susceptible to artifacts by any inhomogeneous frequency offsets in the 
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object. Therefore it is necessary to probe each velocity component in the form of 
a whole Fourier dimension by incrementing the velocity phase-encoding gradients 
in a series of transients. 

Furthermore, under experimental conditions, there are two reasons why a 6 
function is inappropriate for the description of the local velocity distribution. First, 
one is referring to voxels with a finite volume rather than to point locations in the 
mathematical sense. That is, a real (“inhomogeneous”) velocity distribution may 
exist within a voxel. Second, measurements are connected with a finite resolution 
(see Chap. 32), so that a distribution of the local velocity arises anyway for ex- 
perimental reasons even if the velocity field were strictly homogeneous within the 
voxel. 

Depending on the dimensionality of the wave vectors kr and fcy, up to three 
four-dimensional data matrices for the variable sets (x,y, z, U;c)> (:x:,y, z, u^), and 
(x, y, z, Uz) are recorded. After up to four-dimensional Fourier transformation of 
the signal functions (Eq. 30.3), real-space/real-velocity data sets for 

S(x, y, z, Vj) = {S(fcr. hj) } = p(x, y, z) p{x, y, z, vj) 

(j = x,y,z) (30.8) 

are obtained. These data sets imply the full velocity distribution for each voxel, 
p(Xy y, z, Vj). Further evaluation with respect to the average of a velocity component 
or the most likely velocity component within each voxel gives data sets suitable 
for rendering as velocity maps. Suitable quantities to be mapped with the aid of 
gray scales or colors are the velocity components VxyVy, Vz or the magnitude of 

the velocity vector, v = vj. Thus, four data sets can be formed, Vx = 

Vx(Xy y, z), Vy = Vy(Xy y, z), Vz = Vz(Xy y, z), and v = u(x, y, z). 

The analogy between the conjugate reciprocal and real spaces concerning the 
position and the velocity vector also implies that equivalent rules for the “resolution” 
and the “field of view” apply. This is outlined in more detail in Chap. 32 where these 
parameters are discussed generally for digital acquisition routines. 

The FEVI pulse scheme at Fig. 30. 1 permits the record of the velocity vector field 
in a slice, or, after extension to three spatial dimensions (compare Fig. 25.4), in the 
whole three-dimensional object to be investigated. The only condition is that the 
velocity vector field is stationary in the possibly rather lengthy measuring period. 

30.3 

Typical Applications 

As a typical application of the velocity phase-encoding principle, six-dimensional 
velocity-mapping experiments were employed in experiments serving the deter- 
mination of the so-called percolation backbone of water flowing through lacunar 
systems. Examples of such systems are sponges, glass bead agglomerates, or porous 
rocks [356]. In these experiments, all voxels with velocity magnitudes below the 
noise level are suppressed, so that only voxels contributing to the transport path- 
ways are rendered in correspondingly filtered images. 
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Fig. 30.2, Schematic representation of the convection cell used for the velocity mapping and 
multiplane/multistripe tagging experiments represented by Figs. 30.3 to 30.5 and Figs. 33.3 to 
33.5, respectively. (Reproduced by permission from ref. [512]) 




Fig. 30.3. Maps of the maximum local coherent-flow velocity caused by thermal convection in the 
central y, z plane (temperature gradient along the -y axis) of the cell (Fig. 30.2). The velocity 
components Vy, Vz and the magnitude u in the central plane parallel to that spanned by the 
y and z axes are represented as gray shades (white, high positive velocity; black, high negative 
velocity). The curves and coordinate axes are superimposed plots of the velocity profiles in the 
central voxel lines or columns marked by arrows. (Reproduced by permission from ref. [512]) 
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Fig. 30.4. Maps of the maximum local coherent-flow velocity caused by thermal convection in the 
central x, z plane (temperature gradient along the —y axis) of the cell (Fig. 30.2). The velocity 
components Vy, and the magnitude v in the central plane parallel to that spanned by the 
X and z axes are represented as gray shades (white, high positive velocity; black, high negative 
velocity). The curves and coordinate axes are superimposed plots of the velocity profiles in the 
central voxel lines or columns marked by arrows. (Reproduced by permission from ref. [512]) 



Velocity mapping may also be used for the visualization of thermal convection 
phenomena including the Rayleigh/Benard instability of liquids in bulk [512] as 
well as in porous media [443]. The stationary flow patterns formed by thermal 
convection in a water-filled cell with a temperature gradient directed from the top 
to the bottom (see Fig. 30.2) were visualized by the velocity maps shown in Figs. 30.3 
to 30.5. 

Velocity mapping may also be desirable in situations where the velocity field 
cannot be kept stationary over prolonged periods. In this case a good time resolu- 
tion is essential. For this objective, the phase-encoding principle of velocities can be 
favorably combined with one-transient imaging schemes such as echo-planar imag- 
ing (see Fig. 25.7). Using this strategy, velocity fields were mapped in turbulently 
flowing fluid and in Taylor/Couette flow, e.g., [279, 281]. 

If the velocity field to be mapped is time dependent and cannot be mapped 
with sufficiently good time resolution to ensure quasi-stationary conditions, phase 
encoding of the velocity components as described above fails. In this case signals 
may even seemingly suggest intra-voxel incoherent motions [296] instead of time 
dependent coherent motions on a supra-voxel length scale. However, one is dealing 
in reality with signals with a fluctuating phase due to the instantaneous velocity 



30.3 Typical Applications 



289 




Fig. 30.5. Maps of the maximum local coherent-flow velocity caused by thermal convection in the 
central x, y plane (temperature gradient along the —y axis) of the cell (Fig. 30.2). The velocity 
components Vz and the magnitude v in the central plane parallel to that spanned by the 
X and y axes are represented as gray shades (white, high positive velocity; black, high negative 
velocity). The curves and coordinate axes are superimposed plots of the velocity profiles in the 
central voxel lines or columns marked by arrows. (Reproduced by permission from ref. [512]) 



component during the bipolar gradient pulse used for motional phase encoding in 
the respective transient of the pulse sequence. 

The accumulation of signals acquired with fluctuating phases due to periodic 
motions result in a sort of non-stochastic noise. At first sight this destructive su- 
perposition of signals leads to gray shades in the images, giving rise to the impres- 
sion that incoherent motions or even thermal diffusion have attenuated the signal. 
However, a Fourier analysis in such cases reveals the frequencies of any coherent 
components inherent to the motions. This technique was successfully applied for 
the detection of pulsatile flow in fertilized bird eggs at a certain stage of incuba- 
tion [159]. These motions could not be resolved temporally by ordinary velocity 
mapping, but in this way were proven to be of a coherent nature. 




CHAPTER 31 



Diffusivity Maps 



Apart from phase encoding of the velocity of coherent motions, bipolar gradient 
pulses in coherence evolution intervals (or, equivalently, unipolar gradient pulses 
with a 180° pulse in between) can also serve for probing of incoherent displacements. 
In particular this refers to self-diffusion. Incrementing the bipolar gradients in 
subsequent transients, and evaluating the echo attenuation permits one to determine 
a diffusion coefficient for each voxel (see Sect. 19.2) [24, 31, 79, 482]. 

As a further step for obtaining as much information as possible, one can com- 
bine diffusion imaging with spectroscopic imaging. One then evaluates and maps 
spatially and spectroscopically resolved diffusion coefficients D as a useful means 
for tissue characterization. A pulse sequence suitable for this purpose is shown in 
Fig. 31.1 (“spectroscopic diffusion imaging,” SDI). 

The relative intensity of the spectral lines is attenuated according to Sect. 19.2.4 



A 



e 



-bD 



(31.1) 



where 

^ ^) (31.2) 

The symbols are explained in Fig. 31.1. 

Typical applications of pulse sequence (Fig. 31.1) to the human finger in vivo are 
shown in Fig. 31.2. Ordinary and diffusion-weighted images referring to the total in- 
tegrated signal are compared in Fig. 31.2a,b. Several regions with different diffusion 
coefficients can be distinguished. In Fig. 31.2c-f these are marked by numbers and 
letters. The numerical values of the local diffusion coefficients are listed in Table 31.1 
(compare [107]). Spatially and spectroscopically resolved diffusion coefficients can 
also be recorded with the aid of (coherent-motion compensated) localization tech- 
niques. This was demonstrated in an application to fertilized hen eggs [259], for 
instance. Localization methods provide accurate information solely from the region 
of interest rather than from the whole object. Therefore this measuring strategy is 
particularly economical with respect to measuring time. 
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Fig. 31.1. Gradient-recalled echo (GE) pulse sequence for “spectroscopic diffusion imaging” 
(SDI). The method permits the record of diffusion (or incoherent motion) weighted spectro- 
scopically and spatially resolved data. The echo amplitude is attenuated by incoherent displace- 
ments in the presence of a bipolar gradient pulse of magnitude Go following the slice-selection 
pulse. The full echo-attenuation curves can be recorded for each pixel by incrementing the 
bipolar gradient pulse in length or height. 



Table 31.1. Diffusion coefficients evaluated from data of the regions illustrated in Figs. 31.2c-f. 
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Fig. 31.2. Spectroscopic diffusion images of a human finger recorded with the aid of pulse 
sequence (Fig. 31.1). The white bar represents 2 mm in reality. The experimental parameters 
correspond to those specified in the legend of Fig. 28.2: a) map of the integrated spectrum 
after correction for frequency-offset artifacts (see Sect. 28.4) (two reference capillaries filled 
with water (left) and olive oil (right) are imaged at the same time for comparison); b) map as 
in (a) but with diffusion-weighted intensity (the bipolar gradient pulse used is characterized 
by Gd = 449 mT/m, = 3.4 ms, So = 3.2 ms); c) to f) illustration of the regions “1” to “9” 
and “A” (water reference sample) and “B” (olive oil reference sample) where distinct diffusion 
coefficients were measured with the aid of water (c and d) or lipid (e and f) signals (see 
Table 31.1). (Reproduced by permission from ref. [512]) 




CHAPTER 32 



Resolution 



Digital acquisition of signals with the aid of an analog-to-digital converter produces 
sets consisting of N equidistant data points. Each data point represents an interval 
on the axis of the independent variable of the signal function. We term this vari- 
able the “measuring variable.” It can be a time, or a component of the reciprocal 
positional or velocity spaces. 

The fast Fourier transform (FFT) procedure [99] common in the numerical 
analysis of signals requires that N is a. power of two. The data may refer directly to 
the free-induction signal acquired in the experiment, or to the signal phase varied 
in a series of N transients with incremented evolution intervals or phase-encoding 
gradients. If echoes are recorded rather than FID-signals after an RF pulse, or 
if phase-encoded signals of a series of transients are considered, the measuring 
variable of the signal function from which the digitized data set is obtained takes 
positive as well as negative values. 

Digital acquisition routines are ubiquitous in magnetic resonance. The limits 
with respect to resolution and range (“field of view”) can generally be formu- 
lated for methods in which conjugated domains are linked with primary domains 
via Fourier transformation. For example, the real-space domains form the coun- 
terparts to the k space domains, or the frequency domain is related to the time 
domain. The primary domains (in which the experiments take place) are generally 
termed “measuring domains” whereas their conjugated counterparts are referred 
to as “rendering domains.” The term “rendering” alludes to the data sets to be pre- 
sented finally after the Fourier transform analysis. With respect to the techniques of 
interest here, this can be a spectrum, an image, or a velocity (component or vector) 
distribution. 

This chapter depicts the limits of digital acquisition one commonly faces in 
context with spectroscopy, ordinary imaging, spectroscopic or velocity mapping, 
and velocimetry. The definitions and limits relevant in the different experiments 
are compared in Table 32.1. 

32.1 

Field of View, Spectral Width, Velocity Range 

The maximum angular frequency of a spectrum that can be detected unambiguously 
without aliasing effects in the course of digital data processing is given by the 
Nyquist sampling theorem (see Sect. 42.3): 




Table 32.1. Comparison of the limits and parameters of digital acquisition routines in NMR spectroscopy, imaging, and ve- 
locimetry. The symbols are the same as in the text, and represent positive quantities throughout (compare Figs. 24.3, 25.4, 25.6, 
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n 

At 



(32.1) 



where At is the “dwell time” of the analog-to-digital converter with which the time- 
domain signal is acquired in the form of N data points. This condition means that 
at least two data points (two dwell-time intervals) per period are needed for the 
identification of a Fourier component. For quadrature detection^ the total spectral 
width is then 

~ t^max — — t^max (32.2) 



In complete analogy, this statement can be translated to the terminology of other 
pairs of conjugated variables. In the case of k space vs real space digital transform 
pairs, the Nyquist theorem refers to “waves” which are to be unambiguously iden- 
tified with respect to wave numbers. With ordinary imaging, one obtains the “field 



of view” 


fiyinax — — ^i,max 


where 


In n 




rumax - 2^^ - 



(i = X, 7 , z) 



(i = X, 7, z) 



(32.3) 



(32.4) 



The frequency-encoding domain is probed in N steps 



Afcx = YnGx^t 



(32.5) 



where At is again the dwell time of the analog-to-digital converter. Instead of a 
dwell time, the phase-encoding domains are sampled with the aid of gradient-pulse 
increments 

Afc; = YnGiti (i = y,z) (32.6) 

Finally, the Nyquist sampling theorem also defines “field-of-view” of velocime- 
try, i.e., the range in which the velocity distribution is examined. As with all other 
digital Fourier transformation methods, the maximum range of the variables con- 
jugated to those of the measuring domain is given by the increment of the latter. In 
the FEVI case (see Fig. 30.1) this refers to the bipolar gradient pulses which define 
a “reciprocal velocity space.” The maximum magnitude of the velocity component 
along the gradient axis is 

^max — (32.7) 

Aky 

where the increment is given by (compare Eq. 30.2) 

Aky = (32.8) 



^Quadrature detection of the signal and its 90° phase-shifted counterpart permits the dis- 
tinction of positive and negative frequencies relative to the carrier (or reference) frequency 
of the system. The complex transverse magnetization is then unambiguously defined in the 
complex plane. Quadrature detection with respect to phase-encoding domains is possible by 
recording signals from two series of transients acquired with correspondingly phase shifted RF 
pulses. 
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The larger the increment the more narrow is the velocity field-of-view, 

- Vmax <V < Umax (32.9) 

If velocimetry is combined with imaging for velocity mapping purposes, a fur- 
ther limit of a more practical nature must be taken into account. Analogous to 
the inflow/outflow artifacts discussed above, the voxels may be “washed out” if the 
displacements by coherent motions in the echo time, T^, exceed the length scale of 
the spatial resolution. Ax. That is, the maximum velocity must also comply to the 
condition 

^max « Ax/Te (32.10) 

The number of increments in multi-dimensional experiments is kept as small 
as possible, of course, in order to save measuring time. This is of particular im- 
portance when all three velocity dimensions are to be examined. For instance, in 
the three-dimensional velocity vector mapping scheme of Fig. 30.1, only two phase- 
encoding increments are suggested for probing the velocity distribution. One of the 
three encoding levels corresponds to no bipolar gradient at all.^ That is, the signals 
acquired in this case can be used for the evaluation of all three components of the 
velocity vector. 

32.2 

Digital Resolution 



The digital resolution is generally defined as the separation of two neighboring 
data points in the rendering domain. This is to be distinguished from the physical 
resolution limits to be discussed afterwards. Let us first consider the resolution that 
can be achieved at best in terms of the digital signal acquisition parameters. The 
resolution will generally be better the more strongly the quantities to be resolved 
affect the signal, i.e., the larger the range of the measuring variable chosen. 

With the time domains considered in ordinary spectroscopy or in spectroscopic 
imaging, the limiting measuring variables are the longest acquisition time t 2 ,max 
or the maximum evolution period ti^max- The former is a “frequency-encoding” 
time according to the very definition, the latter is the interval in which the spectral 
information is “phase encoded.” 

In terms of angular frequencies the spectral digital resolution is 



Acoi = 



^^i,max 

N 



2n 

NAti 



In 

U,max 



(i=h2) (32.11) 



where ti^max = AfAti is the maximum encoding time, and N is the respective num- 
ber of dwell-time intervals. At/, in the measuring domain. Recall that the data 
acquired with quadrature detection are complex and each consists of a real and an 
imaginary part. 



^The FFT procedure [99] common in the numerical analysis of signals requires that the 
number N of data points in the measuring domain is a power of two. Recall that this can 
readily be fulfilled by zero-filling the data matrix as usual (see below). 
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Imaging experiments are related to k space domains. Hence, the maximum 
measuring variables determining the digital resolution in this case is the maxi- 
mum component along the x axis, ±kx^maxy in the frequency-encoding domain, 
and the maximum component along the y (or z) axis, ±ky^rnax (or ^kz,max) in the 
phase-encoding domain(s). Provided that the measuring domains are probed on the 
positive as well as on the negative half axes, the spatial digital (“pixel”) resolution 
is 



An = 



^^i,max 

N 



In _ n 

NAki ki^jfiax 



(i^Xyyz) (32.12) 



where kx^max — NAkx — y^GxN Atxy ky^f^ax — NAky — yj^tyN AGy, and kz^max — 
NAkz = yntzNAGz- The number N counts the respective (complex) data corre- 
sponding to the dwell-time intervals or increments of the phase-encoding gradients 
by which the measuring domains are probed. 

Finally, the record of the velocity distribution is again based on phase encoding 
as outlined above. The resolution of the velocity component along the gradient axis 
is limited by the maximum wave number in the reciprocal velocity space, ±.ky^rnax- 
The velocity digital resolution concerning the component along the gradient axis 
is 



Av . 



2Vrr 



N 



2n 



NAky ky^ri 



(32.13) 



where ki^,max = The number N again refers to the (complex) 

data set acquired in the measuring domain with the aid of N increments of the 
phase-encoding gradient. 

For a given dwell time At/ or phase-encoding increment AA:/, fixed as needed for 
the spectral width or the field of view, the digital resolution is improved with the 
number N of collected data points. However, high numbers N stipulate the record 
of signals up to regimes of the measuring variable which may be burdened with 
strong noise compared with the decaying signal amplitude in this variable range. 
In this case it is more favorable to skip the acquisition of all further data points 
recorded under too “noisy” conditions. Instead the acquisition data matrix can be 
“zero-filled.” Thus, the rendering-domain signal becomes less susceptible to noise. 

This of course is a compromise to be formed between signal-to-noise ratio on 
the one hand and spectral or pixel information content on the other. The expansion 
of the acquisition data matrix by zero-filling improves the digital resolution but not 
the sample-related (physical) resolution to be discussed in the subsequent section. 

Zero-filling is particularly useful in phase-encoding domains. In order to save 
measuring time, it may be desirable to combine a certain field-of-view with a certain 
digital resolution while the total of increments of the phase-encoding gradients is 
lower than the required number N (see Table 32.1). The problem can then easily 
be solved by post-detection zero-filling the data matrix. 
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32.3 

Physical Resolution Limits 

The digital resolution is as good as its adjustment. Without considering the physical 
limits of the encoding or acquisition intervals, the digital resolution can be made 
arbitrarily good. However, there are several experimental, signal-processing, and 
sample-related restrictions which must be matched [33, 95, 285]. 

In imaging, for instance, improving the pixel resolution only makes sense as 
far as the gray shades of two neighboring pixels can be distinguished if principally 
different. That is, the physical resolution of superimposed signals such as the in- 
tensities of neighboring voxels means that the information inherent to these signals 
can be evaluated separately. The limit is given by the maximum measuring variable 
which is permitted under acceptable signal-to-noise conditions. This commonly 
holds true in all dimensions of spectroscopy, tomography, and velocimetry. 

For discussion we restrict ourselves to a one-dimensional experiment, e.g., 
frequency-encoding imaging. The principles, thereby well illustrated, can easily be 
applied to other measuring schemes. 



32.3.1 

Spatial In-Plane Resolution 

Phase- and frequency-encoding imaging are formally equivalent, so that it suffices 
to consider signals recorded as a function of any k space component^. Artifacts 
of the imaging procedure possibly spoiling the resolution, as already discussed in 
context with image contrasts in the previous chapters, are only marginally regarded 
here. We rather examine the restrictions unavoidably connected with the signal 
generation and with data processing. Relevant mechanims are 

a) signal attenuation by transverse relaxation 

b) signal attenuation by inhomogeneous intra-voxel spin interactions 

c) signal attenuation by self-diffusional or incoherent flux intra-voxel displace- 
ments 

Displacements by diffusion or incoherent flux in the measuring time may also lead 
to displacements beyond the voxel length scale to be resolved, so that 

d) fading of the voxel contrast by incoherent displacements 

is of potential importance. In general, resolution is intimately related to the signal- 
to-noise ratio achievable in the experiment. This ratio may be improved by digital 
filtering via exponential multiplication of the acquired data set. However, this in 
turn leads to a further restriction of the maximum measuring variable owing to 

e) digital filtering by exponential multiplication 



^With 2DFT imaging, apart from the in-plane resolution, the resolution in the third spatial 
dimension is also of interest as concerns the selection of the slice to be imaged. The factors 
influencing the slice thickness are discussed in Sects. 25.1 and 36.3 with respect to soft-pulse 
and spin-lock pulse slice selection, respectively. 
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Let us first discuss the limitation of the maximum measuring variable by exponential 
attenuation factors of the above list. 



32.3.1.1 

Limitation by Exponential Attenuation Factors 

The influence of items (a), (b), and (e) may be assumed to be governed by mono- 
exponential decays, for simplicity. Consider two neighboring voxels of equal spin 
density at positions Xa and x^. The signals originating from these voxels can be 
expressed by 



Saih) = So (32.14) 

Sb(kx) = So (32.15) 

The first exponential functions on the right-hand sides represent the echo signal 
attenuation by transverse relaxation, by intra-voxel frequency distributions due to 
inhomogeneous spin interactions, and by exponential multiplication for digital- 
filtering purposes. Thus 

+ r ( 32 . 16 ) 

where T 2 is the combined time constant of transverse relaxation and inhomogeneous 
intra-voxel defocusing of the coherences, and tf is the time constant of digital 
filtering. The second exponential functions are the usual frequency-encoding factors 
depending on the wave number kx = YnGxtx- The substitution tx = kxlifnGx) leads 
to 



SAkx) = So 6-^*=' 

Sbikx) = So 

where c = c/(y„Gx). The total signal of the two voxels is 

S(kx) = Sa(kx)-^Sb(kx) 

The Fourier transform (see Eq. 42.15) 

00 

S(x) = — f S{kx)e'^’'^ dx 
2n J 

— 00 

leads to a superposition of two Lorentzians, 

c c 

+ {x — Xa)^ + (x — Xfe)^ 



(32.17) 

(32.18) 



(32.19) 



(32.20) 



S(x) = So 



(32.21) 
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where we have taken advantage of the shifting property of Fourier transforms. The 
full width at half maximum of each of these Lorentzians is 



(Ax)fwhm = 2 c 



(32.22) 



The signals of the two voxels can be evaluated separately if 



Ax =\Xb-Xa\> (Ax)fwhm 



(32.23) 



The physical resolution limit on grounds of mechanisms (a), (b), and (e) hence is 



(Ax)phys = (Ax) 



FWHM 



YnGx 



1 1 
if + 7^ 



(32.24) 



It is therefore reasonable to adjust the digital resolution, Ax^, in such a way that 



(Ax)d 





That is, the acquisition time Ta = NAtx should obey the condition 



1 




(32.25) 



(32.26) 



From the point of view of the sample properties and the data processing, good 
resolutions require long T 2 filtering and little digital filtering. The latter is a matter 
of the acceptable noise level, of course. On the other hand, the best experimental 
means for resolution enhancement is the use of strong field gradients. For instance, 
a field gradient of 70 mT/m and an acquisition time of 1 s lead to a proton image 
resolution of 2 pm. 



32.3.1.2 

Influence of Diffusion and Incoherent Motions 

The influence of diffusion [72] and incoherent intra-voxel flow, i.e., mechanism 
(c) in the list given in Sect. 32.3.1, has been skipped in the discussion up to now, 
because these phenomena cannot be described by monoexponential attenuation 
functions. Anyway, there is a potential signal attenuation on these grounds. For 
example, self-diffusion with the self-diffusion coefficient D in the readout time, tx, 
causes an attenuation factor exp{— y^G^t^D/12} (see Sect. 19.2.4). 

Note that the readout time tx is relevant for mechanism (c) rather than the 
interval between the read gradient and its compensation pulse (compare Figs. 24.3 
or 25.6). Diffusional displacements in that interval and those of any other field- 
gradient pulse pairs also attenuate the echo signal amplitude. This ‘‘precursor” 
attenuation leads to sensitivity losses but, in the first instance, not to a deterioration 
of the resolution provided that the root mean squared displacements are less than 
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the length scale of the voxels. Otherwise a second sort of diffusive limitation of the 
resolution arises, namely mechanism (d) (Sect. 32.3.1). 

The relevant time scale of mechanism (d), fading of the voxel contrasts by inter- 
voxel diffusion, may crudely be identified with the echo time Te. The root mean 
squared displacement due to self-diffusion in this period is 






(32.27) 



For water at room temperature, i.e., D = 2 x 10 ^ m^/s, and an echo time of 
typically Te = 10 ms, one estimates the maximum length scale of this effect to be 
^ 10 jLzm. 



32.3.1.3 

Frequency-Offset Artifact Compensation 

Frequency offsets due to field inhomogeneities, Q.i(r) = y„A5o(r), magnetic- 
susceptibility variations in the object, = ;^m(^)^o/3, or chemical shifts, 

Q.cs(r) = YnO(r)Bo make voxels appear in the image at shifted positions, and may 
result in a certain limitation of the spatial resolution [73]. However, as outlined in 
Sect. 28.4, such artifacts can be cured by post-detection correction provided that the 
spectral dimension has been sampled in the experiment. A drawback is the reduc- 
tion of the sensitivity owing to the additional measuring time needed for probing 
the spectral dimension. 



32.3.2 

The Sensitivity Limit 

We have already referred to the importance of the signal-to-noise ratio, S/N, for the 
resolution one can achieve. Lack of sufficient sensitivity forms the ultimate limita- 
tion of resolution from which, at the end of the day, all restrictions mentioned above 
ensue [71]. The general means for the improvement of the signal-to-noise ratio are 
accumulation of Nt transients of the pulse sequence for each phase-encoding step, 
and the use of a high magnetic-flux density. As the accumulated signal increases 
linearly with the number of transients, whereas the sum of random noise voltages 
is proportional only to the square root of that number, the signal-to-noise ratio in 
total varies as S/N a ^/Wt. It depends on the magnetic flux density according to 
[198] S/NocBy\ 

The most important factor in this context is the filling factor of the RF probe. 
With imaging, signals from each voxel of the object must be identified inde- 
pendently. That is, the filling factor with respect to a single voxel is relevant, 
S/N oc (Ax)^ /Vprobe- That is, in order to gain extreme spatial resolutions, the RF 
probe volume and, hence, that of the object to be imaged, must be reduced as far 
as possible. The limiting proton sensitivity in this respect amounts at present to 
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about 10^^ protons^ per voxel permitting an in-plane resolution in the order of 
micrometers (e.g., [157]) and approximately matches the limit given by diffusion 
in liquids discussed before. With solid-like samples new perspectives arise on the 
basis of magnetic-resonance force microscopy (MRFM), which will be discussed in 
Sect. 35.3. 

Another non-inductive detection scheme of extreme sensitivity is ^-detected 
NMR [133, 206]. The principle is to spin-polarize j8-active nuclei and to probe the 
longitudinal magnetization via the parity violating forward/backward asymmetry 
of p emission. 



^According to Curie’s law this corresponds to about 10^ uncompensated proton dipoles 
aligned along the magnetic field at room temperature. 




CHAPTER 33 



Multi-Stripe/Plane Tagging 



The purpose of tagging experiments is to visualize the displacements by flow or 
movements during a preselected “time-of-flight ” The principle is to “tag” certain 
space regions by saturating the local spin populations at least partially, and to 
image the magnetization distribution after the time-of-flight with any fast NMR 
imaging method [17, 530]. The marker lines then appear in black superimposed 
on the image. Their contours are deformed according to coherent displacements of 
the nuclei reached in the time-of-flight. If the motions are of a more incoherent 
nature, the black contrast of the marker lines will fade relative to the contrast of the 
adjacent material. With two-dimensional imaging, the technique is referred to as 
“multi-stripe tagging” or “marker line” imaging. In context with three-dimensional 
image data one speaks of “multi-plane tagging.” 

33.1 

DANTE Pulse Combs 

The marker grid is prepared with the aid of DANTE pulse combs [350] in the 
presence of magnetic-field gradients. Figure 33.1 shows a suitable version of such a 
pulse sequence. 

Ideally a DANTE RF pulse comb with pulses separated by delays r may be 
represented by the factorized function 

Ht) = f(t)g(t) (33.1) 

It consists of a (5 pulse comb, 

oo 

fit) = Sit- nr) (33.2) 

n=—oo 



modulated by the sine function, 

A sin( comt) 

g{t) = ^ 2v^Asmc(2v^f) (33.3 

n t 



In linear (low flip-angle) approximation, the excitation profile generated in the 
presence of a constant field gradient Gx in the sample is given by the Fourier 
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Gx 



t 




Fig. 33.1. a) Schematic DANTE RF pulse comb in the presence of a constant magnetic-field 
gradient for the preparation of a magnetization grid, b) Schematic Fourier transform of the RF 
pulse comb. The Fourier transform refers to the conjugated- variable pair f, co. In the presence 
of a constant field gradient the spectral coordinate of the Fourier transform corresponds to 
the spatial coordinate x = co/(y„Gx). The RF pulse amplitudes are modulated by a (truncated) 
sine function (schematically represented by the dotted envelope in (a)) in order to approach 
rectangular profiles of the slices forming the grid. The homogeneity of the excitation in these 
slices depends on how short the RF pulses are (see the schematic dashed envelope line in (b). 
The spacing of the grid slices is given by d = 27 tJ(y„GxT) where r is the RF pulse delay. 



transform (see Sect. 25.1) 



oo 

h(t) H(co) = —F(co) (8) G(co) = [ F(co')G(co — co') dco' (33.4) 

2n J 

— oo 

where co = YnGxX. That is, in a sense, the angular frequency co is synonymous with 
the spatial coordinate x. This convolution integral is evaluated with the aid of the 
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transform pairs 



fit) 



F(co) = 




g{t) -> G{co) = 



A for |C 0 | < COm 
0 otherwise 



where G(o)) represents the rectangular profile of a grid slice. 
The result is 



H(co) = 





COm] <n< :^[cO + COmfj 



(33.5) 



This is a sum of rectangular profile functions of constant height Ajr in the range 
\co — n2n/r\ < cOm- 

In the presence of a constant gradient G^, only spins located in equidistant slices 
are excited. The spacing of the grid slices is given by 



d = 



In 

Yn^Gx 



(33.6) 



where one chooses r < n/cOm in order to avoid overlap. Gradients of 15 mT/m and 
pulse delays of 1 ms lead for protons to grid spacings of 1.6 mm, for instance. The 
thickness of the slices is determined by the sine modulation frequency, 



Aco = YnGxAx = 2cOm (33.7) 

In reality, DANTE combs neither consist of 6 pulses nor are they infinite. Finite 
RF pulse widths lead to tagging-slice profile heights decaying towards the fringes 
of the field of view, while the truncation of the sine modulation function causes 
deviations from rectangular tagging-slice profiles (compare Fig. 33.1). However, 
these limitations are not critical. One even obtains good results with unmodulated 
DANTE pulse trains. Test experiments with and without sine modulation show 
that the stripe edges effectively appear in the image even sharper with constant 
amplitudes of the DANTE pulses [512]. 



33.2 

Imaging Pulse Scheme and Applications 

Figure 33.2 shows a gradient and radio frequency pulse scheme of the three- 
dimensional multi-plane tagging method for the three-dimensional visualization 
of motions. The pulse sequence consists of a preparation and an imaging section. 
The initial magnetization saturation grid is prepared by three DANTE combs in 
the presence of gradients applied in the three space directions. Each DANTE train 
consists of several hard RF pulses. The number depends on how many marker slices 
are to be prepared in the field of view. The width and the spacing of the tagging 
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Fig. 33.2. Pulse sequence for three-dimensional multi-plane tagging three-dimensional NMR 
imaging. The imaging part is the three-dimensional version of the gradient-recalled echo se- 
quence (Fig. 25.6). It is separated from the tagging-plane pulses by the time-of-flight Tp. In 
this period, optional homospoil (HS) gradient pulses may be applied in order to prevent refo- 
cusing of coherences by the subsequent RF pulses. The amplitudes of the DANTE pulses may 
optionally be modulated according to a sine function. 



stripes depend on the parameters of the DANTE comb as described in the previous 
section. 

The imaging part of the pulse sequence should be as short as possible. Unlike 
the gradient-recalled echo sequence shown in Fig. 33.2, echo-planar imaging is also 
in use [280]. It is clear that the echo time should be much shorter than the time- 
of-flight in order to measure correspondingly fast motions under well-deflned con- 
ditions. Extremely fast motions may require velocity-compensated gradient pulses 
in order to avoid artifacts on these grounds. The upper limit of the time-of-flight 
is determined by the spin-lattice relaxation time of the flowing material, so that 
extremely slow displacements may also escape detection by the tagging method. 
Typical orders of magnitude of the velocities suitable for this technique are mm/s 
to m/s. 

Applications of two-dimensional multi-stripe tagging methods were reported 
for medical purposes such as the examination of heart wall motion [17, 355, 530], 
the visualization of streamlines in laminar [204] or turbulent [280] flow of liquids 
in technical systems, and in context with the study of transport properties in bird 
eggs [159]. A three-dimensional variant of this measuring principle was employed 
for the visualization of thermal convection patterns [512]. 

Figure 30.2 shows the thermal convection box used in the latter experiment. 
The thermal convection rolls appearing under the competitive action of gravity and 
buoyancy resemble the situation encountered with well known Rayleigh/Benard 
instability problem [129, 255]. By contrast to the situation originally described by 
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Benard [27], we are dealing here with a three- rather than two-dimensional problem. 
That is, the boundary conditions at the side walls are important as well. The three- 
dimensional multi-plane tagging three-dimensional imaging method (Fig. 33.2) is 
therefore well suited for the visualization of the complicated convectional flow pat- 
terns arising under such circumstances. 

Figures 33.3 to 33.5 represent images recorded after different times-of-flight in 
the central voxel planes along the x, y, and z direction of the water- filled convection 
cell (Fig. 30.2). The time-of- flight was varied from 6 to more than 800 ms. The defor- 
mations of the tagging stripes visible in the images reflect the displacements attained 
during the time-of-flight. Figure 33.6 finally shows perspective/cross-sectional views 
of the time evolution of the three-dimensional convection patterns. These represen- 
tations are the illustrative counterpart to the more quantitative velocity maps of the 
same convection cell discussed in Chap. 30. 
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Fig. 33.3. Multi-plane tagging NMR images of thermal convection in the central j, z plane 
(temperature gradient along the —y axis) of the cell (Fig. 30.2). The parameters of the pulse 
sequence (Fig. 33.2) were Te = ll ms and Tr = 800 ms. The measured k space data matrix was 
128 X 128, the slice thickness 0.5 mm. The pixel resolution is 0.2 x 0.2 mm^. The background 
gray shades correspond to an ordinary gradient echo image. The initial stripe spacing is 2 mm. 
The numbers indicate the time-of-flight, Tf, in ms. (Reproduced by permission from ref. [512]) 
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Fig. 33.4. Multi-plane tagging NMR images of thermal convection in the central x, z plane 
(temperature gradient along the —y axis) of the cell (Fig. 30.2). The experimental parameters 
are the same as given in the legend of Fig. 33.3. The numbers indicate the time-of-flight, T^, in 
ms. (Reproduced by permission from ref. [512]) 
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Fig. 33.5. Multi-plane tagging NMR images of thermal convection in the central x^y plane 
(temperature gradient along the —y axis) of the cell (Fig. 30.2). The experimental parameters 
are the same as given in the legend of Fig. 33.3. The numbers indicate the time-of-fiight, Tp, 
in ms. (Reproduced by permission from ref. [512]) 
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Fig. 33.6. Perspective (cross sectional) representations of the three-dimensional multi-plane 
tagging three-dimensional image data of thermal convection in the cell (Fig. 30.2). The experi- 
mental parameters are the same as given in the legend of Fig. 33.3. The measured k space data 
matrix was 128 x 96 x 96, the zero-filled data matrix was 128 x 128 x 128. A voxel resolution 
of 0.2 X 0.2 X 0.2 mm^ was achieved in this way. The background gray shades correspond 
to an ordinary gradient echo image of the surface. Partially black shades are visible which 
must be attributed to tagging planes intersecting the image plane. The numbers indicate the 
time-of-flight, Tp, in ms. (Reproduced by permission from ref. [512]) 




CHAPTER 34 



Rotating-Frame Imaging 



34.1 

Nutation Frequency Encoding 

The rotating-frame counterpart to (Larmor) frequency encoding in laboratory- 
frame imaging experiments is "nutation frequency encoding” [199]. Instead of 
gradients of the external magnetic field, rotating-frame imaging is based on gradi- 
ents of the RF amplitude Bi. That is, the effective field in the resonantly rotating 
frame has the form 

Bi=Bi(r) = B® + Gi-r (34.1) 

where we have neglected the influence of local fields by spin interactions. The Bi 
gradient is defined by^ 

Gi = V5i (34.2) 

Below we will assume that the Bi gradient is aligned along the x axis of the laboratory 
frame. Furthermore it is to be constant in the range of interest for simplicity. The 
effective field can then be written in the form 

Bi = Bi (x) = Bf'> + Gix (34.3) 

The nutation frequency thus becomes a function of the position: 

(»i = GJi(x) = YnBf^ + y„Gix (34.4) 

The signal, i.e., the amplitude of an FID following the Bi gradient pulse (see 

Fig. 34.1), is a superposition of signals of all volume elements along the Bi gra- 
dient: 

Sa^ m(tiyx)dx (34.5) 

where m{t\,x) is the local transverse magnetization at the position x after the RF 
pulse of length t\. The local flip angles generated by that pulse are a function of the 
position as well: 

a = a{x) = + Aa(x) = + ^xX (34.6) 

where we have introduced the wavenumber, 

kx^YnGih (34.7) 



^Note that this gradient and the nabla differential operator refer to the laboratory frame, of 
course. 
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Fig. 34.1. RF pulse sequence for rotating-frame imaging. The RF-field amplitude Bi is subject 
to a gradient Gi. The RF pulse width is incremented in a series of transients with recycle delays 
in between permitting equilibration of the magnetization. The initial amplitude of the FID just 
after the pulse is recorded after each step as a function of ti. These data form the pseudo-FID 
which is evaluated with respect to the spatial information. Optionally the proper FID in the 
time scale t2 can be acquired (AQ) as a second (spectral) dimension). 



in analogy to the Bq gradient techniques. The “fc-space signal” recorded as the FID 
amplitudes immediately after the Bi(x) pulse thus is 



Sih) a 



III' 



p(Xy 7 , z) sin(a^®^ + kxX) dx dy dz 



(34.8) 



The wavenumber kx is varied by incrementing the RF-pulse length or, equiva- 
lently, the RF-pulse amplitude. The Fourier transform of the “pseudo-FID” recorded 
in this way eventually yields the projection of the spin-density of the sample on the 
gradient direction. 



S(x) = OC j j p(x,y,z)d)fdz (34.9) 

This represents a one-dimensional image of the object. In principle the same rules 
for the digital resolution and the field of view apply as with the laboratory-frame 
imaging methods described above. 

Gradients of the RF amplitude naturally arise in the fringe field of RF probes 
such as simple surface coils [3, 174, 364]. The gradients can be considerable. The 
fringe field of an ordinary 300 MFIz solenoid for 5-mm sample tubes, for instance, 
reaches gradients more than 3 T/m [452]. Of course, gradients produced in this way 
can be taken as constant only in a rather limited volume range. In this respect anti- 
Helmholtz coil geometries are more favorable [416]. Extremely strong RF gradients 
follow from the attenuation of electromagnetic waves at conducting surfaces. This 
phenomenon was employed by Skibbe and Neue in a depth-resolved study of molec- 
ular hydrogen in palladium foils [454]. Using this “skin-effect-enhanced imaging” 
(SEEING) method a resolution in the order of pm in the direction perpendicular 
to the metal surface was achieved. 

A prominent merit of nutation frequency encoding is the insensitivity to chemi- 
cal shift or magnetic-susceptibility artifacts due to the low B\ magnitudes compared 
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with Bq [396]. On the other hand, the weak influence of Bq inhomogeneity distor- 
tions is opposed by problems arising from inhomogeneously distributed Bi gradient 
magnitudes or even gradient vector directions. However, to a certain degree, arti- 
facts of this origin can be corrected by post-detection processing. 

34.2 

Multi-Dimensional Representations 

It may be difficult to produce two or even three independent Bi gradients for probing 
two or three space directions in a rotating-frame imaging experiment. A more 
operational procedure is to reconstruct two- or three-dimensional data sets with 
the aid of backprojection methods [295]. One records a series of projections of the 
object on different gradient directions relative to the object. This can be performed 
by either turning the sample step by step in the presence of one fixed Bi gradient 
produced by a surface coil, for instance, or, vice versa, by gradually moving the 
surface coil around the object. 

The former was applied in the NQR version of the technique, rotating-frame 
NQR imaging (pNQRI) [242], for instance. Note, however, that a Fourier transform 
analysis is inadequate for the analysis of a NQR pseudo FID. Rather special decon- 
volution, Hankel transform, or maximum-entropy data manipulation procedures 
have been suggested for this purpose [404, 420]. 

One-dimensional rotating-frame imaging can be favorably extended by consider- 
ing the spectroscopic dimension (i.e., the time scale t 2 in Fig. 34.1). Such a frequency 
domain is readily provided by the FID itself. Fourier transforming the pseudo-FID 
as well as the proper FIDs recorded in full, while incrementing the pulse length, 
provides a two-dimensional data set from which a spatio/spectral map can be eval- 
uated. This method was suggested for spatially resolved spectroscopy at tissue 
surfaces [173] or for depth-resolved measurements of temperature or pressure via 
NQR [253], for instance. 

34.3 

Rapid Rotating-Frame Imaging 

Instead of incrementing the pulse length in subsequent transients a single-shot 
multiple-pulse sequence^ can be used [314, 340]. A series of short Ri -gradient pulses 
is applied with narrow intervals in between, permitting the “stroboscopic” acqui- 
sition of data points of the pseudo-FID (Fig. 34.2). Each RF pulse is understood 
as an increment of the previous RF pulses taken together. Thus the whole fc-space 
information needed for the FT evaluation of the projection of the object on the 
gradient direction can be recorded in one transient of the pulse train. 

The advantage of extremely fast access to image data of an object is opposed 
by the drawback that the option to record spectral information is sacrificed in this 
way. In the short pulse intervals no full FID can evolve. That is, there is no longer 



^An application of this principle has already been outlined in Sect. 21.1.1 in context with 
the MAGROFI diffusometry method. 
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Fig. 34.2. -gradient multiple-pulse sequence for the “stroboscopic” acquisition (AQ) of the 
pseudo-FID in a single transient permitting fast rotating-frame imaging. 



the possibility to probe the spectral dimension. The same applies to the fast pNQRI 
variant for rapid rotating-frame NQR imaging [405]. 




CHAPTER 35 



Imaging of Solid Samples 



A “solid” in this context means that the sample is far away from complete motional 
averaging of secular spin interactions. This situation certainly arises in rigid ma- 
terials like crystalline or glassy substances. However, it also occurs in non-glassy 
macromolecular systems, elastomers or liquid crystals, for instance. 

The origin of spectral line broadening in solids is the anisotropy of spin cou- 
plings, i.e., in particular, the dipolar, quadrupolar, and chemical shift interactions. 
What may be disagreeable for the high-resolution spectroscopist is most desirable 
for solid-state imaging. This is a major source of information on local material 
properties one would like rendered in the form of images or parameter maps.^ On 
the other hand, the full exploitation of this potential requires special experimental 
procedures which can be more demanding than the imaging schemes delineated 
above.^ Experiments for imaging solid-like materials must be designed according 
to which of the following three features is to be accentuated at the expense of the 
others: 



high spatial resolution 



/i/ 



w 



quantified-parameter map 



short measuring time 



Haeberlen once proclaimed in his book [179] “narrow is beautiful!” In this context we 
may counter: sure, however, broad is meaningful! 

^To a certain degree the conventional imaging pulse sequences can be adapted to the re- 
quirements of very viscous systems. Typical modifications of this sort are “oscillating gradient” 
methods [146, 150, 317], the “back-projection low- angle shot” (BLAST) technique [184], and 
constant-time imaging procedures of the simplest form [164]. In the following, techniques are 
envisaged which, at least in principle, are suitable for imaging of materials of any degree of 
rigidity or softness. 
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35.1 

Experimental Strategies of Materials Imaging 



35.1.1 

The Reservoir of Contrast Parameters 

Magnetic resonance imaging of materials offers interesting perspectives because of 
the wealth of different NMR parameters that can be exploited for the generation 
of image contrasts visualizing material properties in a non-destructive way with 
reasonable spatial, temporal, and - by circumstance - spectral resolutions [ 49 ]. The 
general objective is to transfer a parameter field of the object into a pixel/voxel data 
matrix, from which a gray-shade image can be produced. The parameter-fields of 
interest here do not only imply those already mentioned in context with conventional 
magnetic resonance imaging. The variety is much wider. Typical examples are: 

a) spin density related quantities such as the concentration and the porosity, p = 

p{r)y 

b) spin-lattice relaxation times in the laboratory frame, Ti = Ti(r), in the rotating 
frame. Tip = Tip(r), or in local fields produced by dipole-dipole interaction, 
Tid = Tid(r)y 

c) lineshape measures such as the linewidth, AQ1/2 = Af^i/2(r), the second (or 
higher) moments, M2 = M2(r), the effective transverse relaxation time under 
multiple-pulse irradiation, T2e = T2e(r), or resonance offsets due to chemical 
shifts, G = (j(r), or the magnetic susceptibility, x = 

d) displacements by flow, v = v(r), or due to the local diffusion coefficient, D = 
D(r), in soft or fluid areas of the object. 



35.1.1.1 

Parameter Mapping 

Based on the systematic variation of the experimental parameters of the pulse se- 
quence, or with the aid of the frequency-encoding dimension kept free from gra- 
dients, a whole set of local parameter values can in principle be evaluated and 
attributed to each pixel or voxel of an image data matrix. Based on such parameter 
maps, one can conveniently evaluate histograms of the second line-moment M2 or 
of the transverse relaxation time T2, for instance, for the global characterization of 
an object such as a cross-linked polymer sample [ 286 ]. Furthermore, the directly 
accessible NMR parameter fields may reflect fields of other parameters of interest to 
which they are related in such a way as to permit calibration. Examples are stress, 
polymer chain orientation, crystallinity, polymer cross-link density, temperature, 
and so on. 




318 



35 Imaging of Solid Samples 



35.1.1.2 

Parameter-Weighted Spin Density Images 

In a more qualitative but less time-consuming way, the spatial distribution of ma- 
terial properties can also be rendered as parameter-weighted spin-density images 
instead of mapping the NMR parameters themselves quantitatively. The pulse se- 
quences commonly used for imaging of solids tend to provide some intrinsic 
parameter-weighting of the signal intensity. The situation is very similar to that 
depicted in Chap. 26 in context with spin-echo FT imaging of liquid-like samples. 

A Hahn-type spin echo, for instance, comprises only signals from coherences 
the dephasing process of which is not dominated by secular spin interactions. Any 
imaging sequence based on Hahn echo formation per se is a “filter” suppressing 
signals from solid-like constituents. Vice versa, magic echoes generated by pulse 
sequences like those shown in Fig. 6.1 selectively represent the rigid parts of a 
sample underlying secular spin interactions. That is, magic-echo pulse sequences act 
as filters in the complementary sense. An example was demonstrated with rubbers 
in [23]. In a rubber in the glassy state the magic-echo signals start to disappear 
when the temperature approaches the glass transition where the material gets soft. 

The use of “filters” can be cultivated with the aid of precursor pulse sequences 
modifying the spatial distribution of the magnetization before the proper imaging 
pulse sequence begins. This turned out to be a very successful strategy for the fast 
visualization of qualitative material properties. For instance, on this basis it was 
possible to picture the spatial extension of shearbands in a solid polymer sample 
[508]. 



35.1.2 

The Spatial-Resolution Problem 

The k space signal (or “hologram”) generally needed in any NMR FT imaging 
experiment is given by 



S = 







(35.1) 



where p{r) is the effective, i.e., possibly “filtered” spin density, and k is the wave 
vector assumed to be three-dimensional and defined as usual by 

/ Gxtx \ / txdBo/dx \ 

= Gyty ] =Yn{ tydBo/dy (35.2) 

V ) \ tzdBo/dz ) 

The wave vector is determined by the gradients of the external magnetic field, 
Bq, and the encoding times tx^ ty, tz, during which the respective field gradients 
are effective. The threefold Fourier transform of Eq. 35.1 leads to the image data 
p = p(r) (usually in the form of a magnitude representation). 
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The three-dimensional digital voxel resolution (see Chap. 32) is 
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(35.3) 



It is determined by the maximum encoding gradients and the maximum encoding 
times available for probing the spatial information in the three space directions. 

The maximum gradients that can be applied depend on technical limits given 
by the performance of the gradient system, i.e., the power and the switching rates 
achievable.^ They are also limited by the bandwidth of the receiver system, and 
by signal-to-noise requirements. Strong field gradients accelerate dephasing of the 
coherences, so that signal acquisition requires a higher bandwidth. This unavoidably 
degrades the signal-to-noise ratio [198]. 

A crucial condition for high-resolution FT imaging is therefore to ensure encod- 
ing times as long as possible. The physical limit of the encoding intervals that can 
be adjusted is given by the decay time of coherences, i.e., in particular by transverse 
relaxation. Naturally this tends to be rather unfavorable with solid materials because 
of the dominance of secular spin interactions. Every effort must therefore be made 
to increase the effective lifetime of coherences with the aid of spin manipulation 
techniques. 



35.1.2.1 

Coherence Refocusing 

A possibility for reducing the effect of secular spin interactions in spatial encoding 
intervals while maintaining the full solid-state spectrum information content in 
the acquired signals is to refocus spin coherences as far as possible by spin-echo 
techniques. In this sense, solid echo [116, 311], Jeener/Broekaert echo [116, 415], 
and magic-echo [117, 181, 244] pulse sequences have been suggested. In this way, an 
undistorted spectral dimension can be probed in addition to the k space domains. 

The spectral information is then frequency-encoded^, in the echo signals which 
are read out in the absence of field gradients. That is, the spatial allocation is per- 
formed solely via phase encoding and, potentially, slice selection. The most efficient 



^The highest - although stationary - field gradients in use are those readily available in the 
stray field of superconducting magnets. On this basis a special scanning technique, the stray- 
field imaging (STRAFI) method, has been suggested [429, 533]. With gradients in the order of 
50 T/m, even extremely short RF pulses take the character of “soft” pulses. Therefore they act 
slice-selectively. Instead of evaluating frequency-encoded fc-space signals, the object is scanned 
slice by slice. The signals are solid echoes or accumulated echoes of a multiple-solid-echo train 
(see Sect. 4.1). The echo amplitudes are acquired as a function of the position on the gradient 
axis by shifting the object step by step along this axis. In this way a data set representing the 
projection of the object on the gradient direction is obtained. Gradually turning the sample and 
repeating the scans along the gradient direction provides a complete set of projections from 
which 2D or 3D image data can be reconstructed using the backprojection procedure [295]. 
Note that STRAFI is a scanning rather than an FT imaging method. 

^Note that spectral parameters such as line moments can also be evaluated directly from 
the curvature of solid echoes (compare Eq. 4.24). 
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refocusing procedures are based on magic echoes or, more generally, mixed echoes. 
The outstanding feature of magic echoes is that coherences can be refocussed even 
after delays much longer than the transverse relaxation time. This is what signifi- 
cantly improves the spatial encoding potential with rigid solids. 



35 . 1 . 2.2 

Averaging of Secular Bilinear Spin Interactions 

The strategy to refocus coherences in the form of echoes can be extended to a sit- 
uation where the secular bilinear spin interactions are largely averaged. Based on 
any of the solid-echo pulse sequences mentioned before, suitable multi-pulse trains 
can be composed for this objective. In the pulse intervals, the signals are strobo- 
scopically acquired. They then evolve under the action of the average Hamiltonian. 
That is, in principle there is no coherence-dephasing effect by secular bilinear spin 
interactions such as quadrupolar or homonuclear dipolar couplings, whereas linear 
spin interactions due to chemical shift or any field-gradient dependent offset are 
scaled down by a certain constant factor. Famous pulse cycles serving this purpose 
are the Waugh/Hub er/Haeberlen (WAHUHA or WHH-4) sequence [506], 



(7t/2)_;c - t - (n/2)y - r - (•) - r- 

L' V ^ 

- r - (7 t/2);c - r - (•) - r- 

V' ^ 

the Mansfield/Rhim/Elleman/Vaughan (MREV-8) sequence [321, 402], 



(35.4) 
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T — 

(35.5) 



and the time reversal spin echo sequence (TREV-8) [331, 479] which consists of a 
series of magic-sandwich pulses for the production of a train of magic or mixed 
echoes in the intervals (see Figs. 6.1 and 6.2)^ The repetition number of the pulse 
cycles is n. Other means for averaging secular spin interactions are magic-angle 
spinning (MAS) [11] or CRAMPS, a combination of MAS with multi-pulse line- 
narrowing techniques [427, 473]. 

Imaging experiments were suggested in combination with multi-pulse sequences 
[94, 102, 331, 508], with magic-angle spinning [493] or with CRAMPS [476]. On the 
same basis, spatio/spectral maps [196] or T 2 e-filtered images [508] were recorded. 

However, line-narrowing strategies change the nature of the signals which are 
acquired for rendering the images. Coherences in solids which are normally gov- 
erned by anisotropic secular spin interactions are converted into liquid-like signals 



^The dots indicate the intervals where the signal is sampled. 
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with all anisotropies more or less averaged out. Therefore, spectral information 
based on anisotropic secular spin interactions is sacrificed unless filter techniques 
are employed as mentioned above. That is, frequency encoding is preferably em- 
ployed as a /c-space dimension rather than for spectroscopic purposes. Note that 
the field gradient effective under multi-pulse irradiation is scaled down by the same 
factor as the chemical shift or any other frequency offset by linear spin interactions. 
On the other hand, the intervals available for encoding are increased. 

35.2 

Magic- and Mixed-Echo Phase-Encoding Imaging 

Pulse sequences used for imaging of solid objects [185] are favorably based on 
magic echoes or on mixed echoes (see Chap. 6). Magic echoes which are formed 
under secular dipolar or quadrupolar interactions selectively render signals of rigid 
constituents of the object, whereas mixed echoes are sensitive to rigid as well as 
soft materials. 

If the full solid-state spectroscopic information is to be maintained, one phase- 
or frequency-encoding domain must be reserved for spectral purposes. This strat- 
egy led to the magic- or mixed-echo phase-encoding solid imaging (MEPSI) tech- 
nique [181] which embraces two or three phase-encoding fc-space dimensions and 
one spectral (frequency-encoding) domain. The corresponding pulse sequences are 
shown in Figs. 35.1 and 35.2.^ 

The total length of the phase-encoding intervals is 2t. That is, the wave-vector 
is given by 

k = IYuGt (35.6) 

The time-reversed evolution of coherences during the magic- sandwich pulses is not 
affected by phase encoding (compare the treatment in Chap. 6 or [117]). The signals 
recorded in quadrature as magic- or mixed echoes are thus given by 

S = S(k,h) = e'’’ j j d^rdQ (35.7) 

where (p is the (arbitrary) phase difference between the preparation and the sand- 
wich pulses. Frequency offsets Q originating from secular spin interactions are 
probed in the spectral time-domain, ti. 

Note that frequency offsets due to magnetic-susceptibility heterogeneities or 
magnet inhomogeneities are refocused in the mixed-echo case. However, they may 
contribute in the spectral time-domain, of course. A post-detection processing 
scheme like that outlined in Sect. 28.4 may be feasible for correction of correspond- 
ing effects. On the other hand, echo signals of solids may be evaluated directly 



^The switching times of the phase- encoding gradient pulses should be much shorter than 
the encoding intervals in order to maintain the full encoding efficiency in the free-evolution 
periods. If this turns out to be a technical problem the gradients may also be left on during the 
whole pulse sequence including the magic sandwich. The artifacts arising on these grounds are 
minor [117]. Merely a sort of blurred inherent LOSY slice selection mechanism is produced by 
spin-locking in the presence of gradients. 
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Fig. 35.1. RF and field-gradient pulse sequence for two-dimensional magic- or mixed-echo (ME) 
phase encoding solid imaging (2D-MEPSI). The frequency-encoding domain ti (or t > 6r) is 
suggested for spectroscopic purposes. A LOSY pulse is suggested for slice selection prior to 
the proper imaging sequence. Magic-echo version: S = —y; left and right gradient pulses 
are incremented in the same sense (black arrows). Mixed-echo version: S = y; left and right 
gradient pulses are incremented in opposite directions (left, black arrows; right, gray arrows). 
The phase difference between the LOSY pulse and the imaging pulses is arbitrary. The phase 
direction ^ is also uncritical. 



in the spectral time-domain ti with respect to the linewidth or the line moments 
irrespective of any line shifts by inhomogeneities. 

As mentioned before, the spectral frequency-encoding in the time domain t\ 
may be sacrificed for the sake of spatial frequency-encoding, preferably in the form 
of multiple magic/mixed echo pulse trains [185]. This replaces one of the spatial 
phase-encoding dimensions. Spectral information may nevertheless be implied in 
a more qualitative manner by filtering precursor pulse sequences. 

Figure 35.3 shows an application of a 3D-MEPSI pulse sequence to a hexam- 
ethylbenzene object. From such data sets arbitrary cross-sectional views may be 
rendered. 



35.3 

Magnetic Resonance Force Microscopy 

The technology developed in context with atomic force microscopy (AFM) can be 
exploited for noninductively detecting magnetic resonance by coupling the nuclear 
magnetization to a mechanical oscillator [447]. To the very extreme this technology 
would refer to relatively few spins so that it would be possible to scan a sample with 
spatial resolution. This “magnetic resonance force microscopy” (MRFM) [425, 426] 
is a method for probing magnetic resonance of unpaired electrons or nuclei in a way 
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Fig. 35.2. RF and field-gradient pulse sequence for three-dimensional magic- or mixed-echo 
phase encoding solid imaging (3D-MEPSI). The frequency-encoding domain ti (or t > 6r) is 
suggested for spectroscopic purposes. Magic-echo version: S = —y; left and right gradient 
pulses are incremented in the same sense (black arrows). Mixed-echo version: S = y; left and 
right gradient pulses are incremented in opposite directions (left, black arrows; right, gray 
arrows). The phase difference between the LOSY pulse and the imaging pulses is arbitrary. The 
phase direction f is also uncritical. 



alternative to the conventional FID acquisition or continuous wave (CW) absorption 
experiments.^ 

The sample, a tiny quantity of typically 10 ng, is mounted on a microscopic 
cantilever that is part of a mechanical oscillator with an eigenfrequency in the or- 
der of 10^ Hz. This device is arranged close to an RF transmitter coil in a strong 
magnetic field with a strong gradient of the order of almost 100 T/m. The mag- 
netization of those particles which are at resonance in the magnetic field gradient 
can be modulated by the RF irradiation. The principle can be either adiabatic in- 
version or nutation. This in turn modulates the force the sample experiences in the 
magnetic field gradient. If the modulation frequency is tuned to the mechanical 
eigen-frequency, the cantilever starts to oscillate as detected by a sensitive optical 



^MRFM is to be distinguished from experiments where isolated electron spins are detected 
by scanning tunnelling microscopy (STM) [30, 160] via the modulated tunnelling current [319]. 
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Fig. 35.3. 3D-MEPSI surface and cross-sectional views of a powdery hexamethylbenzene object. 
The spectral dimension was not exploited: a) schematic representation of the object and its 
dimensions; b), c) perspective MEPSI surface pictures; d) cross-sectional view calculated from 
the same data set. The phase-encoding time was It = 200 ps, the repetition time 0.8 s. 64 x 
64 X 64 voxels with an edge length of 300 jum were recorded. (Reproduced by permission from 
ref. [183]) 

interferometry device. Variation of the radio frequency or shifting the sample in 
the field gradient permits one to probe different parts of the sample. Spatial res- 
olution is obtained by gradually scanning the resonant volume element across the 
sample. The mechanical oscillator serves as the proper detector monitoring the lo- 
cal magnetic resonance. Its high sensitivity makes it possible to detect an order of 
magnitude of 10^^ protons per resolved voxel. That is, a micrometer or even submi- 
crometer resolution becomes feasible with this point-by-point spin-density imaging 
technique. 






CHAPTER 36 



Slice-Selective Homonuclear Spin-Locking 



36.1 

Review of Slice-Selection Principles 

Slice-selective excitation of an object is of interest in context with two-dimensional 
imaging as already delineated in Sect. 25.1. It also forms the crucial element of 
volume-selection procedures providing localized free-induction signals (Chap. 37). 
Basically one can distinguish three principles. 

a) The technique most common in magnetic resonance imaging is the direct excita- 
tion of the region of interest by ‘‘soft” pulses, i.e., the application of narrow-band 
RF pulses in the presence magnetic field gradients (see Sect. 25.1). 

b) An indirect means complementary to a) is to spoil or presaturate the magneti- 
zation outside the region of interest so that the subsequent pulse sequence can 
only generate free-induction signals originating from the selected slice. This can 
be achieved with the aid of correspondingly “tailored” shapes of the RF pulses 
again applied in the presence of magnetic field gradients. The whole volume 
is then excited but the desired slice is left (or recovered) in the initial state 
[15, 125, 305], A second method of this category, which is of particular interest 
here, is the application of spin-lock pulses in the presence of field gradients 
[115, 180, 244, 413, 515]. 

c) With heteronuclear spin experiments a slice can also be directly addressed by 
coherent or incoherent slice-selective cross-polarization from one spin species 
to the other [119, 120, 121, 182, 283, 292, 293]. 

The spatial resolution of slice-selective excitation according to principle a) be- 
comes more restrictive with the shorter lifetimes of the spin coherences one nor- 
mally has to expect with viscous liquids or solids. The efficiency may then be 
drastically reduced compared with liquid-like samples. Fast transverse relaxation 
decays of the spin coherences restrict the RF pulse length and, hence, permit only 
bandwidths which are by circumstance not narrow enough for the selection of the 
desired slice in a given field gradient. The problem can possibly be circumvented 
with the aid of DANTE combs by placing one narrow peak of the Fourier spectrum 
at the desired position of the slice to be selected [101]. With solid-like materials, 
“soft” single-pulse excitation is only feasible with extremely strong gradients in the 
order of 10 T/m such as those employed with the “stray-field imaging” (STRAFI) 
technique [429, 533]. 

With handier gradients the problem of slice-selection in solid-like materials 
can be solved by indirectly addressing the desired slice so that the direct selective 
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excitation is not necessary any longer. This is the idea of principle b). Spin-locking 
in the presence of a field gradient turned out to be most useful in this respect. Slice 
selection by a spin-locking pulse sequence was actually the first method used for 
‘‘localized spectroscopy” (LOSY) in solids [180]. Therefore the term “LOSY pulse” 
is used for brevity for this type of slice selection. The slice profiles obtained on this 
basis will be treated in the subsequent sections of this chapter. 

Finally, localization and imaging experiments with heteronuclear spin systems 
suggest profit from cross-polarization methods. The corresponding formalism will 
be presented in Chap. 38. Imaging and localization pulse schemes can be stream- 
lined by combining cross-polarization and slice selection to a single element of the 
sequence (category c)). Applications will be discussed in Chaps. 40 and 41. 

36.2 

Theory of Slice Selection by Spin-Locking 

The magnetization component along the magnetic field that is effective in the ro- 
tating frame tends to be “locked”, i.e., is prevented from getting spoiled by minor 
inhomogeneities or local fields. If spin coherences are locked in the presence of a 
strong enough field gradient, this phenomenon leads to a slice-selection effect. 

The locked spins relax according to their longitudinal relaxation time in the 
rotating frame. Tip, Non-resonant spins tend to remain unlocked and, hence, are 
dephased with a (much shorter) time constant T^. With solids, T 2 is practically 
determined by transverse relaxation caused by the secular spin-interaction terms. 
This process is intrinsically fast and dominates the selection process. Under mo- 
tional narrowing conditions in liquids T 2 also comprises the spoiling effect of the 
field gradient. 

Spin-locking in the presence of field-gradients thus selectively conserves the 
magnetization of a slice about the mid-resonance plane whereas that of the residual 
volume is spoiled. Figure 36.1 shows the RF and field-gradient pulse sequence for 
production of slice-selective magnetization on this basis. 

This composite pulse consists of a preparation 90° pulse, a 90° phase-shifted 
spin-lock pulse, and an optional 90° storage pulse. The lengths of the preparation 
and spin-lock pulses are denoted by tp and tsh and the rotating-frame RF amplitudes 
by and b[^^\ respectively. The RF amplitudes are constant during the pulses. 
The spin-locking condition is 



\co-C0c\^\YnB^f^\ (36.1) 

where co = co(z) is the local Larmor frequency and cOc is the angular carrier 
frequency of the pulse. 

The RF pulses are applied in the presence of a constant field gradient arbitrarily 
assumed to be aligned along the z direction. That is, G = GzUz = UzdBojdz = const. 
Provided that the spin-locking interval tsi obeys 



T2* « tsi « Tip 



(36.2) 
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Fig. 36.1. LOSY pulse scheme for the production of slice-selective z magnetization. The sequence 
consists of a (preferably “hard”) preparation RF pulse, (90°);^? a (“soft”) spin-lock RF pulse, 
(SL)^, and a storage RF pulse, (90°)_;c- The slice-selective signal can be acquired (AQ) after 
switching off the field gradient by a reading 90 ° pulse. The numbers indicate times relevant for 
the treatment presented in the text. 



the magnetization surviving the spin-lock pulse is that of the spins in the selected 
slice. 

Under normal conditions, the preparation pulse can be assumed to be “hard,” 
and its flip angle is 90°. That is, it obeys 

(jo^x^tp = Tijl (36.3) 

and 

» fiyG.d, » (7^;.)^ (36.4) 

where ■> ^5 the dimension of the sample, and is the largest 

expectation value of the spin interaction energy (in the rotating frame) such as 
those owing to chemical shift and spin-spin coupling. 

By contrast, the spin-lock pulse must be “soft.” The corresponding condition is 

« G^ds (36.5) 

where the magnitude of the local Adds caused by spin interactions is not yet speci- 
fied. In the latter respect, the “liquid-” and “solid-state limits” will be distinguished 
for the formal treatment below [115, 244]. 



36.2.1 

Liquid-State Limit 

Let us first consider the case that is much greater than the local fields arising 
from the spin interactions, {'Hi)jnf(fiYn)i but less than the total field variation across 
the sample: 



« hy„Bf « hy„G,ds 



(36.6) 
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Any spin couplings can then be neglected. This case is denoted the “liquid-state” 
limit. The equation of motion of the local magnetization is given by Eq. 25.8 applied 
to the effective field of the spin-lock pulse, 



Be = G^z (36.7) 

with the local tilt angle 

^(5/) 

0^^ = 05 / (z) = arctan (36.8) 

GzZ 



The position z = 0 at which the selected slice is centered is defined as the position 
where the carrier frequency is resonant. 

The solution of the equation of motion represents a precession of the magneti- 
zation M'(z, t) about Be = Be(z) in the frame rotating with the carrier frequency. 
The component of M' = M'(z, t) along Bey 

t) = Mo sin 0^/ (36.9) 



is spin-locked and therefore conserved (apart from the attenuation by spin-lattice 
relaxation with the possibly spatially varying time constant Tip), The perpendicular 
components, on the other hand, are spoiled by the field gradient and transverse 
relaxation. Mq is the magnitude of the magnetization at the beginning of the spin- 
lock pulse. 

The transverse magnetization just after the spin-lock pulse is given as the pro- 
jection on the transverse plane [115, 180, 414], 

m;(z, Ui) = Mo sin" (36.10) 

This is the component of the spin-locked magnetization which is eventually stored in 
the z direction by the 90° pulse terminating the LOSY sequence. In a homogeneous 
medium the slice profile thus has a Lorentzian shape, 



g(z) = 



M'y{Z,Ul) 

Mo exp{-fs;/rip} 



= sin" 0j/ = 




(36.11) 



The dependence of the profile function on the gradient strength is plotted in 
Fig. 36.2. 



36.2.2 

Solid-State Limit 

The opposite limit, the “solid-state” limit, is defined by 

{H\) ^ hynSf « hynG,ds (36.12) 

In this case, spin couplings are relevant at least during spin locking, and a more 
extended treatment must be carried out. 
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g(z) 



Fig. 36.2. Slice profiles generated by a LOSY pulse in the liquid-state limit (Eq. 36.11). The 
amplitude of the spin-lock pulse was set at = 5 G. (Reproduced by permission from 



ref. [115]) 



36.2.2.1 

General Procedure 

Consider a spin ensemble at the position z in a constant magnetic field gradient 
G = GzUz- The local density operator, p{z,t)y obeys the Liouville/von Neumann 
equation 

= -T['H{z,t),p{z,t)]. (36.13) 

at n 

The (laboratory frame) Hamiltonian is 



H(Zy t) = -hynBoh - hynGzZlz - 2hynBiI^ cos(cOct) + (36.14) 

where we have assumed that the RF field oscillates along the x direction, lif^ 
represents the possibly spatially varying laboratory-frame secular part of the local 
dipolar or quadrupolar spin interactions. The laboratory-frame nonsecular contri- 
butions cause spin-lattice relaxation but do not affect the evolution of coherences. 
They are therefore irrelevant in this context and can be ignored. The z dependence 
of the spin interaction term takes into account that the atomistic structure of the 
sample possibly varies with the position z referred to. The slice to be excited is 
again centered at z = 0 where the carrier frequency is resonant. 

The total-spin vector operator, /, of a local many-spin system at position z has 
the laboratory-frame components Ixylyyhy where Ik = = x^yyZ), The 

sum refers to all interacting spins within the local spin ensemble. 
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The standard solution of the Liouville/von Neumann equation, 

p(z, t) = (36.15) 

stipulates that H{z) does not explicitly depend on time. The laboratory frame for 
which Eq. 36.14 is valid is therefore not suitable for such evaluations. 

Rather a unitary transformation to a frame of reference is required so that the 
explicit time dependence vanishes. In particular, this applies to the RF field term 
which is made stationary by a transformation to a frame rotating with the carrier 
frequency cOc about the z axis (see Sect. 48.8)* 

The solution (Eq. 36.15) is further simplified by another transformation leading 
to the “tilted rotating frame” in which the axis of quantization coincides with the z 
axis, i.e., these directions should be aligned along the effective field. In this particular 
frame, no spin transitions are induced by the RF field because no transverse field 
component is left in the effective Hamiltonian. 

As the RF amplitude may be different with the preparation and spin-lock pulses, 
and because of the RF phase shift between the pulses, the transformations must be 
carried out interval by interval with constant RF amplitudes Bi and phases (see 
Fig. 36.1). The spin system is assumed to be in thermodynamic equilibrium at the 
beginning of the LOSY pulse. The initial density operator in the laboratory frame 
is then in linear high-temperature approximation 

p(Zy 0) ^ f + phcoolz) /Tr{£} (36.16) 

where coq = co(z = 0) = y„Ro> P = l/(fcB^/)> with kg Boltzmann’s constant, Ti the 
absolute temperature of the lattice, and £ the unity operator. This initial density 
operator is uniform across the sample for coq ^ YnGzds- 

The most general procedure for the treatment of the time evolution of the density 
operator in the course of a LOSY pulse sequence is 

a) transformation from the laboratory frame (coordinates x, y, z) to the frame ro- 
tating with the carrier frequency of the preparation pulse (coordinates x\ y\ z' 
and index R) 

b) transformation to the tilted rotating frame (coordinates x!' ^ y'\ z" and index TR) 
so that the z!' axis is aligned along the effective field of the preparation pulse 

c) derivation of the evolution of coherences in the tilted rotating frame during the 
preparation pulse (interval tp) 

d) back transformation to the rotating frame for the preparation pulse 

e) transformation to the rotating frame of the spin-lock pulse (coordinates x\ y\ z' 
and index R) which is phase shifted by 90° 

f) transformation to the tilted rotating frame of the spin-lock pulse (coordinates 
x\y\z" and index TR) 

g) derivation of the evolution during the spin-lock pulse (interval tsi) using the 
spin-temperature concept 

h) back transformation to the rotating frame of the spin-lock pulse 
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Schematically this procedure may be written as 

R T Pp 

p(z,0) Pr{z,0) Ptr(z,0) Ptr{z, 1) 

rp—l ^ Y p—l 

Pr(z, 1) ^ pp(z, 1) ^ Pfp(z, 1) -> Pfp(z,2) Pr(z,2) (36.17) 

The arrows and their superscripts represent the transformations to different frames 
of reference and the propagators acting during the RF pulses. The numbers in the 
arguments refer to the times indicated in Fig. 36.1. 



36.2.2.2 

Transformation to the Rotating Frame of the Preparation Raise 

The first step is the transformation to the frame rotating with the carrier frequency 
coc of the preparation pulse about the z' axis. It is carried out with the aid of the 
rotation operator (see Sect. 48.5) 



R = (36.18) 

The density operator in the laboratory frame (Eq. 36.16) is not affected by this 
transformation, 

Pr(z, 0) = R p(z, 0) R~^ = p(z, 0) (36.19) 

The laboratory frame Hamiltonian at Eq. 36.14, on the other hand, is transformed 
to^ 



nR(z) = R n(Zyt) R-^ + ihRR-^ 

= -hAQ(z)I^ - + R Uf\z) R~^ (36.20) 

The local offset of the rotation frequency from resonance is 

= An(z) = (coo + y^G^z) — cOc (36.21) 



36.2.2.3 

Transformation to the Tiited Rotating Frame of the Preparation Raise 

The RF part of the Hamiltonian still depends on transverse spin components, i.e., 
nonsecular terms. These are removed by the transformation to the tilted rotating 
frame which is reached by turning the rotating frame about its /' axis by the tilt 
angle 

Sp = Qp(z) = arctan ^ (36.22) 

^ ^ An(z) 

The corresponding transformation operator is 

T = T(z) = (36.23) 



^Remember that we always use spin operators without labels specifying the reference frame 
they are supposed to refer to. 
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With this operator, Eqs. 36.16 and 36.19 are transformed to the new initial density 
operator 



Ptr(z,0) = T(z) Pr(z,0) T *(z) 

= [£ + Phcoo ( I 2 cos ©p + Ix sin ©p )] /Tr{f } (36.24) 

The Hamiltonian at Eq. 36.20 is transformed to 

Hmiz) = THr r-‘ 

= -hcoTh + T R nf (36.25) 

with the effective frequency 

(z) = + AQ^ (36.26) 

The situation is strongly simplified in the hard-pulse limit which reads in the present 
nomenclature 

hjf » hY„G,ds » {T R nf r-i) (36.27) 

In this case the whole spectrum and the whole sample are excited homogeneously. 
Irrespective of the position, the tilt angle and the effective angular frequency are 

©P ^ 7t/2 and ^ = const (36.28) 

respectively. Dipolar, quadrupolar, or chemical-shift interactions may be neglected, 
and the Hamiltonian in the tilted rotating frame becomes 

^ ^ —hco[^hz (36.29) 

The initial density operator of the preparation pulse interval, Eq. 36.24, is ap- 
proached in this case by 



pTR(ZyO) ^ [£ phcooix /Tr{f} (36.30) 



36.2.2.4 

Evolution During the Preparation Pulse 

The initial density operator evolves in the tilted rotating frame of the preparation 
pulse according to the transformed Liouville/von Neumann equation. 
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The solution is 

= Pp(z,t) pm(z,0) P~\z,t) 

= (36.32) 

where 

Pp(Zyt) = (36.33) 

is the propagator during the RF irradiation. Dipolar, quadrupolar, or chemical shift 
interactions also may be neglected with respect to the evolution during the prepa- 
ration pulse, so that Eq. 36.32 yields for the time “1” at the end of the pulse (see 
Fig. 36.1): 

pTR(Zyl) = (^IzCosSp- \^IxCos(coi^hp) 

— ly sin(cc)e^^) sin ^ | /Tr [E] 

^ {£ ^hoD^ly] /lr{E} 

for ^ 7t/2; tp ~ co^tp = njl (36.34) 

36.2.2.5 

Back Transformation to the Rotating Frame of the Preparation Pulse 

The back transformation to the rotating frame gives 

PR(Zyl) = pm(z,l) 

= ( f + phcoo { ( Iz cos ©p -I- Ix sin 0p ) cos 0p 
[ ( '^•^ cos 0p Iz sin 0p ^ 

cos(cOe^^ tp) -ly sin(coP tp) sin 0p /Tr {£} 

^ Phcooly) /Tt{E} 

for 0p ^ 7t/2; coPtp ^ co^tp = njl (36.35) 

36.2.2.6 

Transformation to the Rotating Frame of the Spin-Lock Pulse 

The subsequent spin-lock pulse is phase shifted by 90°. Therefore the rotating frame 
must be transformed to a correspondingly phase shifted frame: 

Pr{z,1) 

= ( ^ + phcoo { ( 4 cos ©p — ly sin 0p ) cos 0p 
- [(-7^cos0p -72sin©p) 

cosicoi^^tp) -IxSinicoi^^tp) sin©p|^/Trf 

^ f + fihoOQ Ix ) /Tv{£} 

for ©p 7 t/2; tp ^ tp = njl 



(36.36) 
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36.2.2.7 

Transformation to the Tilted Rotating Frame of the Spin-Lock Pulse 

The density operator in the tilted rotating frame of the spin-lock pulse reads 

Pn(z,l) = pj,(zA) 

= ( £ -f phcoo { [( Iz cos Ssi — h sin ©5/ ) cos Qp 
—ly sin 0p ] cos ©p — { [ —ly cos Qp — (Iz cos ©5/ 

—Ix sin ©5/ ) sin ©p ] cos(coi^hp) — (lx cos ©5/ 

-\-lz sin © 5 / ) sin(coi^hp) | sin ©p /Tr{5} (36.37) 

^ {S phcoo { Ix cos © 5 / -f Iz sin © 5 / }) /Tr{£ } 
for ©p ^ n/ 2 ; oo^Ptp ^ coj^^fp = tt /2 

The polar tilt angle of the spin-lock pulse is 





© 5 / = arctan / ACl^ 


(36.38) 


where = 


Equation 36.37 may be written as 






Pf^(z, 1) = { f + l3ha)o U-I} /Tt{£] 


(36.39) 


The vector U has the form 






u^\ 






17 = U 2 


(36.40) 




\uj 




where 


Ui = SpXpCsl - Cpsl - SpYpSsl 


(36.41) 




^2 — SpCpYp — CpSp 


(36.42) 




U 3 = CpCsl + SpYpCsi + SplpSsl 


(36.43) 


and 


Ip = siniooi^hp) 


(36.44) 




Yp = COS(ft)e^^fp) 


(36.45) 




Sp = sin©p 


(36.46) 




Cp = cosGp 


(36.47) 




Ssi - sin ©si 


(36.48) 




Cj/ = cos ©si 


(36.49) 


In the hard 90 


^ preparation pulse limit, ©p ^ n/ 2 ; tp ^ co\^’ tp 


= n/ 2 , we have 




/ cos ©si \ 






I7«i 0 


(36.50) 




\ sin©s, / 






36.2 Theory of Slice Selection by Spin-Locking 



335 



This is the situation reached at the beginning of the spin-lock pulse. The next 
step is to consider the evolution under spin-locking conditions. 



36.2.2.8 

Evolution During the Spin-Lock Pulse 

The spin-lock pulse is “soft,” and the influence of spin interactions can no longer 
be neglected. That is 



^ f (z) R R nf\z) R-^ R-^ f-\z) ^ ^ hcof^ ^ hy„G,ds (36.51) 

The laboratory- frame Hamiltonian, Eq. 36.14, modified according to the phase shift 
of the spin-lock pulse is 

H{z, t) = -hynBoIz - yJiG2zIz - IhynBiIx sinicoct) + Tif'\z) (36.52) 

The transformation to the tilted rotating frame of the spin-lock pulse leads to 

nfi^iz) = f(z) R H{z,t) R f"‘(z) 

= -cof'^Iz + f R nf\z) R-^t~^ ( 36 . 53 ) 

where 

o)f) = cof\z) = ^ + AQ 2 ( 36 . 54 ) 

The transformed Hamiltonians of dipolar or quadrupolar spin interactions are de- 
rived in Sects. 48.9 and 48.10. As an example, the dipolar- coupling case will be 
treated in the following. The local secular dipolar Hamiltonian in the tilted rotating 
frame is 



W™(z) = Plicos @ si) + ^P sin^e si 

3 

+ -Q Sin©s; COS©s; 

where the second-order Legendre polynomial is defined by 

i^(cos©s/) = i(3cos^©5/ - 1) 



(36.55) 



(36.56) 



The nonsecular contributions P = P(z) and Q = Q(z) arise from the unitary 
transformations and are given in Eqs. 48.113 and 48.114. 

Immaterial spin diffusion in solids is fast enough to guarantee the establishment 
of a quasiequilibrium with the local spin temperature Ts(z) < T on a time scale much 
faster than the spin-lattice relaxation time T\p in the tilted rotating frame. As soon 
as the quasi-equilibrium is established all transverse magnetization components 
have disappeared in the tilted rotating frame. That is, the “locked” magnetization 
is aligned along the z" axis. The time scale on which this state is reached is given 
by the transverse relaxation time in the tilted rotating frame. Tip. 
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Thus the final local density operator for T 2 p tsi Tip is 

Pf^ (z, 2) = ( f - Pshny ) /Tr{f } (36.57) 

where 

^s = Ps(z) = ^ (36.58) 

is proportional to the reciprocal spin temperature. As spin-lattice relaxation is negli- 
gible in the time scale considered, we may assume that the spin energy is conserved 
during the spin-lock pulse. That is 



= Tx{nf^{z)pf^{zA)] = Tr{Hf^{z)pf^{z,2)] (36.59) 

The right-hand equation, 

Tr{ l~Cfp^(z)pf^(Zy 1) } = Tr{ l~Cf^(z)pff^(Zy 2) } (36.60) 



links the beginning and the end of the spin-lock pulse. Inserting the initial and 
final density operators, Eqs. 36.39 and 36.57, respectively, and the Hamiltonians, 
Eqs. 36.53 and 36.55 leads to traces of products of the Cartesian components of the 
spin operators. These can be evaluated using the rules and formulae given in Chap. 
43. 

The only non-vanishing terms are obviously Tr{/^ }, Tr{7f^®^^}, Tr{P^}, and Tr{Q^}. 
Evaluating these leads to 



Tijnfy 3 Tr{P^} 3 Tr{Q^} _ 2 , 

fi^Tr{/|} 4fi2Tr{/2} 4h^Tr{I^} ^Yn loc) 



(36.61) 



where we have introduced the laboratory frame local field Bioc (compare refs [158, 
523]). 

Solving Eq. 36.60 with respect to the reciprocal spin temperature leads to the 
slice profile to be expected in a homogeneous sample 



g(z) = 



psiz) (aoCof^Ui 






loc 



where 



L = L(z) = P^icos 0s/) + - sin^ &si + 3 sin^ 0s/ cos^ 0s/ 



and (for resonant irradiation) 

sin Ssi(z) 



CO 



(si) 



[coY^ + (y«G^2)2]i/2 
YnGzZ 

+ (r„G,z)2]V2 



(36.62) 



(36.63) 



(36.64) 



cos©s/(z) = 



(36.65) 
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For a hard preparation pulse, i.e., 0p ^ tt/2; coe^^tp 
function reduces to 



g{z) ^ 



CO 



(sl)2 



CO 



loc 



+ L{z)co 



2 

loc 



co\^^tp = nil, the profile 
(36.66) 



or 



giz) 



1 + 



1 + 



( 



GzZ 



+ L(z) 



o(bI) 



(36.67) 



Finally, in the limit ^ Biocy Eq. 36.67 becomes identical to Eq. 36.11, of course. 
Representative graphical representations of slice profiles in the solid-state limit are 
shown in Fig. 36.3. 

Note that there is a pair of “magic” z slices symmetric to the central plane at 
z = 0, in which the secular contribution vanishes. This magic z value is given by 



Zm 



gUD 

Gz tan ©m 



(36.68) 



where the magic angle is 0^ = arccos(l/\/3). At the corresponding positions, the 
secular dipolar interactions do not contribute any more to the local field, whereas 
the nonsecular terms are still effective. Hence, this situation is intermediate between 
the solid and liquid limits and, strictly speaking, a spin-temperature concept is not 
applicable to these particular positions. 

The treatment of the solid-state limit also shows that the spin temperature can be 
established locally. The spin temperature is therefore a function of the position. In 
the time scale of slice selection, spin diffusion fortunately is not able to equilibrate 
the temperature field. 

Finally it should be mentioned that the field gradient must not be switched 
during the spin-lock pulse. Otherwise the magnetization is possibly transferred 
adiabatically in the direction of the effective field (compare Sect. 15.2.1). The slice 
selection effect then disappears or remains incomplete. 



36.3 

Variation of the Slice Width and Position 



The profile of the slice is symmetrical to the position z == 0 where the carrier 
frequency is resonant. In the liquid-state limit and also in the solid-state case for 
spin-lock amplitudes exceeding the local field, the full width at half height is given 
by 



AZi/2 



2 b{''^ 

Gz 



(36.69) 



It is determined by the ratio Gz/b[^^^ and varies linearly with the spin-lock RF 
amplitude. 
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Fig. 36.3. Slice profiles generated by a LOSY pulse in the solid-state limit at Eq. 36.67. The 90° 
preparation pulse was assumed hard. The field gradient was set Gz = 9.6 G/cm. a) Profiles 
for different spin-lock amplitudes (beginning with the inner curve the parameters are = 
0.5 G; 1.0 G; 1.5 G; 2.0 G; 3.0 G; 5.0 G, respectively; the local field was assumed to be Bioc = 
0.6 G). b) Profiles for different local fields (beginning with the inner curve the parameters are 
Bloc = 0 G (liquid-state limit); 0.66 G (< b[^^^); 1.26 G (> respectively; in these cases, the 
spin-lock amplitude was set at 1 G). (Reprinted by permission from ref. [115]) 



Thus the thickness of the slice can be adjusted by changing while the gradi- 
ent can be kept constant. The RF pulse shape need not be varied, and the excitation 
is independent of the pulse length in contrast to soft-pulse techniques. The slice 
width is determined by the spin-locking conditions rather than by the RF bandwidth 
of the pulse. 

The only criterion for the length of the spin-lock pulse is the period needed for 
spoiling the magnetization outside the locked slice. With solid-like materials, this 
is an extremely fast process. Under practical circumstances, the condition for the 
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spin-lock period, 

r; « tsi « T,p (36.70) 

allows much shorter pulse durations than would be needed with the soft-pulse tech- 
nique. This is the reason that makes LOSY slice-selection feasible for applications 
to solids. 

The slice can conveniently be positioned while keeping the adjusted thickness 
constant. The variation of the carrier frequency shifts the resonance position z = 0 
to the desired region of interest. 




CHAPTER 37 



Homonuclear Localized NMR 



The full spatially resolved spectral information of an object can be recorded with 
the aid of magnetic resonance spectroscopic imaging (MRSI) as described in Chap. 
28. This of course may be a time-consuming procedure. Therefore one often prefers 
first to record an ordinary NMR image using a fast-imaging pulse sequence, for 
instance, and then to define a region of interest from which a localized spectrum can 
selectively be acquired with the aid of a volume-selective spectroscopy technique. 
One thus gains fast and accurate access to local spectral parameters at the expense 
of information from other object regions. 

With the transients of an MRSI experiment the spectral information is recorded 
from the whole object within the field-of-view. However, in order to be able to 
discriminate the spectral information of the region of interest from other regions 
by post-detection Fourier data processing, the complete k space domains must be 
probed in addition to the spectral dimension (see Eq. 28.2). By contrast, localized 
spectroscopy is not based on a fc space scanning rule. In principle, a single transient, 
i.e., one FID, suffices for addressing the spectral properties of the region of interest. 
Accumulation of multiple signals for the improvement of the signal-to-noise ratio 
may nevertheless be necessary, of course.^ On the other hand, if spectral information 
from the whole object is of interest, it is much less efficient than MRSI to record 
the volume elements one after the other, of course. 

Since the main motivation for localized-NMR experiments is to get rapid access 
to material properties of a well-defined region determined beforehand, the tech- 
nique is not only of interest for spectroscopic purposes. Volume-selection can also 
be combined with the determination of parameters like relaxation times, diffusivi- 
ties, or velocities. Moreover it is feasible to intertwine spectroscopy with relaxom- 
etry or diffusometry, so that such parameters can be determined, localized, and 
spectroscopically resolved. 

When we speak here of localization we mean that the region of interest is 
determined beforehand under software control. This is to be distinguished from 
hardware-based methods such as those using surface coils [3] or “topical NMR” 
magnets [161]. The elements of volume selection procedures are rather set up on 



^Accumulation of coherent-phase signals must not be confused with the acquisition of mul- 
tiple signals each phase-encoded with different increments of the encoding gradient. Transients 
of the latter sort do not strengthen the signal-to-noise ratio because the phases of signals orig- 
inating from different voxels are incoherent (compare Eq. 28.2). 
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Fig. 37.1 . Volume-selective NMR: schematic representation of the volume regions to be excited 
or saturated in a sequence of three slice-selective pulses. The central cube is common to all 
three orthogonal slices, and is placed in the region of interest. 

the slice selection methods described above (Sect. 25.1 and Chap. 36). It is obvious 
that the simultaneous selection of three orthogonal slices in all three space direc- 
tions defines a volume element that can then be positioned in the region of interest. 
Figure 37.1 illustrates the regions excited one after another by three slice-selection 
steps. Two principles serving this purpose may be distinguished. 

a) The three orthogonal slices are subsequently excited with the aid of soft pulses 
applied in the presence of gradients along the three space directions. Three-pulse 
echoes are recorded so that the volume element common to all three slices is the 
only one which contributes to the acquired signal. This class of methods will be 
referred to as “VOSY” (volume-selective spectroscopy) or “VOSING” (volume- 
selective spectral editing). The latter implies that the certain resonances are 
rendered in their full intensity or even enhanced, whereas others are suppressed. 
This is particularly of interest when a line of interest is superimposed by a 
(stronger) signal from another compound. As will be shown below, volume 
selection and spectral editing can be performed in an integrated way by the 
appropriate choice of the coherence pathways of the pulse sequence. 

b) The regions outside the three orthogonal slices are saturated one after another 
with the aid of spin-lock pulses in the presence of field gradients in the three 
space directions.^ As the only region with virginal magnetization the volume 



^The same situation can also be produced with the aid of combined hard and soft-pulse 
excitation sequels [15, 125, 374]. 
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element common to all three slices remains. It can be examined by an RF pulse or 
a pulse sequence applied after the localization pulses. This procedure is denoted 
“LOSY” (localized or locking spectroscopy) techniques. 



37.1 

The Homonuclear VOSY/VOSING Family 

Principle a) for volume selection comprises a large variety of echo signals that can be 
exploited for localization and spectral editing. If the volume selection is to refer to all 
three space directions, the minimum number of pulses needed for the generation 
of VOSY signals consists of three slice-selective RF pulses as shown in Fig. 37.2. 
Dephasing of the coherences by the slice gradients is balanced by compensation 
gradient pulses in evolution intervals before or after the slice-gradient interlude. 

The signals of / coupled spin systems acquired in this way may generally be clas- 
sified as coherence and spin state transfer echoes [235, 236]. In Sects. 2.2 and 7.2 we 
have already treated the respective response of uncoupled spins and of a simple AX 
spin system to three RF pulses. Restricting ourselves to three-pulse echoes having 
their center at time f = 2ii + i 2 , the following phenomena must be distinguished: 

(i) the stimulated Hahn echo of uncoupled spins 

(ii) the longitudinal-magnetization transfer echo of coupled spins 

(iii) the scalar-order transfer echo of coupled spins 
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Fig. 37.2. Pulse sequence for volume-selective spectroscopy (VOSY) using three slice-selection 
pulses for the generation of coherence and spin-state transfer echoes (CTE). The single-hatched 
gradient pulses serve for the compensation of dephasings by the slice-selection gradients. The 
optional extensions of the gradient pulses (doubly hatched) in the second pulse interval are 
supposed to spoil unwanted coherences. The RF pulse phases are indicated according to the 
treatment in Sect. 7.2. However, owing to coherence dephasing by the gradients, they are arbi- 
trary in principle. 
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(iv) the zero-quantum coherence transfer echo of coupled spins 

(v) the double-quantum coherence transfer echo of coupled spins 

Apart from the secondary Hahn echo (see Sect. 2.2), it is clear that uncoupled spins 
are restricted to the three-pulse echo of the first sort. By contrast, coupled spins are 
subject to the full scale of coherence and spin-state transfer echoes.^ The signals 
then tend to be / modulated owing to coherence evolution unless the ‘Tow-coupling 
limit,” Ti J~^y is fulfilled. 

The different echoes for coupled and uncoupled spins permits the recording of 
“edited spectra.” The special choice of the flip angles p, y and of the pulse delay Ti 
( see Fig. 37.2) optimizes or suppresses certain coherence pathways [236]. This can 
be shown with the aid of the product operator treatment described in Sect. 7.2. 

Consider a weakly-coupled two-spin 1/2 system, where the spins are subject to 
offsets Qi and ^2 due to the local gradient field and the chemical shift. As the field 
gradients are pulsed, the offsets Q.i and ^2 are time dependent quantities. On the 
other hand, the field gradients are trimmed for coherence rephasing in a subsequent 
interval. Therefore the offsets Oi and O 2 can effectively be set constant during the 
whole pulse sequence without severe loss of generality. 

Soft RF pulses in the presence of field gradients as they are used for the excitation 
of slices must generally be classified as “semiselective pulses” obeying the condition 

27T|/|<|y„Bi|<|ai|, 1^21 (37.1) 

Consequently a treatment using tilted RF-pulses [457] would be appropriate. In 
order to avoid expressions too complicated, we restrict ourselves to non-selective 
RF pulses, i.e., 

|y„Bi| » IQil, IQ2I »27 t|/| (37.2) 

In other words, all spins outside of the center plane of the selected slice are neglected, 
so that the resonance offsets of the considered spins fulfill the above condition. 

The first RF pulse excites single-quantum coherences, while the second pulse 
transfers them into different spin states and coherences. The third RF pulse produces 
the observable single- quantum coherences eventually to be acquired. The density 
operator of these coherences at time t = 2ii -h T 2 (see Fig. 37.2) consists of three 
terms, 

(7iq(2Ti -f T2) = CT(oQ) + G(so) + CT(lm) (37.3) 

where the subscripts in parentheses indicate the states in the i 2 interval from which 
the coherences have been converted. The states in that interval comprise single- 
quantum coherences (IQ), zero-quantum coherences (OQ), longitudinal scalar or- 
der (so), and longitudinal magnetization (/m). In principle further contributions 
originating from single or double-quantum coherences during i 2 might be of inter- 



^Volume-selective spectroscopy is normally performed in order to examine coupled spin 
systems. Therefore the term “stimulated- echo acquisition mode” (STEAM) originally suggested 
for imaging schemes [151] and occasionally encountered in the literature is not appropriate for 
experiments with coupled spins. 
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est. However, in the pulse sequence shown in Fig. 37.2, these would immediately be 
spoiled by the field gradients in this interval.^ 

The signal contributions considered above are three-pulse effects as required 
for true volume selection with respect to all three space directions. These must be 
discriminated from coherences generated by less pulses. That is, the field-gradient 
pulses in Fig. 37.2 must be adjusted in such a way that undesired signals are spoiled. 
The acquired signal is proportional to the transverse magnetization which can be 
derived directly from aiQ. The result provides the crucial dependences on the flip 
angles and on the pulse delays. 

A first step towards spectral editing is to suppress the three contributions par- 
tially and simultaneously to optimize the parameters of the pulse sequence for the 
record of a signal with the desired coherence pathway. In this way a kind of spectral 
editing is integrated in the volume-selection pulse sequence. A number of parameter 
sets of interest for this purpose are listed in the following. 

Case (a) ^ = Y = tiI1\ t\ — J~^\ 

The coherences described by gq^) ^nd originating from longitudinal magnetization 
in the i2 interval show their maximum values. In a sense the situation is analogous 
to the “stimulated echo” appearing with uncoupled spins. If these are present, as 
for instance the water protons in an aqueous solution, they contribute in full to the 
acquired signal. The other contributions vanish in this case, i.e., ct(oq) = O(so) = 0. 

Case (b) = y = 7 t/ 4; Ti = (2/)“': 

Here we have a situation opposite to case (a): <7(50) adopts its maximum value while 
= 0 for the coupled spins (uncoupled spins still contribute to the signal!). The 
zero-quantum transfer signal has a finite amplitude. The order transfer echo can be 
used to edit simultaneously lines with coupling constants defined by / =: (2 ti)“^ 

Case (c) ^ = y = 2; (with j = 0, 1,2,3,...) : 

The special choice of ri leads to ct(oq) = 0 provided that we may assume that Qi +^2 
has a value homogeneous in the whole volume element of interest. 

Case (d) ^ = y = f ; n = (with j = 0, 1, 2, 3, ...): 

The offset difference comes in here so that any influence of field gradients cancel. 
The pulse spacing ti is now chosen to fulfill O(^so) = 0 while the contribution from 
a(oQ) is particularly large. 

In its basic form (Fig. 37.2) the VOSY three-pulse sequence already provides 
manifold localized-spectroscopy experiments. After slight modifications it is well 
suited for spectral editing of overlapping resonance lines on the basis of J coupling. 
For instance, case (b) can be employed for scalar-order filtered volume-selective 
spectral editing (SOF-VOSING) [262]. 

The principle of this method is that the scalar order is alternately reversed 
in subsequent transients of the experiment with the aid of a frequency-selective 
180° pulse in the middle of the i 2 interval. The carrier frequency and the bandwidth 



^A modified pulse sequence for “double-quantum filtered volume-selective editing” (DQF- 
VOSING) will be discussed below. 
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of this pulse is adjusted to act only on one of the coupling partners of the compound 
to be edited. As a consequence, the sign of a^so) and, hence, the signal of interest 
takes turns as well. Alternately adding and subtracting the echo signals recorded 
with and without 180° pulse accumulates the signal of interest in the form of scalar- 
order transfer echoes whereas signals from other sources and in particular from 
uncoupled spins cancel. The coherence pathway of the pay-signal is 

single- quantum coherences scalar order single- quantum coherences. 

A formal treatment of the scalar-order transfer echo for an AX spin system can be 
found in Sect. 7.2.2. 

The SOF-VOSING procedure is of the “signal-add/subtract type.” This is to be 
distinguished from single-transient techniques. That is, the complete editing effect 
is implied in each transient of any accumulation or phase-cycling series. In the 
following, two methods of this sort will be discussed in more detail. 



37.1.1 

Double-Quantum Volume-Selective Spectral Editing 

In Sect. 7.2.5 the principle of double-quantum coherence transfer echoes is de- 
scribed, and a treatment is given for an AX spin system. Also, double-quantum fil- 
tered COSY is known as a standard technique in high-resolution NMR (see Fig. 7.4). 
This sort of phenomenon anticipates the basis of double-quantum filtered volume- 
selective editing (DQF-VOSING) spectroscopy put forward in [264]. The same 
principle was also suggested for spectroscopic imaging purposes [202] and for the 
unlocalized determination of lactate [464]. 

The essence of the DQF-VOSING measuring protocol is to suppress all coherence 
pathways other than 

single-quantum coherences double- quantum coherences — > single-quantum 

coherences. 

This goal can already be achieved with the three-pulse VOSY pulse sequence by ap- 
propriate timing of the RF pulse intervals and of the gradient pulse lengths (compare 
Fig. 7.6). However, the pay-signal intensity achieved with the simple VOSY sequence 
is reduced because the second and third 90° pulses are applied while all coherences 
are completely dephased so that the coherence transfer by each of the pulses is less 
efficient. 

Therefore additional 180° pulses are employed in the single-quantum coherence 
evolution intervals. Figure 37.3 shows a corresponding pulse scheme. The purpose 
of the 180° pulses is to refocus the single-quantum coherences in the relevant pulse 
intervals in full with respect to offsets by field inhomogeneities and chemical shifts. 
The transfer efficiency thus becomes maximal for double-quantum coherences.^ 



^Note that the phases of the two 90° pulses of the preparation pulse sequence should be 
in phase in this case when all offsets by gradients, inhomogeneities, and chemical shifts are 
refocused. The transfer from single-quantum to double-quantum coherences will only then be 
complete. 




346 



37 Homonuclear Localized NMR 



(”)x W, (”)>(?)« Wy CTE 




Fig. 37.3. Pulse scheme for double-quantum filtered volume-selective spectral editing (DQF- 
VOSING) spectroscopy. The coherence-transfer echo (CTE) results from a pathway consisting 
of the sequel single-quantum coherences (0 < t < Ti), double- quantum coherences (ti < t < 
single-quantum coherences (ti -h T 2 < t < 2ti + 3r2). In the middle of each single- 
quantum interval a refocusing n RF pulse is applied. The three tt/ 2 RF pulses are irradiated 
in the presence of slice gradients. The hatched gradient pulses serve for the refocusing of the 
slice gradients as concerns the first single-quantum coherence interval. The doubly hatched 
gradient pulses selectively compensate the phase shifts of the double-quantum coherence by 
single-quantum coherence phase shifts in the subsequent interval. That is, their “areas” are 
doubled relative to what would be needed for the restitution of phase shifts of single-quantum 
coherences. 



On the other hand, the double- quantum coherences in the interval ti . . . (ti + 12 ) 
are deliberately refocused only after converting them to single- quantum coherences 
at the end of this interval. The editing effect of this method is based on a double- 
quantum coherence dephasing and single-quantum rephasing cycle which distin- 
guishes this coherence pathway from any other potential echo formation sequel. 

The interval Ti ... (ti + 12 ) is kept as short as needed for the slice-selection gradi- 
ents (which simultaneously serve for the defocusing of the double-quantum coher- 
ences). The coherence-transfer echo for the selected coherence pathway is centered 
finally at time t = 2 ti 3t2. The 180° pulse in this latter echo-formation interval 
is placed in such a manner that only dephasings of the single-quantum coherences 
accumulated in that interval are compensated, whereas restitution of the phase 
shifts originating from offsets in the double-quantum coherence evolution inter- 
val is made by “double-area” gradient pulses and by extending the echo-formation 
interval by a further delay of 2t2 (see Fig. 37.3). 




37.1 The Homonuclear VOSY/VOSING Family 



347 



37.1.1.1 

Formal Treatment for A3X Spin Systems 

We consider a (weakly coupled) A3X spin system as it is formed by the non- 
exchanging hydrogen nuclei of lactate CH3CH..., for instance. The RF pulse sequence 
to be treated is 




where 12 ti is assumed so that dephasings in that interval by field inhomo- 
geneities can be neglected. The formal treatment is carried out using Cartesian 
product operators the rules of which are summarized in Table 51.3 on page 487. 

The reduced equilibrium density operator of the A3X system in the high- 
temperature approximation is 



a(0-) = Y,hz- (37.4) 

k^l 

The subscripts k = 1,2,3 refer to the three A spins, and A: = 4 to the X spin. The 
first RF pulse, (tt/2);c> produces 



a(0+) = J2hy (37.5) 

k=l 

which corresponds to in-phase single-quantum coherences. 

In the interval 0 < t < Ti the coherences evolve according to spin-spin cou- 
pling with the coupling constant /. On the other hand, frequency offsets by the 
field gradients, chemical shifts and field inhomogeneities need not be considered 
explicitly because the phase shifts arising on this basis are refocused by the 180° 
pulse in the middle of the interval (note that the field gradient pulses are balanced 
symmetrically to the 180° pulse). 

A general treatment shows that the single-quantum coherences of the first free- 
evolution interval are most efficiently converted to double-quantum coherences by 
the second 90° pulse if ti is adjusted relative to the spin-spin coupling constant 
according to 

'■ = jj 

For the sake of simplicity we will therefore immediately replace Ti in the calculation 
by (2}rK 

The net evolution of the reduced density operator in the interval 0 < f < ii = 
(2/)“^ follows from the respective operator relations for the A spins (k = 1,2,3), 

TT 2 

hx — ^ 4;cCOs(7r/ri) + 24 _yJ 4 zSin( 7 T/ri) = llkyhz (37.7) 

Iky — ^ IkyCOs{n}Ti)-2Ikxl4zSininjTi) = -Ilkxkz (37.8) 
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and for the X spin (k = 4), 



nUzhz __ _ nIUzhz ^ ^ nlUzhz ^ ^ ^ 

^4x ^ ^^4y^lz ^ ^^4x^\z^2z ^ ^^4y^lz^2z^?>z (37.9) 

Tll4zllz Tll^z^lz TII^zHz n-rr-r-r ^ ^ 

^4y ^ ^^4x^lz ^ ^^4y^lz^2z ^ ^^4x^\z^2z^Zz (37.10) 

The reduced density operator thus becomes 

3 

^^■(ri— ) = — ^ 2Ikxhz + ^hxhzhzhz (37.11) 

k=\ 

The second 90° pulse, (jil2)x, results in 

3 

<7’(ri+) = — 2Ikxhy + ^hxhyhyhy (37.12) 

A:=l 

The last term cannot lead to single-quantum coherences in the detection interval, 
and is therefore discarded in the further treatment. The sum terms can be analyzed 
according to 



2Ikx^4y 



i^ky^4x ^kx^4y) (.^kx^4y Iky^4x) 

- /,-/+) - ~(ip+ - 7 ,-/ 4 -) 

(^0qc,y - (^2qc,y 



(37.13) 



The density operators cfoqcy ^ 2 qc,y stand for zero- and double-quantum coher- 
ences between one of the A spins (k = 1,2,3) on the one hand, and the X spin 
(k = 4) on the other. 

The gradient pulses of the DQF-VOSING scheme are balanced in such a way that 
no coherence order other than double- quantum coherences can lead to refocused 
single-quantum coherences in the detection interval. Therefore the zero-quantum 
coherence terms can be dropped. During the i 2 interval the double-quantum coher- 
ences experience the / coupling to “passive” spins, and frequency offsets by field 
gradients, inhomogeneities and chemical shifts. 

The angular- frequency offset of the A spins is denoted by Oa> that of the X spin 
by Q.X- These offsets are functions of time owing to the field-gradient pulses in the 
free-evolution intervals (see Fig. 37.3). The total phase angles accumulated by the 
double-quantum coherences due to the field gradients or inhomogeneities, and - to 
a minor degree - chemical shifts are defined by 



(pA2 = j (37.14) 

T\+T2 

(pX2 = J 0.x(t')dt' 



(37.15) 
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In terms of these phase shifts the double-quantum coherences evolve according to 



^2qc,y 



(<PA2hz-^(PX2hz 



cos(<pa 2 + (pxi) + O 2 '* sin{(pA 2 + <px 2 ) 



kA 



^2qc,y 



2qCy> 



(37.16) 



where k = 1,2,3. 

The passive A spins do not take part in double-quantum coherences between 
one A and the X spin, but influence their evolution. The evolution during the ti 
interval under the / coupling of the active spins, i.e., one A spin (say fc = 1) and 
the X spin (A: = 4), to the two passive A spins (fc = 2,3), for instance, gives rise to 
the transformations 



cos(7r/r2) + 2hzol'*,y sin(njT2) 

njT 22 hzhz 14 .XX 14 *^,^xx 

^ COS (ttJT 2 ) + ihz + ^3z)0’2qc,/ sin(27r/r2) 

- 472z/3zO-2qlx sin^(27T/r2) (37.17) 

Only the first term of the last expression can lead to observable single-quantum 
coherences in the detection period. The other terms are therefore dropped in the 
following. 

At the end of the 12 interval just before the third 90° pulse the relevant density 
operator terms read 



+T2-) 



—Eh 



k,4 

'2qc,y 



COS(<Pa2 + (pX2) 



k^l 

+ Sin((pA2 + <pX2) 



cos^ (71/12) + . 



— ^ ^ [ i^kx^Ay ^ky^4x) ^OS(^A2 ^X2) 

k^l 

+ (hxhx — hyhy) sin(<pA 2 + <PX 2 ) ] COS^ (71/12) H- . . . 

The third 90° pulse produces 

^ X ^ A 

cj(ri H- T2+) = xhz + 2Ikzhx) COS{<Pa 2 + (PX2) cos^inM) + ... 

^ k=l 



(37.18) 



(37.19) 



where we have dropped multiple-quantum coherence and longitudinal scalar-order 
terms. The relevant terms correspond to antiphase single-quantum coherences 
which evolve in the subsequent interval Ti = (2/)~^ according to the transfor- 
mations 



_ r^hzhz ^ <pAihz , T • 

^^kx^Az ^ ^ky ^ ^ky ^t)S (pA5 ^kx ^A3 



(37.20) 






Ttllz^iz 



nJhzhz 



Ax^lz 



I4y 



^^4x^2i 



T^hzhz 



- 4 / 4 ^/ 22/32 



(pX3hz 



—AUyljzhz cos (pxi — Alixhzhz sin <pxi 



(37.21) 
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where we have already taken into account the 180° pulse in the middle of this interval 
which refocuses all dephasings by chemical shifts and field inhomogeneities, and 
the gradient pulses. The doubly hatched gradient pulses in Fig. 37.3 are matched to 
the dephasings by the double-quantum coherence evolution in the i2 interval. That 
is, the phase shift each nuclear species experiences via single-quantum coherences 
must be equal to the total phase shift accumulated by the double-quantum coherence 
in the i2 interval. That is. 



<PA5 ^ <pX5 = <PA2 + <Px2 = <P (37.22) 

Thus the reduced density operator effectively evolves according to 

I ^ ^ 

a(2n +T2) = - X] [ cos <p + Ikx sin <p - Ihyhz 

COS (p — 2Uxhz sin cos (p cos^injTi) + . . . (37.23) 

The antiphase single-quantum coherences of the X nucleus are of minor interest 
and tend to cancel anyway under low-resolution conditions. They are therefore 
ignored. Assuming an equipartition of the phase shifts (p due to the strong gradients 
employed in this method, the average density operator is formed as 

2tt 

(a(2ri + Ti)) = ^ I + ^ 2 ) d(p 
0 

1 ^ 

= C0S^(7t/t2) + . . . (37.24) 

^ k^l 

The cosine term may be approximated by 1 in the limit T 2 J~^ so that the 
amplitude of the coherence-transfer echo signal of the A spins finally is proportional 
to the complex transverse rotating-frame magnetization 

m(2ri + T 2 ) = ^r„fibTr + ihy){o(2n + T 2 )) | = ^wja(0+) (37.25) 

where n/4 is the number density of A3X spin systems and mA(0+) the complex 
transverse magnetization of the A3 spins immediately after the first RF pulse. The 
other symbols are defined in context with Eq. 47.7. 

The sensitivity is 1/4 compared with the unedited (but potentially concealed) 
signal of the same number of nuclei. A factor of 1/2 is sacrificed with the conversion 
from single-quantum to double-quantum coherences by the second 90° pulse. An- 
other factor of 1/2 is due to the transfer from completely dephased double-quantum 
coherences to single-quantum coherences by the third 90° pulse. 

An appealing feature of the DQF-VOSING technique is its simplicity in terms 
of the RF pulse number needed. At the expense of a further factor of 1/2 in the 
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sensitivity relative to the version treated above, volume-selective editing can be 
managed already with three pulses [264], i.e., the minimum number needed for 
volume selection with respect to all three space directions.^ 



37.1.2 

Cyclic Polarization Transfer Volume-Selective Spectral Editing 



A further method of interest in this context is based on laboratory frame homonu- 
clear polarization transfer of the INEPT type [351] which is performed in a cyclic 
way. The pulse sequence is shown in Fig. 37.4. The editing principle of this 
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Fig. 37.4. RF and gradient pulse sequence for the homonuclear CYCLPOT-VOSING technique. 
A coherence transfer echo (GTE) of a preselected group of a coupled spin system is produced 
with the aid of three slice-selective 90° pulses the phases of which are arbitrary. The frequency 
window of the binomial pulse (2662) is adjusted selectively to the resonance of the spin group 
to be edited. The hatched gradient pulses serve for the compensation of dephasings by the slice 
gradients. Homospoil gradient pulses are doubly hatched. 



^Employing considerably more RF pulses another method based on multiple-quantum co- 
herences was suggested in [265] for the same purpose. However, this “split-pathway volume- 
selective editing” (SP-VOSING) spectroscopy technique requires many more pulses. The princi- 
ple is to split intermittently the coherence pathways of coupled as well as uncoupled spins. Each 
pathway leads eventually to single-quantum coherences so that all echo signals appear in super- 
imposed form. Coupled spins follow pathways implying single-quantum and multiple-quantum 
coherences in parallel. The coherence-transfer echoes into which these pathway terminate are 
constructively superimposed. This is in contrast to uncoupled spins, which produce stimulated 
and secondary Hahn echoes cancelling each other. 
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‘‘cyclic polarization-transfer filtered volume-selective spectral editing (CYCLPOT- 
VOSING)” technique [268] is to transfer the spin polarization between two spin 
groups of the molecule in a cyclic way. The frequency region of the group of interest 
is selectively spoiled after having transferred the polarization to another group. This 
removes all signals from other compounds potentially concealing the line of interest. 
After that the spins to be detected are repolarized. This pathway is specifically 
adjusted for the / coupling and the chemical-shift of the envisaged spin system. 
Spin systems with other spectral parameters, in particular uncoupled spins, cannot 
follow the cyclic transfer and, hence, are suppressed. 

The selection of the volume element to be probed is again performed with three 
slice-selective 90° pulses. The pulse interval ti is adjusted according to the / coupling 
constant of the spin system of interest, i.e., ideally but not stringently ti = ( 2/)“^ 
In the middle of the i2 interval a “binomial pulse,” (2662), is applied [398]. It is 
composed of four broadband pulses with alternating phases and an intensity ratio 
corresponding to the binomial coefficients. As a whole it acts like a 180° pulse on 
the entire frequency range with the exception of a narrow frequency window in 
which the spins are left untouched. In the present application this pulse is adjusted 
in such a way that the resonance of one group of the coupled spin system is centered 
in the middle of the frequency window whereas that of the other is subject to the 
nominal 180° flip angle in full. The consequence is that the coherence evolution 
experienced by / coupling is refocused. 

The phases of the RF pulses of the pulse scheme at Fig. 37.4 are arbitrary be- 
cause they are applied deliberately to dephased coherences throughout. This is a 
particularly strong point of the technique although twice a factor of 1/2 in the po- 
larization transfer efficiency is sacrificed relative to the CYCLPOT-VOSING variant 
using refocused coherences [263]. 



37.1.2.1 

Formal Treatment for A3X Spin Systems 

For the formal treatment using Cartesian product operators (see Table 51.3 on 
page 487) a sequence of RF pulses with well defined phases is needed, e.g.. 




I - (2662)^ 



2 



(i), - 



Let us first treat the coherence evolution during this sequence for the set of pulse 
phases specified in this way, and for well-defined phase angles accumulated in the 
pulse intervals. The result will then be averaged over all coherence-phase angles 
assuming equipartition as a consequence of the field gradient pulses illustrated 
in Fig. 37.4. It is clear that under such circumstances the pulse phases become 
irrelevant for the average signal. 

As in the previous section, a (weakly coupled) A3X spin system is considered 
such as formed by lactate CH3CH.... The initial reduced equilibrium density operator 
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IS 



a(O-) = 



(37.26) 



k=l 



where the subscripts k = 1,2,3 label the three A spins having angular-frequency 
offsets Qa( 0> and /c = 4 the X spin which is subject to the offset C2x(0- 

The length of the first pulse interval optimal for our purpose can be shown to 
be again 

'■ = ij 

In order to simplify the formalism we restrict ourselves to this value. That is, ti is 
immediately replaced by (2/)~^ where relevant. 

The phase angles accumulated in the free-evolution intervals by the field gradi- 
ents or inhomogeneities, and - to a minor degree - by chemical shifts are defined 
by 



<Pai = 



J OA(t')dt' 

0 

Tl 

(pxi = J Q.x(t')dt' 



0 

T1+T2 



(pA2 = 



/ 






2 ri+T2 



(pA3 



The first RF pulse, {nl2)xy produces 



j ^A(t')df 

ri+T2 



(37.28) 



(37.29) 



(37.30) 



(37.31) 



(^( 0 +) = Iky 

k=l 



(37.32) 



During the first pulse delay the operator terms of the A 3 spins evolve with respect 
to the frequency offset according to 



'^hy XI 



k=l k=l 

and with respect to spin-spin coupling according to 

^kx ^ f/cx cos(tt/ti) + 2I]^yI^2, sin(7r/ri) = 2Ij^yl4z 

/ 1 "^^kz ^^z 

hy — > Iky cosinjTi) - llkxhz sininjTi) = -llkxhz 



(37.33) 



(37.34) 

(37.35) 
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The corresponding relations for the X spin are 

(pxihz 

hy — > hy COS (pxi + hx sin <pxi (37.36) 

and for ti = (2/)“* 

Ti 2 I^ 2 :I\z __ _ ^ 2 / 42/22 _ _ T^^ 4 z^ 3 z «-» t t t t 

I 4 X ^ ^ ~^^Ax^\z^ 2 z ^ ~^^Ay^\z^ 2 z^ 2 >z (37.37) 

TIIaz^Iz y. _ T^hzhz ^ ^ Tll^zhz ^ ^ ^ x^i-r 

I/^y > ^IaX^Iz ^ 4 / 4 ^ 112^27 ^ ^^4x^17^27-^37 (37.38) 

At the end of the first free-evolution interval the density operator thus becomes 



3 

= '^[-llkxhz cos (pAi+2Ikyhz sin (pAi] 

k=l 

+ ^hxhzhzhz COS (pxi — ^hyhzhzhz sin (pxi (37.39) 
The second RF pulse, (nf2)xy results in 

3 

o{ti+) = ^ [-llkxhy cos (PAI -2Ikzhy sin (pAl] 

/c=l 

+ ^hxhyhyhy COS (pxi + ^hzhyhyhy sin (pxi (37.40) 

The operator terms in this expression represent antiphase single-quantum co- 
herences (2Ij^zhy)y zero- and double-quantum coherences (2Ij^xhy)y and multiple- 
quantum coherences of higher order (Sl 4 xhyl 2 yhy and Sl^zhyhyhy)- Merely the 
antiphase single-quantum coherence term can lead to observable echo signals. The 
multiple-quantum coherences either are not converted into single-quantum coher- 
ences by the third 90° pulse, or the single-quantum coherences descending from 
them are not refocused in the presence of the special gradient pulse sequel of the 
pulse scheme (Fig. 37.4). The corresponding terms can therefore be omitted from 
the further treatment. 

The binomial pulse selectively imposes a 180° flip angle on the X spins in the 
middle of the i 2 interval while the A 3 spins remain untouched. For that reason the 
coherence evolution with respect to spin-spin coupling will be refocused at the end 
of the interval, and need not be considered explicitly. The antiphase single-quantum 
coherence term thus evolves effectively according to 



3 

o{ti + T2-) = - y] [2hylkz sin <Pai cos (pAi + llixhz sin (pAi sin (pAi] + . . . (37.41) 
k=l 

The last RF pulse, (jil2)xy generates 



3 

o(ti + T2+) = y] [2hzlky sin q>Ai cos (pAi + 2hxlky sin <Pai sin (pAi] + ... (37.42) 

k=l 
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The second operator term in the sum representing zero- and double-quantum co- 
herences is unable to produce any detectable signals. It can therefore be left out in 
the further consideration. The first term stands for antiphase single- quantum co- 
herences of the A 3 spins which evolve in the interval (ti + T 2 ) . . . ( 2 ti + T 2 ) according 
to 



<pA3hz 



2IkyI^z COS <Pa5 4“ ^^kx^Az sin (PA3 


(37.43) 


nikzhz 

^J-kxHz ^ ^ky 


(37.44) 


Tllkz ^Az 




2Ikyhz — > -hx 


(37.45) 



The resulting reduced density operator is 



3 

cr(2ri + t 2 ) = y] [-hx sin (pAi cos (pAi cos <pA 3 + hy sin q>A\ cos (pAi sin ^^ 3 ] + • • • 

k=l 

(37.46) 

The gradient pulses in the pulse scheme (Fig. 37.4) are placed in such a way that 



<pAi — + ^Ai (37.47) 

This is the condition for refocusing of the coherences in the form of an echo. Thus 

3 

a(2ri + t 2 ) = y] [hx (sin^ <pAi sin (pAi cos (pAi ~ sin <pAi cos q>Ai cos^ (pAz) 

k=l 

+hy (sin^ ^211 COS^ (pAi + sin q>Ai cos <pAi sin (pAi cos (pAi)] + ■■■ 

(37.48) 



Owing to the large gradients applied in the pulse intervals an equipartition of the 
phase angles (pA\ and (pAi can be assumed. That is why the ensemble average over 
all phase angles can be performed as 

2 n 2 n 3 

(a(2ri + T 2 )) = J J ct(2ti + 12 ) dq>Ai d(pA2 = ~ + • • • (37.49) 

0 0 ^=1 

The amplitude of the coherence-transfer echo signal finally is proportional to the 
complex transverse rotating-frame magnetization 

m(2ri + T 2 ) = '^yJiblT + ihy){o{2Ti + tz)) | = ^m^(0+) (37.50) 

where the symbols have the same meaning as in Eq. 37.25. 

As a result, there is no refocused-coherence contribution other than from the 
spin-system to which the pulse sequence is adjusted, neither from uncoupled spins 
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Fig. 37.5. a) Proton images of a porcine kidney perfused with a perfluorocarbon emulsion 
as a blood substitute, b) Fluorine- 19 images of the same. The images were recorded using 
the hydrogen/fluorine retuning tomography (HYFY) technique (see Chap. 41. The white square 
indicates the volume in which the ^^F spectrum and the ^^F relaxation curves shown in Fig. 37.6 
were measured. The fluorine image parameters are: repetition time 1.2 s; echo time 34 ms; 
number of transients 8; slice width 1 cm; pixel matrix 256 x 256. The length scale is given by 
the bars. (Reproduced by permission from ref. [437]) 



nor from spin systems not taking part in the cyclic polarization transfer and semise- 
lective refocusing scheme outlined above. The amplitude of the edited signal retains 
1/4 of the maximal value. In this a factor of 1/2 is due to each of the two 90° pulses 
applied to completely dephased coherences. 

In the above treatment, relaxation has not been taken into account. Provided 
that 2 ti ^ i 2 , losses by transverse relaxation are mainly due to the two Ti intervals. 
It may therefore be favorable to reduce these intervals to minimize the T 2 losses at 
the expense of the polarization transfer efficiency. 
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The sensitivity of the phase-insensitive CYCLPOT-VOSING variant is half as 
high as that of the phase-sensitive method which completely recovers the coher- 
ences after the polarization transfer cycle as suggested in [263]. Compared with the 
DQF-VOSING pulse scheme (Fig. 37.3) the same signal strength can be expected. 
However, the CYCLPOT variant (Fig. 37.4) is entirely insensitive to the pulse phases, 
and therefore tends to be more robust under operational measuring conditions. This 
was demonstrated in [268] where the in vivo detection of lactate in the human brain 
was reported. On the other hand, owing to its simplicity the DQF-VOSING pulse 
sequence has the clear advantage of being particularly easy to implement on a 
tomograph. 



37.1.3 

Volume-Selective Relaxometry, Diffusometry, and Velocimetry 

Volume-selective measuring techniques are of interest when precise and quantita- 
tive information is needed from a certain region of interest. It is then a matter of 
economy first to record a fast image serving the definition of a volume element 
from which precise information is to be recorded in a second, more demanding 
step. The VOSY and VOSING experiments described above permit the precise mea- 
surement of spectral parameters such as chemical shifts or line intensities even if 
the compounds to be detected are concealed under otherwise overlapping spectra 
of other substances. Furthermore, chemical shifts may be indicators of the local 
pH value [155], the local temperature [207, 241], and the local concentration of 
shift reagents [171]. The above volume-selection pulse sequences in principle im- 
ply intervals which are subject to coherence evolution as well as relaxation at the 
same time. This suggests the volume and spectral-line selective determination of 
relaxation times [235, 263, 265]. 

Because of the superposition of different coherence pathways in the course of 
the VOSY and VOSING pulse sequences, the use of special precursor pulse trains for 
the unambiguous determination of relaxation times may be advisable. Correspond- 
ing VOSY modifications were reported in [437] in context with hydrogen/fluorine 
retuning tomography (see Chap. 41). Figure 37.5 shows proton (top) and fluorine 
(bottom) images of a porcine kidney perfused with a perfluorocarbon emulsion 
as a blood substitute. The white square in the proton image indicates the volume 
element to which a VOSY pulse sequence was adjusted. Part of the ^^F spectrum 
recorded from this region is inserted in Fig. 37.6. It shows the CF 3 and CF 2 lines of 
the perfluorocarbon emulsion. Furthermore the transverse and longitudinal relax- 
ation curves of these lines have been recorded as plotted in the same figure. This 
demonstrates that volume-selective and spectroscopically resolved relaxometry is 
well feasible. 

Apart from volume-selective laboratory- frame relaxometry a number of methods 
for the localized determination of the rotating-frame spin-lattice relaxation time 
Tip have been suggested in the literature [411, 412, 418]. As already discussed in 
Chap. 27, the volume-selective measurement of the frequency dispersion of Tip thus 
becomes possible. 
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Fig. 37.6. Volume-selective and spectroscopically resolved relaxometry in a porcine kidney 
perfused with a perfluorocarbon emulsion. The transverse and longitudinal relaxation curves 
were measured with the indicated resonances in the volume element defined in Fig. 37.5. The 
experimental parameters are: flux density 4.7 T; room temperature; volume element (1.5 cm)^. 
(Reproduced by permission from ref. [437]) 



Finally, volume-selective spectroscopy can be combined with velocimetry or 
diffusometry. In [259] “diffusion and incoherent motion weighted volume-selective 
NMR spectroscopy (DICSY)” was suggested and applied for the localized and spec- 
trocopically resolved determination of diffusivities in fertilized hen eggs. The co- 
herent motion analogue, the “volume-selective measurement of velocity (VOTY),” 
permits the single-transient determination of the mean velocity vector from a pre- 
selected volume element [258]. 
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Fig. 37.7. RF and field-gradient pulse scheme for localized spectroscopy (LOSY) based on spin- 
locking (SL) in the presence of field gradients. The signal detected in the acquisition (AQ) 
interval originates from the volume element common to the three orthogonal slices chosen by 
the three spin-lock/restore pulses (compare Fig. 36.1). 

37.2 

The Homonuclear LOSY Pulse Sequence 

The general localization method to be discussed here is based on principle b) men- 
tioned above in the introduction of this chapter. The theory of slice selection by 
spin-locking pulses in the presence of field gradients is outlined in Chap. 36. Apply- 
ing one after another three spin-locking/storing pulses of the type shown in Fig. 36.1 
in combination with three orthogonal field gradient pulses forms a complete scheme 
for localized spectroscopy (LOSY) [413]. The pulse sequence is schematically shown 
in Fig. 37.7. 

This method is particularly efficient if the unlocked coherences, i.e., coherences 
in volume regions outside of the chosen slice, are rapidly attenuated by relaxation 
and field inhomogeneity effects. Such a situation is given in solid-like materials. An 
application to polymers was demonstrated in [180]. 




CHAPTER 38 



Cross-Polarization Principles 



38.1 

Categorization of Cross-Polarization Techniques 

We distinguish “laboratory-frame polarization transfer” such as the INEPT tech- 
nique [352] from “rotating- frame polarization transfer” or more commonly “cross- 
polarization” [189].^ Both classes of double-resonance experiments refer to coupled 
non-equivalent spins. The spin-bearing particles can be homo- or hetero-nuclei or, 
in principle, even unpaired electrons. To the INEPT procedure we have already re- 
ferred in the treatment outlined in Sect. 37.1.2. Cross-polarization was first demon- 
strated by Hartmann and Hahn in 1962. Therefore it may synonymously be called 
the “Hartmann/Hahn (HH) experiment.” This chapter is mainly devoted to the 
theoretical principles on which HH procedures are based. 

A typical example are coupled ^H and nuclei. In context with solids, one 
often speaks of “abundant” spins (e.g., ^H with spins I) and “rare” spins (e.g., 
with spins S). Referring to liquids, where the systems of coupled spins tend 
to be restricted to certain chemical groups, one should better classify the cross- 
polarization partners according to “sensitive” and “less sensitive” nuclei, i.e., “large” 
and “small” magnitudes of the gyromagnetic ratios. 

The essence of cross-polarization is to bring two sorts of coupled spins into 
“contact.” This is normally performed by RF irradiating simultaneously to both 
resonance frequencies. The effective splittings of the spin energies of the two inter- 
acting spin species I and S are “matched.” That is, they are adjusted to be equal, 
so that mutual spin-energy exchange is facilitated. The Hartmann/Hahn matching 
condition is 

(^e,I = \Yl\^e,I = \ fs\Be,S = COe,S (38.1) 

where cOej and 0)^,5 are the effective angular frequencies of spins I and S in their 
respective rotating frames.^ 



^The main objective of cross-polarization experiments is to increase the detection sensitivity. 
In this context, optical pumping methods [219] are also of interest. Nuclear spins in noble gases 
such as ^^^Xe or ^He can be polarized by irradiating circularly polarized light on hyperfine split 
atomic transitions. In this way, NMR sensitivity enhancements by five orders of magnitude 
may be achievable. Furthermore, the polarization of the noble gas nuclei may be transferred 
to other nuclear species by bubbling the hyperpolarized gas through liquids [361]. 

^The energy splittings referred to need not necessarily be connected by single-quantum 
transitions, and the quantizing field is not necessarily based on the application of RF. Double- 
quantum cross-polarization and cross-polarization involving one spin species subject to local 
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Cross-polarization is to be contrasted on the one hand from the (nuclear) Over- 
hauser effect [368] which arises irrespective of any RF matching if one spin species is 
subject to permanent or pulsed RF irradiation so that non-equilibrium populations 
are produced. On the other hand, cross-polarization must not be confused with 
laboratory-frame polarization transfer (e.g., INEPT) as mentioned before. Let us 
differentiate the three double-resonance/coupled-spin phenomena in the following 
way. 

• Cross-polarization (see below): 

a) HH matching permits spin-energy conserving zero-quantum transitions of I 
and S spins in the doubly-rotating frame; 

b) the spin-state populations are predominantly changed by coherence evolu- 
tion in the doubly-rotating frame if the secular interactions are motionally 
averaged, and the spectral density at frequency zero is small (liquids); 

c) the spin-state populations are predominantly changed by cross relaxation in 
the doubly-rotating frame if the secular interactions contribute in full, i.e., 
the spectral density at frequency zero is large (solids). 

• INEPT (see Sect. 37.1.2): 

a) a sequence of unmatched RF pulses serves the manipulation of spin states; 

b) the spin-state populations are changed as the combined result of free co- 
herence evolution in the laboratory frame, and spin manipulation by RF 
pulses. 

• Overhauser effect: 

a) unmatched RF pulses or permanent RF irradiation to the coupling partners 
bring these into a non-equilibrium state; in NOESY experiments [312, 526], 
the mutual effect is considered at one time; 

b) the populations of the observed spins are changed by laboratory-frame cross 
relaxation with the coupling partners; the full laboratory-frame Zeeman 
splitting pattern is relevant. 

A list of typical cross-polarization/polarization-transfer methods is given in Ta- 
ble 38.1. 

The original Hartmann/Hahn experiment follows the pulse scheme displayed in 
Fig. 38.1a. The I spins are spin locked by an RF pulse phase shifted by 90° against 
the initial excitation pulse. The S spins are then brought into contact with the I spins 
with the aid of a contact RF pulse, the RF amplitude of which is HH matched to 
the spin-lock pulse of the I spins. The HH matching condition is given in Eq. 38.1. 
The RF amplitudes produced by the preferably resonant RF channels are adjusted 
in such a way that the rotating-frame Zeeman splittings “match” each other and 
spin-energy conserving flip-flop transitions can take place. 

Such transitions arise in solids predominantly by dipolar interaction whereas 
in liquids, in the motional averaging limit, indirect spin-spin coupling with the 



fields relevant in dipolar and / ordered states have been reported in [377, 400, 436], for instance, 
where the order state is produced either by adiabatic demagnetization in the rotating frame 
(ADRF) or with the aid of the Jeener/Broekaert pulse sequence. 
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Table 38.1 . Typical cross-polarization / polarization-transfer methods. 



frame 


spatial 

selectivity 


solids 

(large spin systems, 
incoherent transfer) 


liquids 

(small spin systems, 
coherent transfer) 


lab. 


none 




INEPT [351] 
DEPT [124] 


lab. 


localized 




spat. res. inept, dept [16, 477] 
CYCLPOT-vosiNG [266, 267, 268, 270] 


rot. 


none 


CP [189, 385, 386] 
SLOPT, DOPT [67, 436] 


JCP [92, 189, 357], AJCP [91, 93] 
MOIST [298], Rjcp [90] 


rot. 


localized 


SLOPT-LOSY [120, 121, 182, 244] 
DOPT-LOSY [120, 121, 182] 


JCP-LOSY, CYCLCROP-LOSY [292, 293] 
AJCP-LOSY [283], VJCP [282] 
adiabatic cyclcrop-losy [283] 



coupling constant / prevails. In the latter case one speaks of / cross polarization or, 
in short, JCR 

38.2 

Spatially Selective HH-Matching 

Cross-polarization methods were originally designed as tools for the enhancement 
of the detection sensitivity. However, as will be outlined in the following, they 
can also serve for localization and spectral editing. In the presence of gradients 
of the main magnetic field or of the RF field amplitudes, cross-polarization be- 
comes localized, so that a third class of localization methods becomes feasible with 
heteronuclear spin systems. 

For instance, if a spatially constant field gradient Gx is applied along the x axis of 
the laboratory frame, the resonance frequencies become functions of the coordinate 
X. Moreover, in AJCP variants, the RF amplitudes are time-dependent so that the 
effective fields are functions of time t. The effective spin-energy splittings in the 
rotating frames are then matched in a double-resonance experiment according to 
the Hartmann/Hahn condition 



YiBejix, t) = YsBe,s(x, t) (38.2) 

or 

COeJ 0 = 0 (38.3) 

where 

= \Jb\ jH) + {Biix) - coilYi? (38.4) 

Be.s(x, t) = ^jB\ g{t) + (Bsix) - cos/ysY 



(38.5) 
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Fig. 38.1. Double-resonance RF pulses for cross polarization (or rotating-frame polarization 
transfer). The spin-locking pulse (SL), which is 90° phase shifted to the 90° preparation pulse 
of the I spins, is matched to the contact pulse (C) according to the Hartmann/Hahn condi- 
tion: a) stationary matching - Hartmann/Hahn cross polarization; b) adiabatic crossing of the 
matching point - adiabatic cross-polarization. 




38.3 

Adiabatic J Cross-Polarization 

Cross-polarization can also be conducted by adiabatically crossing the HH matching 
point (see Fig. 38.1b). In an ordinary JCP experiment the Hartmann/Hahn condition 
is kept for a certain contact time. With the adiabatic variant, at least one of the 
RF amplitudes is varied according to a ramp function so that the spin energy 
levels in the tilted doubly- rotating frame cross one another sufficiently slowly, i.e., 
“adiabatically.” In the pulse sequence shown in Fig. 38.1b, B\j is kept constant while 
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^i,s(0 is a ramp function. Equally well a pair of rising and decaying ramp functions 
can be used for Bi^sW and respectively. 

The ramp shape of the contact pulse leads to a level crossing of the rotating- 
frame energies depending on the local magnetic field. This corresponds to transient 
Hartmann/Hahn matching according to Eq. 38.1. The variation of the Hamiltonian 
by the ramp is assumed to be “adiabatic.” This is a term which is well established 
in quantum mechanics, and which has already been discussed in Sect. 15.2.1 in 
context with relaxometry. Let us briefly review it for the present purpose. 



38.3.1 

Adiabatic Level-Crossing Condition 

The criterion for adiabatic level crossing is that no transitions in the spin system 
take place. The system remains all the time in eigenstates of the instantaneous 
Hamiltonian, the time dependence of which must consequently be sufficiently weak 
so that no transitions are induced. The condition for adiabatic conduct of a process 
was derived in Sect. 15.2.1 (see Eq. 15.16): 



dr 




(38.6) 



where E is the energy splitting varied in the process, and r is the minimum time 
needed for a transition of the system according to Heisenberg’s energy/time uncer- 
tainty relation, Er > h. 

In the present case, the variation of the spin Hamiltonian is due to the ramp 
of Bi^s(t) (see Fig. 38.1b), i.e., in the doubly resonantly rotating frame, E = hcoi^s- 
On the other hand, the lowest energy splitting in this frame is due to / coupling 
causing an energy splitting Ej = 2nh J. The minimum transition time follows from 
the uncertainty relation as t = h/Ej = (27t/)“^ The condition for adiabatic level 
crossing consequently is 



djysBus) 

dt 



« ( 271 /)' 



(38.7) 



This is the most stringent criterion for adiabatic level crossing in the presence 
of a field gradient. At locations other than the double-resonance position, we are 
dealing with off-resonance conditions. The energies must then be considered in 
the tilted doubly resonant reference frame (in which the z axis is aligned along 
the effective field). The minimum energies occurring in this frame imply energy 
contributions from the off-resonance fields and, hence, are larger than that due to 
/ coupling alone. The variation rate of the spin Hamiltonian, i.e., of Bi^s(t) in our 
case, may therefore be greater. 
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38.3.2 

The Principle of Adiabatic J Cross-Polarization 



According to Eq. 48.134, the Hamiltonian effective in the rotating doubly- rotating 
frame is 



K = 






^y) H" -^Uz^z + IxSx] 



(38.8) 



where Acoi = coij — coi^s- This expression can be rewritten in the form 



K = - 5/) + y 



-f -(r^s+ + rs~ + i^s~ + rs^) 

4 



(38.9) 



Consider now an AX spin system with spins I = S — 1/2. We denote the spin 
up and down states with respect to the /' axis of the rotating doubly-rotating 
frame by a and jS, respectively. Cross polarization basically implies an interchange 
of spin up and down states. Therefore, the m = 0 states of the spin system, i.e., 
the product wave functions |a^) and |jSa} are of particular interest. In these kets 
the first position refers to the I spin, the second to the S spin. The Hamiltonian, 
Eq. 38.9, superimposes the product states, and the corresponding eigenfunctions 
are of the type 

\ip) = cilap) +C2|jSa) (38.10) 

Under adiabatic control of the level-crossing process, the spin system always stays 
in an eigenstate of the instantaneous Hamiltonian, so that the time-independent 
Schrodinger equation 

K\ip)=E\yj) (38.11) 

is valid. Multiplying Eq. 38.11 on the left with (aj8| and {fial produces a set of two 
linear equations for the coefficients Ci and C 2 of the wavefunction at Eq. 38.10. This 
can be written in matrix form: 



/ {ap\n>l^)-E {ap\n'e\M 

\ {pa\K\ocP) iPa\K\l3cc)-E J \ C2 J \0 



This equation is soluble if the secular determinant vanishes, i.e.. 



hi 



3 

hi 

8 



hi 

Acoi - ^ - E 



= 0 



The solutions are the eigenvalues 



hj ^ I .2 , ihjy 



= + 16 



2\ 1/2 



(38.12) 



(38.13) 



(38.14) 



From Eq. 38.12 we obtain the coefficients for the corresponding eigenfunctions. The 
result is 



IV^) = cilajfi) -C2\Pa) 
\tpi) = cil^a) + C2\a^) 



(38.15) 

(38.16) 
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where 



Acoi 

y/{njy + (A<»i)2 
Acoi 

y/{nj)^ + (Acoi)2 

In the pulse scheme (Fig. 38.1b), Acui is varied by the ramp of the (RF)s ampli- 
tudes from a large positive value Acoi ^ +|7r/| at the beginning to a small negative 
value Acoi — |7t/| at the end. This means that the eigenfunctions experience a 
crossover between an initial and a final limit (see Fig. 38.2) 




1/2 



1/2 



(38.17) 

(38.18) 



\W2)initial ^ \0CP) ^ IWz) final ^ \M (38.19) 

\W3)initial ^ \M > \W3) final ^ {ocp) (38.20) 



At the Hartmann/Hahn matching instant, i.e., for Acui = 0, we have 

lv^.3) = + \M) 



(38.21) 



In the course of adiabatic level crossing, the spin up and down states of the m = 0 
levels are interchanged, while the populations remain unaffected. 

The population differences for the single-quantum I and S spin transitions are 
consequently also interchanged. The signal achievable with the S spins is thus en- 
hanced by a factor of fi/ys- 




Fig. 38.2. Coefficients of the eigenfunctions for an AX spin- 1/2 system (Eqs. 38.15 and 38.16) 
as functions of the contact time during adiabatic crossing of the Hartmann/Hahn condition 
in an AJCP experiment with linear time dependence of at least one of the RF amplitudes. The 
spin-spin coupling constant was assumed to be 150 Hz. Acoi was increased from 2n ■ 200 Hz 
to 2n • 400 Hz with linear time dependence. 




CHAPTER 39 



Single-Transition Operator Theory of Cross-Polarization 



We consider typical cross-polarization pulse sequences such as those shown in 
Fig. 38.1. The first objective of this chapter is to treat the evolution of the density 
operator in the course of such pulse schemes in far-reaching generality. In a second 
step, we will give the solutions for special cases such as ordinary Hartmann/Hahn 
cross-polarization, the adiabatic variant, and slice-selective cross-polarization. 



39.1 

Weakly Coupled AX Spin Systems 



The theory to be outlined in the following is a generalized single-transition operator 
theory [119] valid for weakly-coupled two-spin 1/2 systems in the cases 

• /as well as dipolar coupling 

• liquid as well as solid samples 

• stationary HH matching as well as adiabatic crossing of the matching point 

• matched as well as mismatched spin-lock and contact pulses 

• on- as well as off-resonance RF irradiation 

• with as well as without magnetic field gradients 

This catalogue is quite general so that all phenomena occurring in context with 
cross-polarization experiments can be discussed on this basis. The consideration 
of multiple-spin systems and eventually solids will then be the subject of a later 
section. 

The general strategy is to solve the Liouville/von Neumann equation for the 
density operator. 



dt 




(39.1) 



where relaxation is neglected. The resulting density operator permits the derivation 
of the expectation values of all observables of interest. The solution is established 
by transforming to reference frames where the time dependence of the Hamiltonian 
either disappears or assumes a form easy to deal with. Under suitable circumstances, 
a “precession-type solution” can be achieved in this way (compare Sect. 48.5.3). As 
we will see, the first step toward this goal is a transformation to the tilted doubly- 
rotating frame. The second step will be a transformation referring to the so-called 
zero-quantum Liouville space. 
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39.1.1 

Laboratory-Frame Hamiltonian 

The two-spin system is supposed to consist of a nucleus A (typically ^H) with spin 
I and a nucleus X (typically with spin S. The Zeeman Hamiltonian in the 
laboratory frame is 

Tio = (39.2) 

The double-irradiation RF fields are assumed to oscillate along the laboratory-frame 
y axis, so that the term contributing to the total Hamiltonian is 



Tirf = —IkyiBijIy cos(coit) — 2hYsB\,sSy cos(cost) 

(^ 1,1 



(39.3) 



The carrier frequencies are denoted by coi for the I-spin channel, and by cos for the 
S-spin channel. The interaction Hamiltonian effective for the coherence evolution 
of two weakly / or dipolar coupled spins is (Eq. 51.24)^ 



nff = hcjshs. 



where 




The total Hamiltonian, 



for / coupling 
for dipolar coupling 



(39.4) 



H = H{r, t) = Hoir) + Hr/ir, t) + (39.5) 

will be considered as a function of the position in the presence of main- or RF-field 
gradients, and as a function of time in the case of time varying RF field amplitudes 
(compare Fig. 38.1). 



39.1.2 

Transformation to the Tilted Doubly-Rotating Frame 

A solution of the Liouville/von Neumann equation can be obtained by transforming 
the density operator as well as the Hamiltonian to the tilted doubly-rotating frame. 
That is, we subsequently perform unitary transformations 



^Note that in the high-field limit the coupling between heteronuclei is always “weak.” In the 
homonuclear case, the situation is less clear. In context with / cross-polarization one rather 
uses the complete coupling Hamiltonian 

'hCj = hJ{IxSx + ly^y “ 1 “ Iz^z) 

The coherence evolution subject to this “isotropic” Hamiltonian during the cross-polarization 
RF pulses is referred to as “isotropic mixing” [60, 86, 278]. 
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• with respect to the I spins to the frame rotating with the carrier frequency coj 

• with respect to the S spins to the frame rotating with the carrier frequency cos 

• with respect to the I spins to the frame tilted by the angle 0/ against Bq 

• with respect to the S spins to the frame tilted by the angle 0s against Bq 

The transformation principles are delineated in Sect. 48.7.2. The first two steps 
leading to the doubly rotating frame results in the secular effective Hamiltonian 



given in Eq. 48.126. The total transformation equations are 

Ptr = TRpR-^T~^ (39.6) 

Htr = TRHR~^T~^ + i[TR]lTR]-^ + itT-^ (39.7) 

where the transformation operators are 

R = ^-icosts^ ^39 

T = e'^^^y (39.9) 

The instantaneous local rotating-frame tilt angles are 



0/ = arctan 
0s = arctan 



COl,I 

Acoj 

Aoos 



(39.10) 

(39.11) 



where Acoj = coqj — coi and Acos = o>o,s — cos- Discarding all rapidly oscillating 
terms (compare Sect. 48.11) we obtain 



Htr = -hcoejlz - hcOe.sSz + hcis cos 0/ cos 0s hSz 
he 

+ — sin ©I sin ©s (/+S“ + rS+) (39.12) 

4 

where the local instantaneous effective frequencies are 

ooej = {co\j + (39.13) 

60e,s = [oo\s + (39.14) 



39.1.3 

Single-Transition Operator Representation 

The Hamiltonian at Eq. 39.12 may be rewritten using zero- and double-quantum 
transition operators defined in Sect. 42.6.7, 

Htr = -h {cOej + COe,s) - h (cOej - COe,s) 4“^'^ 

-t- hcis COS ©7 cos©s [ 

-t- sin ©/ sin ©s 



(39.15) 




370 



39 Single-Transition Operator Theory of Cross-Polarization 



where 

l(0qt) ^ 

/W = i(7,-S,) (39.16) 

= i(7, + S,) 

The zero-quantum transition operators may formally be inter- 

preted as the unit “vectors” of the coordinate axes of the so-called “zero-quantum 
Liouville space.” This frame can be transformed in such a way that the Hamiltonian 
expressed in the new zero-quantum Liouville space coordinates merely depends on z 
components. The solution of the Liouville/von Neumann equation for such a Hamil- 
tonian can then readily be established in the form of a precession-type expression 
analogous to that derived in Sect. 48.5.3. 

In this sense, the zero-quantum Liouville space vector 

-h {cOej - (Oe,s) sin 0/ sin 0s 

as a part of the Hamiltonian at Eq. 39.15 is tilted by the angle 



(p = arctan 



ncis sin0/ sin 0s 



(39.17) 



against the — direction. Under Hartmann/Hahn matching conditions, 



(39.18) 

the angle (p takes the value nil. Deviations are indicative for mismatch. One there- 
fore speaks of the “mismatch parameter.” 

This tilt angle suggests a transformation rotating the axis about the 
axis into the direction of the above zero-quantum Liouville space vector. The Hamil- 
tonian is then subject to the unitary transformation 

= (39.19) 

The individual single-transition operators are transformed just as ordinary spin 
operators (see Table 48.1 on page 442). Moreover employing the first of the equa- 
tions 42.72, the commutator relations 42.78, and the anti-commutator relation 44.17, 
we find 



^(0^0 

e-'VC* (7i«^‘>)' e‘<P^r 



= 7x cos (p — Iz sm (p 

riOqt) . jiOqt) 

= 7^ cos (p-\-Ix sirup 

_ j(2qt) 

— 2z 




4 



(39.20) 
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where and are the unit operators in the zero-quantum and double- 

quantum transition Liouville spaces, respectively. The resulting Hamiltonian is 

Htr = —h (cOel + COes) + — COS©/ COS ©s — — COS©/ COS ©s f 

^ / 4 4 



- h {cOeJ - COe,s) [ 4^^^^ COS ^ 



(Oqt) 




hcis 

2 



sin©/ sin ©5 



sin ^ cos ^ 



(0^0 



(39.21) 



The last two terms of the right-hand side may be expressed by the identity 
C = —A cos (p sincp^ B sirup — cos(p^ 

= — I A ^4^^^^ cos (p + sin (p^ 

-h 5 ^ 4^^^^ sin (p - 4^^^^ cos ^ ^ j I (39.22) 

Carrying out the square and again using the spin-operator relations mentioned 
above leads to 



= - {cOej - C0e,s) H ^ sin^ ©/ sin^ ©s| (39.23) 

The terms with the Liouville-subspace unit operators and commute with 
all other operators and do not contribute to the evolution of the spin coherences. 
These terms therefore can be discarded. The correspondingly truncated Hamilto- 
nian thus reads 

Hm = -hp /f - hqlf‘^*^ ( 39 . 24 ) 

where the abbreviations 



P = COej + ^e,S (39.25) 

q = I {^coej — cOe,sY + sin^ ©/ sin^ ©s| ^ (39.26) 

are of the dimension of angular frequencies. 



39.1.4 

Solution of the Liouville/von Neumann Equation 

The Hamiltonian at Eq. 39.24 is of the desired form. It merely depends on longitu- 
dinal terms. The transformed Liouville/von Neumann equation reads 

^ [pTRyHlR] 



(39.27) 
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The formal solution of this equation is 



PTR(t) = T exp 




(39.28) 



where T is the Dyson time-ordering operator. 

In the adiabatic variant of cross-polarization, the prefactors of the single- 
transition operators in Eq. 39.24 are (adiabatically varying) functions of time 
whereas all operators remain the same during the spin-lock/contact RF pulses. 
Therefore the integral in Eq. 39.28 can be evaluated explicitly, and the solution of 
the Liouville/von Neumann equation takes the precession-type form 



PTR(t) = exp 



z J p(f') 
0 



exp 



t 

i I q (^0 d^' 



pTR (0) exp 




(39.29) 



39.1.4.1 

The Preparation RF Pulse 

The preparation pulse shown in the schemes at Fig. 38.1 is nominally a 90° pulse 
applied in the 7-spin channel with the Bi field along the x direction of the 7-spin 
rotating frame. Since the theory is supposed to be valid for all situations including 
the presence of gradients of the main magnetic field or of the RF field amplitude, 
the flip angle specified in the figure should not be taken too literally. Rather this 
is a nominal value thought to be valid at a certain (resonant) position within the 
sample. 

Depending on the local flip angle and on the local resonance offset, the prepa- 
ration pulse produces 7 magnetization components transverse to the local field 
effective in the rotating frame in the presence of the spin-lock pulse. For the sake of 
simplicity, we assume that these rotating-frame coherences are so short-lived owing 
to RF field inhomogeneities that they can be neglected on the cross-polarization 
time scale. Moreover, according to the different gyromagnetic ratios, the initial 
magnetization of the S spins is assumed to be negligible compared to that of the 7 
spins.^ 

By stripping off all constant terms and factors, the reduced density operator in 
the tilted doubly-rotating frame just after the preparation pulse at the beginning of 
the spin-lock/contact-pulse pair is then 

ara(O) = I, sin 0; (0) = (/f sin (0) (39.30) 

^Actually, this situation can be set up in the rigorous sense by selectively saturating the S 
spins with the aid of an RF pulse comb prior to the cross-polarization pulses. 
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where Iz represents the longitudinal component along the field effective in the 
rotating frame. Applying the transformation represented by Eqs. 39.20 gives 

cftr (0) = cos (p (0) + sin (p (0) + sin ©j (0) (39.31) 

39.1.4.2 

Evolution During the Spin-Lock/Contact Pulse Pair 

Inserting the initial reduced density operator at Eq. 39.31, into Eq. 39.29 in its 
reduced-density-operator form gives 

(t) = exp |fP (t) exp |iQ (f) 

o-m (0) exp I -iQ (f) | exp | -iP (t) | 





= sin (p (0) cos Q (0 - 4“^'’ 


sin^(O) sin Q(t) 




+4°“^'' cos <p (0) 1 sin ©7 (0) 


(39.32) 


where 


t 

Pit) = j P{t') dt' 
0 


(39.33) 




III 

a 


(39.34) 



0 



The quantities p and q are defined in Eqs. 39.25 and 39.26. Furthermore the 
commutator relations 42.78 and the zero-quantum and double-quantum unitary- 
transformation rules (see Table 48.1 on page 442), 



jiOqt) 

j(0qt) 



_ AmO 
— 

riOqt) t(0<?0 

= 7^ cos a — ly sm a 
_ r(O^f) 

- H 



(n = 0,2) 

(39.35) 
(^ = X, 7 , z) 



have been taken into account in the derivation of this expression. 

To evaluate the transferred polarization, the density operator in the tilted doubly- 
rotating frame will be needed. The transformation reverse to that applied in 
Eq. 39.19, i.e., 

am(t) = a^n (0 (39.36) 



gives 
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OTkit) = sin©;(0) 

+ [ — cos (p (0) sin (p (t) + sin (p (0) cos <p (t) cos Q (t) ] 

— sin <p (0) sin Q (t) 

+ [ cos (p (0) cos (p (t) + sin cp (0) sin <p (t) cos Q (t) ] | (39.37) 

The density operators obviously evolve only in the zero-quantum Liouville subspace. 
The double-quantum Liouville space component sin ©j (0) is stationary and 
commutes with all other operators. In other words, the sum of the spin-locked 
magnetizations of the I and S spins represented by the operator sum 7^ -h Sz in 
the tilted doubly-rotating frame is a constant of time. However, the distribution of 
the polarization among the two spin species is determined by the zero-quantum 
Liouville space component 

sin 0/ (0) sin (p (0) sin (p(t) cos Q (t) 7^^^^^ 
which is a time-dependent function. 

If the excitation of the 7 spins is performed by a “hard” 90° RF pulse and an 
initially “hard” spin-lock pulse, so that the flip angle is everywhere the same within 
the sample, the initial tilt angle 0/(0) in Eq. 39.37 is also uniformly equal to 90°. 



39.1.5 

The Cross-Polarized Magnetizations 

The transverse-magnetization amplitudes at time t = t just after the cross- 
polarization pulses (see Fig. 38.1) are proportional to the ensemble expectation 
values of the transverse spin components in the doubly-rotating frame. 



(7«}(r) = Tr {laORiT)} (39.38) 

(S«)(r) = Tr {Sa(JR{T)} (39.39) 

where a = x,y, and gr (r) is the reduced doubly- rotating frame density operator 
at time r. The traces are invariant against transformations so that the arguments 
may be transformed to the tilted doubly-rotating frame, 

(J„) (r) = Tr { T (r) T~^ (r) (r) } (39.40) 

(S„> (r) = Tr { r (r) T"* (r) (r) } (39.41) 

Using Eq. 39.9 and Table 48.1 on page 442, we obtain 

(Ix) (r) = Tr { [ 4 cos ©j (r) + k sin ©; (r) ] Om (r) } (39.42) 

{Sx) (t) = Tr { [ S;c cos ©s (r) + sin ©s (r) ] o-m (r) } (39.43) 

(7^)(r) = Tr{/;,aj 3 ,(r)} (39.44) 

{Sy) (r) = Tr { Om (r) } (39.45) 
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Note that the spin operator components in these equations refer to the tilted doubly- 
rotating frame. The complex transverse rotating- frame magnetizations relative to 
the equilibrium magnetizations are (compare Eqs. 47.7 and 47.24) 



ai (t) 



mi{r) 

^1,0 

niYihbi {{Ijc) (r) + i(Iy) (r)) 
niYihbiih) 



1 

2 



sin 0/ (t) sin 0/ (0) [l + cos (p (0) cos (p (r) 



+ sin (p (0) sin (p (r) cos Q (r)] 



(39.46) 



ds (t) 



rnsir) 

^s,o 

nsYshbi {{S^) (r) + i(Sy) (r)) 



2ys 



nsYsfibsiSz) 

sin 0s (r) sin 0/ (0) [l — cos (p (0) cos (p (r) 



sin (p (0) sin <p (r) cos Q (r)] 



(39.47) 



The quantities rii and ns are the spin number densities of the I and S spins, re- 
spectively. The respective constants bj and b$ are defined in Eq. 47.27. Note that a$ 
depends on the ratio bj : bs, that is, on the quotient yj : ys- This factor limits the 
maximum polarization enhancement of the S spins. For pairs, this amounts 

to a factor of about four. 

As long as the experiment is carried out adiabatically and relaxation is negligi- 
ble, Eqs. 39.46 and 39.47 are generally valid for / or dipolar-coupled two-spin- 1/2 
systems in liquids or solids for any temporal or spatial dependence of the experi- 
mental parameters. In the following we will discuss a number of special cases often 
encountered in double-resonance NMR. 



39.1.6 

HH-Matched Resonant Cross-Polarization 

Cross-polarization of two-spin systems is normally considered for liquids under 
motional averaging conditions, so that it refers to / coupling. In the following we 
therefore equate Cjs = J. Resonant / cross-polarization (JCP) can be performed 
with the pulse sequence shown in Fig. 38.1a. The spin-lock and contact pulses are 
both resonant and have constant amplitudes. The Bq and Bi fields are assumed to 
be homogeneous in the sample. Since the RF carrier frequencies are resonant to the 
two spin species, all offsets are zero. 



Acoj = 0 = Acos 



(39.48) 
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In this case, the HH-matching condition is 



COej = CO\,l = COi^S = (^e,S (39.49) 

The rotating-frame tilt angles 0/ and 05 (Eqs. 39.10 and 39.11) hence take the 
values 90° independently of time. The same applies to the zero-quantum Liouville 
frame tilt angle <p (Eq. 39.17), so that 

^i = ^s = (p=^ (39.50) 

The quantity q (Eq. 39.26) thus becomes q = nj. For t = t, the integral at Eq. 39.34 
results in 

Q(t) = njT (39.51) 

Equations 39.46 and 39.47 then read 



Uj (r) = cos^ (njrfl) 

as(r) = [Yi/Ys) sin^ (7 t/t/2) 



(39.52) 



The polarization oscillates between the I and the S spins. The first maximum of the 
polarization transfer from the I to the S spins is reached after the period 



_ 1 
— j 

The relative magnetizations are then 



ai {Top) = 0 

fls(r) = — 
Ys 



(39.53) 



(39.54) 

(39.55) 



That is, the polarization is completely transferred to the S spins. It is then a factor 
of Yi/Ys higher than in equilibrium. After a period twice as long, the total polar- 
ization is allocated to the I spins, and so on. In reality, the oscillatory polarization 
transfer between the two coupled spins is attenuated by relaxation processes, field 
inhomogeneities, and interactions to more distant spins, of course. It is also clear 
that any mismatch causing cOej / leads to angles (p / nil, and, hence, to 
incomplete, but still oscillatory polarization transfer (see Fig. 39.1). The maximum 
cross-polarization efficiency is achieved for perfect HH matching (see Fig. 39.2). 



39.1.7 

HH-Mismatch Losses of Resonant Cross-Polarization (VJCP) 

The parameters cou, cois, 0/, 05 are again assumed to be independent of time dur- 
ing the contact, and the external magnetic field is considered to be homogeneous. 
However, the RF amplitudes are now assumed to be a function of the position. This 
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Fig. 39.1. Normalized relative magnetization amplitudes Uj and fsCis/Yi of an AX-spin 1/2 system 
as function of the contact time r assuming resonant irradiation (0/ = ©5 = tt/2; see Eqs. 39.10 
and 39.11) under stationary conditions. The coupling constant was assumed to be / = 140 Hz. 
The contact time for optimal cross-polarization of the S spins is Top = If J. The solid lines refer 
to matched spin lock/contact pulses (cp — tt/2), the dashed curves were calculated for (p — 0.6 
on the basis of Eqs. 39.46 and 39.47. This corresponds to a HH mismatch of |vij — Vi,s| = 100 Hz. 
(Courtesy of C. Kunze) 



Jr 

Ji 




27TJ 



Fig. 39.2. Normalized relative magnetization amplitude Ys^sIYi of an AX spin- 1/2 system as 
a function of the HH mismatch coij — coi,s (see Eq. 39.18) for the optimal contact time Top 
and resonant irradiation under stationary conditions. The curve was calculated with the aid of 
Eq. 39.47. (Courtesy of H. Kostler) 
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situation arises with the combination of a surface RF coil with a bird-cage resonator, 
for instance. In [282] it was suggested to employ HH-mismatch losses outside the 
region of interest for volume-selective / cross-polarization (VJCP). 

The RF amplitudes are then functions of the position, i.e., Bu = Ri/(r), 
Bis = Bis(r), cou = cois = cois(r). The Hartmann/Hahn condition, 

Eq. 39.18, is fulfilled only locally, and a certain region is selectively addressed by 
cross polarization. The consequences of HH mismatch are illustrated in Figs. 39.1 
and 39.2. Losses on this basis can be reduced with the aid of the MOIST variant of 
JCP [298] or with the RJCP modification [90], for instance. 



39.1.8 

Off-Resonance Losses of HH Cross-Polarization (JCP-LOSY) 

The external magnetic field is assumed to be superimposed by a gradient whereas 
Bu, Bis, and, hence, cou and are homogeneously distributed. During the spin 
contact, all parameters are independent of time. The cross-polarization process can 
then take place only in a certain slice around the resonance position. Since the tilt 
angles 0/ (Eq. 39.10), 0s (Eq. 39.11), and (p (Eq. 39.17) are now functions of the 
position, all parameters in Eq. 39.47 are also spatial functions. Figure 39.3 shows 
the profile of the relative normalized magnetization amplitude of the S spins as a 
function of the magnetic flux density as calculated on the basis of Eq. 39.47 for a 
constant field gradient. 




Fig. 39.3. Normalized relative magnetization amplitude Ys^s/Yi ^ system as a 

function of the magnetic-field offset ABq for JCP. Such a system is formed by formic acid 
(7=220 Hz), for instance. At the positions where ABq = 0, both channels are resonant. The 
contact time was assumed to be equal Top. The curve was calculated with the aid of Eq. 39.47. 
(Courtesy of H. Kostler) 
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Off-resonance losses can be used for suppressing signals from outside a region 
of interest. A corresponding method for / cross-polarization localized spectroscopy 
(JCP-LOSY) was suggested in [292]. 



39.1.9 

Resonant Adiabatic J Cross-Polarization (AJCP) 

In the pulse scheme at Fig. 38.1b, the RF amplitude of the S spin channel is assumed 
to vary linearly with time so that the HH matching point is crossed adiabatically 
(see Eq. 38.7). The two RF channels are assumed to be resonant, i.e.. 



Acoi = 0 = Acos (39.56) 

The effective frequencies are given by the RF amplitudes, 

(Oe,i = co\j (39.57) 

COe,s(t) = ft>l,s(0 

= cof} (1 + Kf) (39.58) 

where < coij and k are constant parameters defining the coi,s ramp (Fig. 38.1b). 
The rotating-frame tilt angles 0/ (Eq. 39.10) and 0s (Eq. 39.11) take the values 90° 
independently of time. The zero-quantum Liouville frame tilt angle <p (Eq. 39.17) 
adopts the time-dependent value 



(p(t) = arc tan 



nj sin 07 sin 0s 



(^1,1 — (0 

The quantity q (Eq. 39.26) is also a function of time: 

q (f) = I [ coij - mi,s (t) ] ^ + I 

The integral at Eq. 39.34 is of the type 



1/2 



(39.59) 



(39.60) 



r T 

Q (^) ~ J ^ (0 ~ J' ^ C\t “h C2^ dt ( 39 . 61 ) 



where 



Cl = 2k { — coij ) 
C2 = (COij - -\-7T^f 



There are different analytical solutions depending on the values of the coeffi- 
cients relative to each other. At the end of the contact pulse the complex trans- 
verse rotating-frame S magnetization relative to the equilibrium magnetizations 
(Eq. 39.46) is 



fls ( t ) 



2ys 



1 — cos (p (0) cos (p (r) — sin cp (0) sin (p (r) cos Q (r)] 



(39.62) 
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39.1.10 

Adiabatic J Cross Polarization Localized Spectroscopy (AJCP-LOSY) 

If the external magnetic field is superimposed by a constant gradient G, the RF 
channels are resonant only at positions were r • G = 0. Far away from this region the 
HH matching point is not reached so that the cross-polarized signals are restricted 
to a localized volume. A corresponding technique, adiabatic / cross-polarization 
localized spectroscopy (AJCP-LOSY) was suggested in [283]. 

The RF amplitudes Bu and Ris, i.e., cou and cuis, may be assumed to be homo- 
geneously distributed in space at any time. During the spin contact, the RF param- 
eters depend, however, in an adiabatic way on time. At off-resonance positions the 
cross-polarization parameters in Eq. 39.47 become functions of the position and the 
contact time. This in particular applies to the tilt angles ©/, 0s, cp (Eqs. 39.10, 39.1 1, 
39.17) and the integral Q (Eq. 39.34). Figure 39.4 shows the numerically evaluated 
profile resulting in the presence of a constant gradient. 

39.2 

From Two-Spin to Multi-Spin Systems and Solids 

The above single-transition operator treatment refers to AX two-spin 1/2 systems. 
A remarkable outcome is the fact that cross-polarization occurs in a completely 
coherent way. The polarization oscillates between the two spin species without any 
losses apart from relaxation (see Fig. 39.1). This applies to liquids where / cou- 
pling dominates owing to motional averaging of the dipolar-coupling constant. It 




A-Bq 

liT 



Fig. 39.4. Normalized relative magnetization amplitude YsCLsIYi ^ system as a 

function of the magnetic- field offset ABq for AJCR An example of such a system is formic acid 
(7=220 Hz), for instance. At the positions where ABq = 0, both channels are resonant. The 
curve was calculated with the aid of Eq. 39.47. (Courtesy of H. Kostler) 
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would also hold true in the somewhat artificial situation of isolated dipolar-coupled 
two-spin systems in a solid single-crystal. With the exception of the magic-angle 
orientation, cross-polarization is then governed by dipolar coupling leading in this 
particular case to exactly the same formalism. 

The situation changes with larger spin systems with more than two interact- 
ing spins, though / coupled AX 2 spin systems still show the completely periodical 
transfer of polarization among the A and X spins [85, 92, 357]. With increasing 
number of spins participating in the cross-polarization process the transfer adopts 
a more and more incoherent character. That is, the polarization is no longer oscil- 
lating periodically between the two spin species. A chaotic element enters into the 
phenomenon so that the process is directed toward the more likely distribution of 
polarizations. The evolution of many- spin coherences is subject to quasi-random 
statistics even without participation of the lattice degrees of freedom. 

Under motional- averaging conditions, the number of interacting spins increases 
with the size of the molecule. In the opposite case, i.e., in solid-like materials, 
dipolar coupling links practically all spins present in the sample. There are two 
major consequences as concerns cross-polarization. First, the coherences in the 
doubly-rotating frame decay as a consequence of incoherent influences by the many 
coupling partners. Any oscillatory transfer patterns back and forth vanish. Second, 
cross-relaxation comes into play because the spin-interaction spectral density at 
frequency zero is particularly large in solids. Relaxation means spin transitions 
and coherence evolutions by randomly fluctuating perturbations, i.e., an incoherent 
process by nature. 

Randomized coherences permit the establishment of a spin temperature in the 
thermodynamic sense. This means that the spin system adopts an equilibrium state 
much faster than spin-lattice relaxation. The spin coherence phases are random, 
corresponding to a maximum of entropy. A spin temperature deviating from the 
lattice temperature may be defined. Cross-relaxation in solids may then be con- 
sidered as an equilibration of the spin temperatures of the two spin species after 
bringing them into contact [114, 386]. 




CHAPTER 40 



Proton-Detected Localized NMR 



The homonuclear volume-selective spectral-editing principles outlined in Chap. 37 
are also suited very well for heteronuclear applications in modified form. Of par- 
ticular interest are techniques exploiting the slice-selectivity of cross-polarization 
pulses as described in Chap. 38. A list of cross-polarization and laboratory-frame 
polarization transfer methods is summarized in Table 38.1 on page 362. 

The prominent nuclear species to which such techniques can be successfully 
applied are and ^^C which are ubiquitous in the organic world. Other nuclides 
of interest such as or either are rarely associated to other nuclei with high 
gyromagnetic ratio, or occur in rather low natural abundance. Quadrupole nuclei 
such as or are suitable for slice-selective double-quantum coherence transfer 
[121] but may be subject to unfavorably short relaxation times (see Sect. 12.2.2). 

As already outlined in Sect. 38.2, cross-polarization becomes volume-selective 
in the presence of gradients of the main field or if RF fields with different gradients 
are superimposed. In principle, this volume-selective cross-polarization is feasible 
with coupled spins in liquids as well as in solids, i.e., for / and dipolar coupling. The 
implications of the size of the spin system are discussed in Sect. 39.2. Treatments 
for dipolar-coupled spins in solids can be found in [120, 182, 244]. 

The most promising realm of such techniques is that of small spin sys- 

tems in liquids or liquid-like materials such as tissue or elastomers. The method- 
ological objectives are 

• to edit the spectral lines of the chemical groups of interest, 

• to localize the signals relative to an ordinary NMR image, and 

• to enhance the detection sensitivity 

As will be depicted below, there is a wealth of means to achieve all three goals at 
one time. 

Sensitivity enhancement refers to either laboratory-frame polarization trans- 
fer (compare the treatment of INEPT based pulse sequences in Sect. 37.1.2) or 
rotating-frame cross-polarization (compare the JCP and AJCP theory delineated in 
Chap. 38) in one-way or cyclic versions. In the case of cyclic polarization path- 
ways the maximum gyromagnetic-ratio based enhancement relative 

to direct detection^ theoretically is 



^The nuclear Overhauser effect associated with proton decoupling is not considered here. 
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(^) ^ (40.1) 

The exponent 3 indicates that the quotient of the gyromagnetic ratios relates the 
dipole moments, the polarizations, and the detection frequencies in the same 
way. Furthermore, the signal-accumulation rate limiting spin-lattice relaxation time 
tends to be much shorter on the proton side. Polarization transfer techniques stip- 
ulate the existence of hydrogens directly bound to a carbon atom, of course. If there 
are more than one bound hydrogen atom, a further enhancement is expected. In 
principle, the containing chemical groups can be detected with the same sensi- 
tivity as would be possible by conventional proton NMR in the absence of all other 
proton signals. 

Before this background, a number of heteronuclear volume selective spectral 
editing techniques have been suggested and applied. These imply heteronuclear 
cyclic polarization transfer volume-selective editing spectroscopy (heteronuclear 
CYCLPOT-VOSING spectroscopy) [266, 270], i.e., INEPT-based pulse sequences, 
and heteronuclear multiple-quantum filtered cyclic polarization transfer spec- 
troscopy (heteronuclear MQF-VOSING spectroscopy) [266] in analogy to homonu- 
clear double-quantum filter spectroscopy discussed in Sect. 7.3.1. 

Cross-polarization, i.e., rotating-frame polarization transfer, also offers numer- 
ous ways for heteronuclear spectral editing, localization, and signal enhancement. 
The Hartmann/Hahn matching is restricted to a certain volume if different spa- 
tial distributions of the RF fields are superimposed (Sects. 38.2 and 39.1.7). This 
permits volume-selective / cross-polarization (VJCP) without any gradient of the 
main field. For example, it is possible to combine a bird-cage resonator with a 

surface coil. This volume-selective cross-polarization can also be applied in a 
cyclic way, and can be combined with spectral editing [282]. 

Another means for rendering cross-polarization volume selective is to apply a 
gradient of the main field during the contact pulses (compare Sect. 39.1.8). A method 
of this sort is cyclic cross-polarization localized spectroscopy (CYCLCROP-LOSY) 
[292, 293] which is based on the MOIST variant of / cross-polarization. The adiabatic 
cross-polarization version of it is called adiabatic CYCLCROP-LOSY [283]. In the 
following, we will restrict ourselves to the discussion of the MQF-VOSING and the 
CYCLCROP-LOSY techniques. 

40.1 

Heteronuclear MQF-VOSING Spectroscopy 

The pulse sequence in Fig. 40.1 consists of only four RF pulses. Any three of these 
are slice-selective so that the final signal originates from a well-defined volume 
element (see Fig. 37.1). In contrast to the homonuclear VOSY sequence (Sect. 37.1), 
the slice selection pulses are applied in different RF channels. The editing principle 
is to spoil all coherences, then to produce the heteronuclear multiple-quantum 
coherences, which eventually are converted into new single-quantum coherences. 
“New” means that there is no pure coherence through-pathway to the signal to 
be detected. 
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GTE 



RF. 



RF, 




Fig. 40.1. Radio frequency and field gradient pulse sequence for heteronuclear multiple- quantum 
filtering volume-selective editing (MQF-VOSING) spectroscopy [266]. This method produces 
volume- selective I spin coherence-transfer echoes (GTE) from coupled spins I (e.g., ^H) and S 
(e.g., ^^C). The I spin signal is preferably recorded under decoupling (DC) of the S spins. The 
sequence consists of four RF pulses in the two channels. Any three of these pulses are supposed 
to be slice-selective. The hatched gradient pulse serves for compensation of the phase shifts 
originating from multiple-quantum coherences in the T 2 interval in the presence of the doubly 
hatched gradient pulses. 



The first pulse interval Ti shown in the scheme (Fig. 40.1) is optimized for the 
conversion from single-quantum coherences in the first to multiple-quantum co- 
herences in the second interval. With an AX spin system, for instance, the condition 
to be met is (see Eq. 7.48) 



2fc+ 1 
2 / 



(fc = 0,1,2,...) 



(40.2) 



where / is the heteronuclear coupling constant. From the heteronuclear coherences 
produced by the second pulse, merely those referring to zero- and double-quantum 
transitions are of interest. Single-quantum coherences, in particular those of uncou- 
pled spins, cannot lead to echo signals at the time when the final coherence-transfer 
echo is recorded. 
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The 180° pulse in the middle of the i 2 interval is selectively applied to the proton 
spins. Therefore, the zero- and double-quantum coherences are interchanged at this 
instant. A heteronuclear zero-quantum coherence continues to evolve as double- 
quantum coherence after the 180° pulse, and vice versa. Another effect of the 180° 
pulse is that the proton part of the multiple-quantum coherences is phase-inverted 
so that the doubly hatched gradient pulse pair (Fig. 40.1) has no impact on it. This 
is in contrast to the part which is dephased in full. 

The fourth pulse which is applied in the channel converts the multiple- 
quantum coherences again. From the resulting coherences merely the single- 
quantum proton coherences are able to contribute to the echo signal after the 
refocusing time T 3 . This period and the gradient pulse therein (drawn hatched in 
Fig. 40.1) must be adjusted in such a way that the phase shifts of the coherence 
part caused by the doubly hatched gradient pulses is compensated. This spectral- 
editing condition means that the “area” of the hatched compensation pulse is related 
to that of the two doubly hatched gradient pulses according to the quotient of the 
gyromagnetic ratios YcIYh- 

Secondly, any coherence phase shifts caused by inhomogeneities and chemical 
shifts in the ii and 12 intervals must be accounted for. The phase shifts arising in 
the ii interval are due to proton coherences, whereas those related to the 12 interval 
effectively^ refer to That is, the 13 interval needed for compensation of the phase 
shifts accumulated on the relevant coherence pathway in the total period Ti + T 2 is 



^3 



Yh 



(1 - gc) 
(1 - Oh) 



(40.3) 



where cjc and gh are the shielding constants of the and nuclei, respectively. 
In other words, proton single-quantum coherence evolution under the influence of 
field offsets is YhIYc ^ 4 as efficient as single-quantum coherence evolution 
under the same field offsets. 



40.2 

Cyclic Cross-Polarization Localized Spectroscopy (CYCLCROP-LOSY) 

The second example for heteronuclear localized spectroscopy techniques to be de- 
picted is cyclic cross-polarization localized spectroscopy (CYCLCROP-LOSY). Fig- 
ure 40.2 shows the pulse scheme. Apart from the detection interval, this method 
completely avoids free-evolution intervals. For biological applications this is a rather 
important feature because any free-evolution period that is essential for the spectral- 
editing process may cause severe artifacts if the object under examination moves 
[293]. 

The volume selectivity of cross-polarization in the presence of field gradients 
has already been discussed in Chaps. 38 and 39. Compensation for Hartmann-Hahn 
mismatch can be achieved to a certain degree with the aid of the MOIST variant 



^Remember that protons are subject to a 180° pulse in this interval. 
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Fig. 40.2. Pulse sequence for localized proton-detected spectroscopy (cyclic / cross 
polarization localized spectroscopy CYCLCROP-LOSY) on the basis of cyclic and slice-selective 
/ cross-polarization (left-hand side). The shown Hahn echo sequence (right-hand side) or alter- 
natively a slice-selective 90° reading pulse serves for the selection of a slice in the third space 
direction. The spin-locking/contact-pulse pairs are matched according to the Hartmann/Hahn 
condition. Mismatch can favorably be compensated to a certain degree with the MOIST variant. 
Abbreviations are: SL, spin-locking pulse; C, contact pulse; HS, homospoil gradient pulse; AQ, 
acquisition; DC, decoupling. 

by reversing the phases of the spin-locking and contact pulses in intervals short 
compared with the reciprocal coupling constant J~^. 

In the simplest case, i.e., a two-spin- 1 system, AX, and under perfect Hart- 
mann/Hahn matching conditions, the reduced density operator after the contact 
time r and for forward polarization transfer is given by (see Chap. 39) 

a = Sy sin^ ~ sin(7r/r), (40.4) 

The first term represents single-quantum in-phase coherences of the S spins and 
the second antiphase coherences. With the optimal contact time for complete po- 
larization transfer, it follows a = Sy. 

After having transferred the polarization from the I to the S spins, the in-phase 
coherences of the S spins are stored as z magnetization with the aid of a 90^^ pulse, 
a = Sz. All I spin populations are subsequently saturated by a comb of pulses 
followed by homospoil (HS) gradients (Fig. 41.3). 
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The S spin magnetization is then spin-locked again and the polarization is trans- 
ferred back to the I spins, selectively producing I spin coherences of the coupled 
spins, whereas the abundant uncoupled spins still remain saturated. At the end of 
the backward polarization-transfer pulse pair, the reduced density operator is 

a = ly sin^ ~ sin(7r/r). (40.5) 

The optimum contact time is the same as in the case of the forward transfer. As 
before, the coherences are stored as z magnetization by the aid of a 90^^ pulse, i.e., 
the density operator a = ly is transferred to a = Iz. 

The application of this heteronuclear editing procedure to systems thus 

selectively produces z magnetization of the protons coupled to the nuclei of 
interest. All other and, in particular, uncoupled protons are saturated at this instant. 

A typical application of the CYCLCROP-LOSY method (Fig. 40.2) in this mod- 
ification is shown in Fig. 26.1. Indirect ^^C spectra were recorded in preselected 
volumes in the yolk and egg-white of a hen’s egg with ^^C in natural abundance. Con- 
ventional volume-selective spectra recorded with a VOSY sequence (Fig. 37.2) 
(voxel size: 1x1x1 cm^) are plotted in the same figure for comparison. An esti- 
mation of the RF power deposition in tissue can be found in [293]. 
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The pulse sequences for magnetic resonance imaging outlined in Chap. 25 are in 
principle applicable to any nuclide providing detectable NMR signals. The number 
of potential applications is therefore innumerable. However, lack of sensitivity limits 
the versatility in this respect. This may be a consequence of low natural abundance 
of the isotope, low abundance of the element, or low gyromagnetic ratios. Other 
factors such as extremely short relaxation times may also play a restrictive role. 

The nuclide is a relatively favorable species for NMR experiments. It is of 
special interest for biomedical applications (e.g., [214, 329, 330, 437]). As the natural 
abundance in tissue is negligible, it suggests itself as a label of substances, the 
distribution and the local properties of which are to be examined. The gyromagnetic 
ratio is only slightly less than that of protons, so that an attractive sensitivity can 
be achieved in principle. 

Hydrogen/fluorine retuning tomography (HYFY) is a probehead setup permit- 
ting the change from to resonance and vice versa without removing the 
object from the magnet [437]. A bird-cage resonator is retuned to ^^F resonance 
by changing the shortening capacitors of the antennas with the aid of copper foils 
placed adjacent to them. This method can be used for the record of correlated 
and ^^F images from the same object. A typical example is shown in Fig. 37.5 on 
page 356. The images represent an animal kidney perfused with a perfluorocarbon 
emulsion. In the ^^F image, the network of blood capillaries is clearly visible. 

Another nuclide suitable for labeling is ^H. As concerns hydrogen-bond forming 
species, this may be critical for in vivo applications. However, material properties 
can be examined in this way quite favorably. This includes double-quantum filtering 
variants for the discrimination of oriented from isotropic regions [170, 260] (com- 
pare Sect. 5.2). As a promising option double-quantum filtering can be carried out 
slice-selectively by double-quantum coherence transfer between ^H and ^H [121]. 

The most versatile potential of heteronuclear imaging applications is, certainly 
offered by NMR. The situation is quite analogous to that of conventional spec- 
troscopy. The reason is that in natural abundance as well as in enriched sub- 
stances provides access to so many organic compounds in general, and to hydro- 
carbons in particular. In the following we therefore consider special schemes for 
indirect imaging^ suitable for overcoming the sensitivity problem. 



^This is to be distinguished from direct imaging methods [26, 359, 477, 488, 527] in 
combination with laboratory-frame polarization transfer for signal enhancement. 
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41.1 

Proton-Detected Imaging 

Indirect, i.e., proton-detected imaging of requires spectral editing suppressing 
all coherences of protons other than those coupled to or - even more specific - 
coupled to in a certain chemical group. The indirect monitoring of nuclei 
overcomes the sensitivity problem by selectively referring to nuclei coupled 
to In principle, these “edited” signals are recorded with proton sensitivity as 
concerns chemical groups containing 

The selective detection of hydrocarbons via NMR is to be compared with 
magnetic resonance spectroscopic imaging (see Chap. 28 and [252]). MRSI is fast 
and easy to implement. However, the selectivity to certain hydrocarbon compounds 
is somewhat unspecific. The two indirect imaging techniques to be described in 
the following distinguish themselves by a strong spectroscopic selectivity. Important 
features also are how susceptible a method is to motions, and how much RF power 
is deposited in tissue while recording an image. The first editing method to be 
outlined in the following is multiple- quantum filtering [267]. 



41 . 1.1 

Multiple-Quantum Edited Hydrocarbon Maps 

The “hydrogen/carbon tomography” (HYCAT) method is based on multiple- 
quantum filtering of heteronuclear coherences in analogy to the heteronu- 

clear MQF-VOSING technique described in Sect. 40.1. Spectral editing and imaging 
are performed in an integrated way within one pulse train. The number of RF pulses 
and RF-power deposition is therefore particularly low. However, a drawback for in 
vivo applications is that the method is prone to motion artifacts. 

Figure 41.1 shows the double-resonance pulse sequence employed for the HYCAT 
method. The initial excitation occurs on the proton side with the aid of a slice- 
selective 90° pulse. The proton coherences evolve during an interval Ti = 1/(2/) 
where / is the proton/^^C spin-spin coupling constant. The isochromats of the proton 
doublets arising from spin-spin coupling to are then antiphase to each other. 

The antiphase proton coherences are converted to multiple-quantum ^H/^^C 
coherences by the second pulse which is applied in the channel in the absence 
of any magnetic-field gradient. This pulse may be “soft”, i.e., chemical-shift selective. 
The coherences of interest are of zeroth and second order. The slice-selective 180° 
proton pulse in the middle of the subsequent T 2 interval converts zero- into double- 
quantum coherences and vice versa. 

The T 2 interval is terminated by a 90° pulse in the channel. The multiple- 
quantum coherences are partly transferred into single-quantum proton coherences 
which are refocused eventually as a coherence-transfer echo. This can be acquired 
as a phase and frequency encoded signal suitable for 2D-image reconstruction. 

The coherence pathway described so far must be discriminated from any other 
pathway, in particular from a homonuclear one potentially leading to an echo super- 
imposed on the coherence-transfer echo of interest. This is performed by dephas- 
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t 



Gx 



Fig. 41.1. HYCAT method for proton-detected imaging. The signal to be recorded in the 
presence of an optional decoupling pulse (DC) is a multiple- quantum coherence transfer 
echo (GTE). The hatched gradient pulses serve for editing of the coherence pathway of the 
heteronuciear spin system of interest. 




Fig. 41 .2. a) Conventional proton image of a human knee recorded in a 2 T whole-body scanner. 
The slice thickness is 5 mm, the pixel matrix amounts 256 x 256. b) HYCAT map adjusted to 
methylene group signals of the same knee. In this case the slice thickness is 1.5 cm. The image 
consists of a pixel matrix of 128 x 128. The total acquisition time was 60 min. (Reproduced by 
permission from ref. [269]) 



ing the multiple-quantum coherences in the i 2 interval and rephasing the single- 
quantum coherences into which they have been transferred in the 13 interval. The 
corresponding field-gradient pulses (hatched in Fig. 41.1) must be appropriately 
weighted as described in Sect. 40.1. The T 3 interval is given in Eq. 40.3. The coher- 
ence pathway marked in this manner in particular excludes the formation of Hahn 
echoes of protons uncoupled to 
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A HYCAT picture of a human knee is shown in Fig. 41.2 in comparison to 
an ordinary proton image. It demonstrates that there is a considerable portion of 
substances containing methylene groups within the bone near the joint. 



41.1.2 

Cross-Polarization Edited Hydrocarbon Maps 

“Cyclic cross-polarization” (CYCLCROP) tomography also combines spectral edit- 
ing and imaging [294]. The principle of this technique may be illustrated by the 
following scheme: 



'H 




saturate 




'H 




image 



JL 



store 



recall 



_L 



Figure 41.3 shows the pulse sequence for CYCLCROP imaging. As the name 
says, the editing principle is cyclic / cross polarization [292]. The polarization of 
a selected chemical species of coupled protons is transferred to the ^^C coupling 
partners and stored in z direction. All proton spins, i.e., all coupled and all uncou- 



(f)x Saturation (f)_x | 7C AQ 




Fig. 41.3. CYCLCROP tomography pulse sequence. SL, spin-lock RF pulse; C, contact RF pulse; 
HS, homospoil gradient pulse; AQ, acquisition. 
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pled spins, are then entirely saturated by a comb of 90° pulses in combination with 
spoil gradients. 

In the next step, the selected species of the coupled proton spins are repolarized 
by / cross polarization from the nuclei to their coupling partners on the proton 
side. There are no free-evolution intervals up to now so that this method is much 
less prone to motional artifacts compared with HYCAT at the expense of a somewhat 
higher RF-power deposition. The subsequent imaging part of the pulse sequence is 
conventional. It selectively renders maps of the spatial distribution of the protons 
coupled to nuclei of interest. 

The cross-polarization pulses in the editing section are composed of a spin- 
locking pulse on the primary side and a contact pulse on the secondary side. In 
order to obtain effective polarization transfer of a selected chemical group the JCP 
interval has to be optimized not only with respect to the Hartmann/Hahn condition 
(Eq. 38.1) but also to the frequencies (chemical shifts) and to the pulse length. 
The optimal contact interval for maximal polarization transfer I ^ S depends on 
the spin-spin coupling constant /, the size of the spin system and the potential 
influence of Hartmann/Hahn mismatch. For AX, AX2 and AX3 systems and under 
perfect Hartmann/Hahn matching conditions the optimal contact times are given by 
Top = J~^, Top = (\/ 2 /)~^ and top = 0.61/“^ respectively [357]. (The full treatment 
for AX spin systems is given in Chap. 39.) 

The efficiency of / cross polarization theoretically is 100% for an AX system if 
Hartmann/Hahn matching is perfect. For larger spin systems the relative efficiency 
is less in principle. Nevertheless, the signals are enhanced relative to AX systems, 
for example, by a factor of 1.5 for AX 3 systems [459, 460]. 

The Hartmann/Hahn pulse sequence is susceptible to inaccurate adjustments 
of the RF amplitudes. As a remedy, such mismatch effects can be compensated 
to a certain degree by the MOIST modification of the pulse sequence [298]. With 
this variant, the phases of the spin-locking and contact pulses are simultaneously 
reversed in intervals short compared with the reciprocal coupling constant. The 
contact time for maximal polarization transfer is then the same as for the conven- 
tional Hartmann/Hahn experiment. The flip angles of the MOIST pulse segments 
are uncritical. The prerequisite is merely that the RF power of the Hartmann/Hahn 
pulses exceeds the minimum amplitude for cross polarization as determined by / 
coupling and the desired chemical shift range. 

The sensitivity of indirect detection of nuclei is theoretically enhanced rela- 
tive to conventional spectroscopy by a factor of (yi/Ys)^ ^ 64. A further signal 
improvement results from the higher signal accumulation rates permitted because 
all detected signals are derived from the initial proton magnetization. Spin-lattice 
relaxation of protons, however, is normally much faster than that of nuclei. The 
CYCLCROP method thus promises the maximal sensitivity reachable in heteronu- 
clear NMR in principle. For comparison, the sensitivity of direct detection can 
be improved by any polarization transfer ^ or as a consequence of the 
nuclear Overhauser effect by a factor of Yi/Ys ^ 4 at most. 

Note that signal enhancements by spin decoupling are likewise possible with 
direct and indirect detection. If is detected under decoupling, the two doublet 
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Fig. 41.4. maps recorded with the CYCLCROP tomography sequence Fig. 41.3) in compar- 
ison to conventional proton images. The proton-detected images refer to natural isotope 

abundance. The spin-echo time typically was Te = 13 ms. The field of view is 8 cm. 

A Conventional proton image of a phantom sample (plastic ball filled with methanol and 
positioned in water) recorded without the editing part of the pulse scheme in Fig. 41.3. 
Water as well as methanol signals contribute. (Specific image data: slice thickness, 1 cm; 
recycle delay, 2.5 s; pixel matrix, 256 x 256). 

B CYCLCROP image of the same phantom recorded with the complete pulse sequence in 
Fig. 41.3. The contrasts represent the spatial distribution of the ^^C containing methyl 
groups. No water signal is visible any longer. (Specific image data: same as with (A); number 
of accumulated transients, 8; total acquisition time, 35 min). 

C Conventional proton image of a hen’s egg recorded without the editing part of the pulse 
scheme in Fig. 41.3. Signals from the yolk are strongly suppressed because of the short 
transverse relaxation time. (Specific image data: slice thickness, 1 cm; recycle delay, 2 s; 
pixel matrix, 128 x 128). 

D CYCLCROP image of the same hen’s egg recorded with the complete pulse sequence in 
Fig. 41.3. The contrasts represent the spatial distribution of ^^C containing methylene 
groups. Water signals and the very low fat content of egg-white remarkably are no longer 
visible. (Specific image data: same as with (C); number of accumulated transients, 128). 

E Conventional proton image of a fresh porcine shank recorded without the editing part of 
the pulse scheme in Fig. 41.3. Muscle tissue is visible but bone marrow and fat are strongly 
suppressed due to fast transverse relaxation. (Specific image data: same as with (C)). 

F CYCLCROP image of the same porcine shank recorded with the complete pulse sequence 
in Fig. 41.3. The contrasts represent the spatial distribution of ^^C containing methylene 
groups in fatty acid residues of bone marrow and fat. Muscle tissue is no longer visible. 
(Specific image data: same as with (D)). 

(Reproduced by permission from ref. [294]) 




394 



41 Heteronudear Imaging 



lines are added up, whereas in the reverse case the multiplet lines are combined 
to a single line. For simplicity or for the sake of low RF power deposition, it may be 
desirable to avoid spin decoupling. Indirect detection then has the advantage 
that each resonance line is only divided into two doublet lines of half intensity. 

The second part of the pulse scheme (Fig. 41.3) consists of a conventional Fourier 
transform NMR imaging pulse sequence. That is, the z magnetization of the protons 
coupled to the nuclei of interest is slice-selectively excited again and encoded by 
the spatial phase and frequency distribution. The proton images generated in this 
way render the local number density with respect to a predetermined chemical 
group. 

Figure 41.4 shows CYCLCROP indirect images of different objects in compar- 
ison to conventional proton images. In the case of the hen egg, the methylene-group 
signal is restricted to the yolk region whereas the conventional image is dominated 
by the egg-white. 
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CHAPTER 42 



Miscellaneous Formulae and Rules 



42.1 

Some Algebraic Symbols 



The Kronecker symbol takes the values 



1 for s = t 
0 otherwise 



(s = X, 7, z; t = Xy 7, z) 



The e symbol is defined by the cyclic permutation relations 

^sss = 0 (s = X, 7, z) 
€sst = €tss = ests = 0 (Syt = Xy 7, z) 
^xyz — ^yzx — ^zxy — 1 
^xzy — ^yxz — ^zyx — 1 



42.2 

The Delta Function 



Dirac’s 6 function can be defined by the following properties: 

J fix) 6(x - Xo) (be = fixo) 

(5^- — = |a|<5(x — flXo) 

S(r - ro) = 6(x - Xq) S(y - yi) S(z - Zq) 
It can also be considered as the limit of diverse ordinary functions: 



<5(x) = 



lim W-e-"* 

a-^oo Y 7T 

a 



= lim - 

fl-^OO 2 

= lim ^ 



7r(fl2 + X^) 

sin(flx) 

= lim 

a^oo jiX 
a 

= lim — / e±'^dv 

a-^oo 2n J 



(42.1) 



(42.2) 



(42.3) 

(42.4) 

(42.5) 

(42.6) 

(42.7) 

(42.8) 

(42.9) 



(42.10) 
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= lim 

a-^oo 



sin^(ax) 

nax^ 



(42.11) 



A selection of useful Fourier transform pairs including 6 functions is listed in 
Table 42.1. 



42.3 

Fourier Transforms 

The Fourier transformation links functions of conjugated variables. Relevant ex- 
amples are time vs (angular) frequency, wave vector component vs space coordi- 
nate, and velocity wave vector component vs velocity space coordinate. Referring 
to the corresponding functions, one speaks of the “time” and “frequency domains” 
or “reciprocal-” and “real-space domains”, respectively. If different time scales or 
more than one spatial vector components are considered, the Fourier transforma- 
tion becomes “multidimensional.” 

The most common definition of the transform pairs f(t) and F(co)y for the time 
and (angular) frequency domains, respectively, are 

oo 

F(ft>) = j dt 

— OO 

OO 

/(f) = ^ / P(co)e’‘^‘ dco 

— OO 

Analogously the transform pairs p(r) and S(fc), for the position vector and wave 
vector domains respectively, obey the relations 

S(k) = J dh (42.14) 

p{r) = j S{k)e'^'^ d^k (42.15) 

where the integrals refer to the whole z dimensional r and k spaces, respectively. 
For details see [84]. Analytical Fourier transform pairs of interest in NMR are listed 
in Tables 42.1 to 42.3 in a handy form for the convenience of the reader. 

There are several excellent books on numerical Fourier transformation pro- 
cedures for NMR purposes [62, 328, 444]. The parameters which limit numerical 
Fourier transforms of spectroscopic (imaging) data sets are the spectral width (field 
of view) and the spectral (spatial) resolution. A discussion and comparison of these 
quantities can be found in Chap. 32. 

A relation crucial for digital- acquisition mode methods is the Nyquist sampling 
theorem. For a time/frequency Fourier transform pair, for instance, it states that 
the maximum frequency that can be detected is 

1 



(42.12) 

(42.13) 



(42.16) 
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where r is the “dwell time”, i.e., the sampling time per data point in the time 
domain. At least two data points are required per period in order to identify a 
frequency component. Otherwise the so-called “aliasing” will occur resulting in 
mirror lines. The total frequency range unambiguously probed by a dwell time r is 
thus — < V < v^. On the other hand, the numerical resolution in the frequency 

domain is determined by the total acquisition time T^, 

Av = ^ ( 42 . 17 ) 



Table 42.1 . Fourier transform pairs including S functions. 
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Table 42.2. Some typical NMR Fourier transform pairs linking the time and (angular) frequency 
domains. The symbols have the usual meanings in context with NMR. That is, = I/T2 is 
the effective decay rate of a FID, and M2 is the second moment of the lineshape F(co). 



fit) 



00 

F(co) = / dt 

—00 



cos(Q.t) e ^ 2 ^ for f > 0 
0 otherwise 



sin(Qf) e ^ 2 ^ for f > 0 
0 otherwise 



fU 



+ 1 



+ 



Q.—CO 



i?f + (n-CO)2 i?f + (O+C0)2 I 



k R*/+co^ 



+ft )2 



(ifa = o) 



Q.—CO 



1 r 

2 [Rf-h(Q-coy 

+ 



+ 



i[ 



Q+ft) 

Kf + (Q+Ct ))2 J 




+(Q+ft))2 Rf-^(Q-coy I 



I 0 (if n = 0) 



cos(f^ 0 ^ 



tl 2 I tl 2 

Rf+i^-coy ^ +(Q+ft ))2 



2Rl 

Rf-\-co^ 



(if Q = 0) 



sin(n 0 ^ 



f'[ 



J!f+(f2+a>)2 i?f+(a-&))2 



0 (if a = 0) 



giat-Rit for ^ > 0 

0 otherwise 



exp{iMat^} 



' ^2 l_ : 0.-(jO 

Rf+i^-^y '-RfHO.-cay 




nsinc(^) = » 

71 V 7 T / TTt 



1 for |cc)| < Q 

0 otherwise 
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Table 42.3. Some typical NMR Fourier transform pairs linking reciprocal- and real-space do- 
mains, i.e., for example, functions of the x components of the wave vector and the real-space 
position vector, respectively. In magnetic-resonance imaging applications, the wave vector com- 
ponent is determined by the corresponding field gradient component and the interval in which 
the gradient is effective: kx = fnGxtx- The symbol ^2 then refers to the free-induction decay 
during signal acquisition. It is defined by ^2 = '^/(T^YnGx)- 



00 

S(fcx) ^ Pix) = ^ / dk^ 

—00 


cos(kxXa)e iorkx >0 1 

0 otherwise J 


1 [ k + & ] 

1 i r 

' 47T 

i 27T (if 


Xa-X ] 

il + (Xa-xY\ 
Xa = 0) 


sin(kxXa) for ^ 0 1 

0 otherwise J 


f 1 r Xa-\-X 1 Xfl-X 

47T ^l + {xa-xy _ 

iff ^2 

”•”471 l^^ + (Xa-x)^ 

, 0 (if Xa = 0) 


^2 1 
ilHXa+Xpi 


cos(kxXa) < 


f 1 ^2 , §2 

2 n^l + (Xa+Xp ' il + (Xa-xy 

[igt. (if*. = 0) 


sin(kxXa) ^ ^ 


( i \ 1 

27T l^j-{-(Xa-xy ^^ + (Xa+x)^j 

^ 0 (if Xa = 0) 


^IXakx-^lkx fQj. > 0 1 

0 otherwise J 


f 1 r k 1 ,• Xa+X 

2tT [^j-\-(Xa+x)^ ^l + {Xa+x)^ 

[ 2n[ii+.^+Ui+x^] 


Xa = 0) 


p-akl V 1 ^-xV(4fl) 




402 



42 Miscellaneous Formulae and Rules 



42.4 

Spherical Harmonics 



Spherical harmonics, (p) = are functions of the orientation of a unit 

vector u defined by the polar and azimuthal angles, & and (p, respectively. The 
analytical form is identical to that of the eigenfunctions of the angular momentum 
operator^ I, 

<p) = l{l + (P), cp) = mYi,M <p) (42.18) 



which are characterized by the quantum numbers / = 0, 1, 2, . . . and m = —/,—/ + 
1, . . . , Another reading of the left-hand eigenvalue equation is 






!(i + 1) 



1 



sin S' dd' 
2 Yim(^y(p) 



sin& 



d& 



+ 






r^sin^& dcp^ 



(42.19) 



where the Laplace operator has been expressed in polar coordinates. Referring to 
the orientation of the unit vector, the coordinate r takes the fixed value 1, of course. 
The spherical harmonics which are of particular importance in NMR are listed in 
Table 42.4. 

The complex conjugate of spherical harmonics obeys 

(p) = cp) (42.20) 

The parity of spherical harmonics with even / is positive, that of functions with 
odd / is negative: 

Yi^min -^,n + (p) = 9) (42.21) 

The spherical harmonics form a complete orthonormal set of functions in the 
ranges 0 < < tt and 0 < (p < 2n. That is. 



27T 7T 

J d(p J d& sin & Y,%{&, (p)Yi> i'9-, (p) = 6w 6mm' (42.22) 

0 0 



The (2Z + 1) functions Y/,^(t9*, ^) of rank / for the (2/ + 1) allowed values of m 

+/ 



are linearly independent. Any linear combination ^2 ^/,m^/,m(^> <p) again forms a 

m=-l 

spherical harmonic of the same rank. 

Functions of polar coordinates, /(r, cp)y can be expanded according to 



oo +/ 

/(r, i?, <p) ^ EE ai,mir)Yimi^,(p) (42.23) 

1=0 m=-l 



4n this book, angular momenta are throughout used as dimensionless quantities, i.e., in 
units h. If the real angular momentum is meant, the quantity is multiplied by h. 
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Table 42.4. Spherical harmonics up to rank 2 expressed in polar and orthogonal Cartesian co- 
ordinates (see Sect. 48.2). 




where the coefficients are given by 



2n 7T 



ai,m / J /('■> ‘P) sill ^ (42.24) 

0 0 

Expansions of particular interest are 

S(u - u') = - y') =f^Yl (p)Y,,mi^', <p') (42.25) 

Sin IT* 



1=0 m=-l 



6{& - &')6{(p - (p')6{r - r') S(r ~ r') ^ ^ ^ ^ „ 

= ,2 L . <P ) 

( 42 . 26 ) 



1=0 m=-l 



SO that 



|^i(r-r')r"sin,»d#dv={ J foj ^ nofin V 



A frequently employed formula is 

oo +l 



1 oo +1 ^ I 
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Exponential functions, as they occur in context with spatial Fourier transforms 
(see Eqs. 42.14 and 42.15), can be expanded according to 

OO +/ j 

e'* '■ = 47 t ^ ^ fV ^ }i^{kr)YC^iA, <Pk)nm(-&r, <Pr) (42.29) 

1=0 m=-l ^ 

where Ji_^i is the Bessel function of order / + j and the subscripts k and r refer to 
the vectors k and r, respectively. 

Spherical harmonics transform under rotations of the reference frame as 

+/ 

^ R{a,p,Y)YiM<p)R'~Ha,p,Y) = Af) 

m'=-l 

(42.30) 

where D^)^(d,j8, f) represents the Wigner rotation matrix elements 

= (/,m'|i^(a,jS,y)|/,m) (42.31) 

of the rotation operator i^(d,jS, y) for rotations about the Euler angles y (see 
Chaps. 48 and 49). 

The addition theorem for spherical harmonics is of particular interest in NMR. 
Consider two vectors r\ and V 2 with the polar coordinates cpiy&i and qhy'd'i, respec- 
tively. The angle spanned by these vectors is denoted y (Fig. 42.1). The addition 
theorem relates the Legendre polynomial of order I of the angle y to the spherical 




Fig. 42.1. Polar (A, 1 ^ 2 ) and azimuthal (<pi,^) angles of two vectors n and V 2 relative to an 
orthogonal Cartesian reference frame. 
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harmonics of the same order of the polar angles of the two vectors: 



^ 1 

Plicosy) = 2 Z+ 1 S 

m=—l 


(42.32) 


where 




cos y = cos &i cos &2 + sin sin &2 cos(<p 2 — (pi) 


(42.33) 


The first few Legendre polynomials are 




Po(x) = 1 


(42.34) 


Pl(x) = X 


(42.35) 


P 2 (x) = ^(3x^ - 1) 


(42.36) 


Psix) = ^(5x^-3x) 


(42.37) 


P^(x) = ^(35x^-30x^+3) 


(42.38) 



Based on the addition theorem one finds for the average second-order Legendre 
polynomial of the vector ri rotating (or jumping in steps of at least threefold sym- 
metry) about the fixed vector Y 2 with a fixed angle y in between: 



(3 cos^ t?-i — 1} = ^(3 cos^ y — 1)(3 cos^ i?2 — 1) (42.39) 

42.5 

Classification of Operators 



Consider an operator O and two wavefunctions \ (p) and \ xp). The operator adjoint 
to O is defined by 

{(p\Oxp) = (C’ViV') = (V'lC’V)* (42.40) 



where the star indicates the conjugate complex value. A Hermitian (or self-adjoint) 
operator complies with 

0^ = 0 (42.41) 

An operator is unitary if 

(42.42) 



where O ^ is the inverse operator specified hyO ^0 = 1. That is, unitary operators 
obey 0^0 = OO'^ = 1, and have eigenvalues of modulus unity. 



42.6 

Spin-Operator Relations 



42.6.1 

Spin-Operator Representations 

Spin is a particle-inherent angular momentum of a quantized nature. In the present 
context, it is an intrinsic property of certain nuclei and electrons. A spin system is 
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a selection of spin-bearing particles coupled with each other by spin interactions. 
Examples are the nuclei with finite spin in isolated molecules or in molecules un- 
der motional-averaging conditions. In solids, where the spin interactions normally 
cannot be demarcated, the spin system tends to comprise the whole sample. 

The spin vector operator 



I = 



Ix 

h 

Iz 



(42.43) 



is given in units ft, i.e., dimensionless. The magnitude, I = + 1), is defined 

by the spin quantum number I. The z component, 4, has 27+1 eigenkets 
and eigenvalues (the magnetic quantum numbers m) with the values m = —7, —7 
+ 1, . . . , +7. The corresponding eigenvalue equations are 



/zl'ft.m) = = I (I + (42.44) 



On this basis, the spin- 1/2 operators may be represented in the form of the ‘‘Pauli 
spin matrices” 




(42.45) 

The eigenkets and eigenbras of spin- 1/2 operators are 

i«) = ( J ^ ( 1 ) 

and 

(«l = ( 1 0 ) , (j0| = ( 0 1 ) (42.47) 

respectively. 

The matrix elements {mi.nij = ±1/2 and / = x,y,z) are formed 

using the eigenvalue at Eq. 42.44, expressing Ix and ly by raising and lowering 
operators as described below, and by taking into account the orthonormal property 
of the eigenfunctions 



= Smm' 

The matrix representations of spin-1 operators are 



1 



V2 



0 1 0 



7, = — I 1 0 1 

0 1 0 




(42.48) 



(42.49) 



The eigenkets and eigenbras of spin-1 operators are 



l±l> = 



1 

0 

0 



| 0 )- 



0 

1 

0 



- 1 ) 



" 1 

0 (42.50) 
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and 

(+ 1 | = (1 0 0 ), ( 0|^(0 1 0 ), (-11 = (0 0 1 ) 

(42.51) 

respectively. 

The commutators among the components (Eq. 44.10) do not vanish, so that only 
one component can be determined in an experiment at a time. In other words, there 
is no eigenfunction common to any two components. This is in contrast to pairs of 
one component and the square of the magnitude of the spin vector (Eq. 44.11). 



42.6.2 

Ladder Operators 

Raising and lowering operators can be expressed by transverse spin-operator com- 



ponents and vice versa: 

7+ = 7^ + il^ , r =1^- ily (42.52) 

h = + I-) , h = ^“) (42.53) 

7+ and I~ are adjoint (but not inverse) to each other. Using the commutators of the 
spin operators (see Chap. 44), one readily finds relations such as 

(7+)^ + (/-)' = 2(7^^ - Ij) (42.54) 

7^ + Iy = 1(7+7- + ri+) (42.55) 

7+7- = ll + lj + I, (42.56) 

7-7+ = + lj-h (42.57) 

7+7- + 7-7+ = 2{ll + Ij) = 2(7 - ll) (42.58) 

7 = 7-7+ + 7, + = I+r -h + ll (42.59) 

Raising and lowering operators act on eigenkets of a spin 7 according to 

7 + I'P/.m) = \/l{I + 1) - m{m + 1) (42.60) 

7 - = \/7(7+l)-m(m-l) (42.61) 

For example, spins 1=1/2 obey 

/+ l'Pl/2.-l/2) = l'Pl/2,+l/2> (42.62) 

/+ l'Pi/2,+i/2> = 0 (42.63) 

l'I'l/2.+l/2> - l'I'l/2.-l/2) (42.64) 

r |Wi/ 2 .-,/ 2 ) = 0 (42.65) 



Equations 42.53 thus yield the relations 
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h l'I'l/2.-l/2> = \ l'I'l/2,+ l/2) (42.66) 

h l'Pl/2,+ l/2> = \ l'I'l/2,-l/2> (42.67) 

ly l'Pl/2,-1/2) = Yi l'*'l/2.+l/2> (42.68) 

Iym/2,+l/2) = -Y\^m,-l/2) (42.69) 



(For completeness, these equations may be supplemented by the first of Eqs. 42.44.) 



42.6.3 

Spherical Spin Operators 

All spin interactions can be expressed on the basis of the set of the unnormalized 
“spherical” operators and Apart from this, a set of normalized spherical 

operators defined by 

= = (42.70) 

is in use. Cartesian spin operators are related to the normalized spherical operators 
by 



7, = -^ 7, = ^(7(+i) +/(-'>), 7,^7<«) 

(42.71) 



42.6.4 

Relations for Spin-1 /2 Operators 

Useful relations for the Cartesian components of the vector operator of a spin 7 = 



1/2 are 






II 


(N 

1 

II 


(for V = x,y,z and k> 2) 


T T — -T 


I I — -I 


I I — il 
^z^x — 2 ■‘7 


II— —^I 


II— —^I 


II— -i-I 



(42.72) 



42.6.5 

Relations for Spin-1 Operators 

For spins 7 = 1, we have the relations 



(f+)^ = 0. 



(i-y = 0 
JvVv = 0. 

(for v,fj = x,y,z and v ^ }i) 



(42.73) 




42.6 Spin-Operator Relations 



409 



42.6.6 

Two-Spin Systems 

For a system of two spins with the vector operators 



1 = 



and S = 



(42.74) 



the following relations are often useful: 

l(I+S- +I-S+)+I,S, 



IS = 

I+S+ = 

rs~ = 
rs+ = 
i+s~ = 

Ix^x = 

lySy = 
IxSy = 
lySx = 

42.6.7 

Single-Transition Operators 



+ i{IxSy + lySx) 

IxSx — lySy — i(IxSy + lySx) 

^xSx "t" ^ily^x ^x^y) 

IxSx + lySy + i{IySx — IxSy) 

\(i+s+ + rs~ -I- I+S- + I-S+) 
|(7+s- + rs+ - I+S+ - i-s~) 
^(7+s+ - rs- - i+s- + rs+) 
^(/+s+ - rs- -I- i+s~ - rs+) 



(42.75) 



Zero- and double-quantum transitions of a system consisting of spins I and S can 
be represented by single-transition operators spanning the zero-quantum Liouville 
subspace with the coordinates [497, 522] 

j(0qt) ^ ^ (IxSx+IySy) 

= j-.(l+s--rs+) = (lySx-IxSy) (42.76) 

= \ih-s,) 

and the double-quantum Liouville subspace with the coordinates 

j(2qt) ^ ^ (IxSx-IySy) 

= i(/+S+-/-S-) = (/;,S^ + 7;,S;c) (42.77) 

= |(4 + Sz) 



The single-transition operators obey the same rules as ordinary spin operators. This 
in particular refers to Eqs. 42.72 and to the commutator relations (see Chap. 44) 



\j{2qt) j(0qt) 

\j(0qt) jiOqt) 
[^oc y 

(2qt) j(2qt) 



ir\i 






= 0 



_ ,7(2^0 
— 



(42.78) 



where the subscript set (a,^, y) is a cyclic permutation of the set (x,y,z). 




410 



42 Miscellaneous Formulae and Rules 



42.6.8 

An Instructive Example 

Consider the zero-quantum coherence of a weakly /-coupled two-spin-1/2 system 
represented by the spherical product operator 

a(0) = (42.79) 

(see Table 51.4 on page 490). From the physical standpoint it is easily perceived that 
weak / coupling among the active spins cannot affect this coherence. Formally this 
is proven by applying the unitary transformation 



a(t) = 



(42.80) 



The unitary transformation can be applied subsequently to each of the two spin 
operators. Following the rules listed in Table 51.5 on page 491, we find 

a(t) = ^(-D 

= cos(nJt) — sin(7r/f)][5^~^^ cos(nJt) + sin(njt)] 

= cos\nJt) + sm^(njt) 

_/j(+i) 5 ( 0 ) 5 (-i) sin(27r/f) + sin(27r/f)] (42.81) 



One must remember, with expressions like this, that spin operators of distinguish- 
able particles commute, whereas different spin operators of the same particle do not. 
Therefore, any desirable rearrangement of the operators within a product must not 
violate the sequence of the operators of the same particle. According to Eqs. 42.62 
to 42.65, the considered zero-quantum coherence can only exist if the initial state 
of the system is 



\mums) 




(42.82) 



Applying Eq. 42.81 fictitiously to this ket, where we comply strictly to the sequence 
of the operators counted from the right, and taking into account the first equation 
at Eq. 42.44, shows that the last two terms cancel. The combined effect of the first 
two terms, on the other hand, is the same as that of the original product operator. 
Therefore 

^ (42.83) 



as it must be. 




CHAPTER 43 



Rules for Traces 



Traces occur particularly in calculations of average expectation values using density 
operators. The average expectation value of the spin energy with the Hamiltonian 
W, for instance, is given by 

^n> = Tr{p7i} (43.1) 

With NMR or NQR problems one is mainly dealing with traces of products and 
sums of spin operators. Some of the following rules apply also to arbitrary operators 
(designated here as O and V), 

(a) Traces of operator sums: 

Tr{0 ±V} = Tr{±V O} = Tr{0} ± Tr{V] = ±Tr{V} + Tr{0] (43.2) 

(b) Traces of operator products: 



Tr{OV} = Tr{VO} (43.3) 

Consequently 

Tr{[O,V]] = 0 (43.4) 

(c) Traces are invariant with any unitary transformation. That is, 

Tr{U 0U~^} = Tr{0} (43.5) 

(d) As a consequence, traces of operator expressions changing the sign under a 
unitary transformation vanish. An example for spin operators is 

Tr {IM = Tr = 0 (43.6) 

where Ikz and J/^ are the spin operator components of two (like or unlike) nuclei 
numbered by k and /. Analogously one finds 



Tr{IM = 0, Tr{kyhy} = 0 (43.7) 

and 

Tr{7jt • 7/} = Tr{Ikxhx + hyhy + hzhz) = 0 (43.8) 
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(e) Traces of squares of spin operators for spins I obey 

Tr{7^) =Ti{lj} 

= Tr |e'f«"/ 272 g-<J*T^/ 2 | ^ Xr{4^} = i/(7 + l)Tr{5} (43.9) 

Tr{J^} = Tr{/^ + ij + ll) = 1(1 + l)Tr{f } (43.10) 

Thus single spins 1 = lf2 follow 

Tr{4^} = Tr{lj] = Tr{f,} = 1 (43.1 1) 

(f) Traces of some products of Cartesian operator components of arbitrary spins 
I: 



Tr{/,} 

Tlilslt} 

Ti{IJtIu} 

TrlUtluIv} 



= 0 



1(1 + l)Ti[£} , 

^ 

. I(I + l)Tr{f } 
t ^ 

I(I + l)Tr{f } 



(43.12) 



15 

I(I + 1) + 



(^st^uv + ^sv^tu) + [^(f + 1) — 2] SsuSti 



s, ty Uy V may be equal to x, y, z. The unit operator is designated by S. 

(g) Traces of spin operators of a system of N spins I: 

Ixy lyy h ^re the total spin operator components 

N 

7s = ^ Iks (s = 2C, y, z) (43. 1 3) 

;t=i 

Then 

^ 1 

Tr{7,'} = Y. = tW7(7 + 1)(27 + 1)^ (43.14) 

k=\ 



Tr{7^s7jtf} = ^7(7 + 1)(2N + l)^6jkSst (5, t = x, y, z) (43.15) 



(h) Traces of some commutator expressions: 

Tr{[7,,7,]} = 0 



(43.16) 



Tr{[7s,7(]7„} = Tr{[7(,7„]7s} = Tr{[7„,7s]7(} (cyclic permutation) (43.17) 




(i) Traces of the unity operator: 

For a single spin I we have 

Tr{^} = 27+1 

If Ixylyy h Tcfer to the total spin operator components 

N 

(5 = /. z) 

k=l 

of a system of N spins /, the trace of € is 

Tr{£] = N{21 + 1)^ 

If Ixylyylz Tcpresent the spin-operator components of an individual 
system of N spins I, we have 



Tr{5} = (21 + if 

(j) Traces of direct matrix products (see Chap. 51) obey 

Tr{C> ®V} = Ti{0}lr{V\ 

For further relations of traces see [475, 492] and the appendix of [523]. 
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(43.18) 

(43.19) 

(43.20) 
spin in a 

(43.21) 

(43.22) 




CHAPTER 44 



Commutator Algebra 



44.1 

General Operators 

The commutator of two arbitrary operators Oi and O2 is 

[0u02] = 0i02 - 020i (44.1) 

From this definition the following properties can be derived directly: 

[Ou (O 2 + O 3 )] = [Ou O 2 ] + [Oi, O 3 ] (44.2) 

[0u02] = -[02,0,] (44.3) 

[0i02,0s] = 0i[02,0s] + [0u0s]02 (44.4) 

[OUO 2 O 3 ] - [0u02]0, + 02[0u0i] (44.5) 

[0i02,0s04] = 0d02,0M + 0i0d02,0d + [0i,0d0402 + 0d0u0d02 

(44.6) 

[Oi, IO2, 03 ]] + [02, [03, 0i]] + [03, [01, 02]] = 0 (44.7) 

m-l 

[0;",02] =^0i[0i,02]0P"' where m= 1,2,3... (44.8) 

j=0 

[01,02]^ = [0l,0f] (44.9) 

44.2 

Spin Operators 

The basic commutators of spin operators of a certain particle are 

[fxjfy] — y > [hy ^x] — (44.10) 

Other frequently encountered commutators of spin operators are 

[7;o /'] = 0 , [ly, /'] = 0 , [I„ I^] = 0 (44.1 1) 

[j+, /^] = 0 , [ r , f ] = 0 , [ 4 , /+/"] = 0 , [ 4 , /■/+] = 0 

(44.12) 

[I+, 4] = -1+ , [/-, 4] = I- , [/+, f] = 24 (44.13) 
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Consequences of these relations are 

[I+S~,k + Sz] = 0 , [rs+, 1, + Sj = 0 (44.14) 

where I and S are spins of different particles. Generally, the spin operators of dif- 
ferent particles commute: 



[ij, S)t] = 0 (j, k = x,y, z) (44.15) 

[ijSky IiSm] = 0 (j, k,l,m = X, y, z; j = I and k = m or j ^ I and k ^ m) 

(44.16) 

The anti-commutator of spin- 1/2 operators is 

[Ij, Ik] _^_ = IjIk + hlj = ^Sjk (j, k = x,y, z) (44.17) 

A comprehensive representation of the spin-1 commutator algebra can be found in 
[87]. 

The rules for commutations of spin operators and irreducible spherical tensor 
operators are given in Sect. 49.2. Commutators of single-transition operators cor- 
respond to those of ordinary spin operators (Eq. 44.10) and are listed in Sect. 42.6.7. 




CHAPTER 45 



Exponential and Trigonometric Operators 



Consider a Hermitian operator O. The exponential operator, 



e 



iO 



l + iO + 



(ioy 

2 ! 



+ 



(iO)^ 

3! 



+ ••• 



(45.1) 



forms a unitary (but non-Hermitian) operator. If the operator V commutes with 
the operator O, that is [OyV] = 0, then it also commutes with the exponential 
operator, so that 



= e'^V or [7^,e'®] = 0 (45.2) 

gKV+O) ^ e'^ or = 0 (45.3) 

In unitary transformations and in sandwich propagator expressions for the evolu- 
tion of density operators under the action of stationary Hamiltonians, terms occur 
of the form (see Eq. 47.33) 

V = (45.4) 

where O is a Hermitian operator and A is a real parameter. A suitable expansion 
can be derived employing the Baker/Hausdorff lemma: 

gUOpg-ao ^ p^iX[o,V]+^^[0,[0,V]\ + ‘^{0,[0,[0,V]\] + ... 

+^[0, [O, [C>, . . . [O, Vm ...] + ... (45.5) 

nl 

The calculation of sandwich propagators is thus reduced to the evaluation of com- 
mutators which are often quite elementary. Numerous applications of this expansion 
can be found in [86]. 

Trigonometric operators are again interpreted by series expansions. That is 



cos (9 = 


q2 


Qi 




^ 2! + 4! ^ ••• 


(45.6) 


sin (9 = 








O 1 T ... 

3! 5! ^ 


(45.7) 



If O is proportional to the z component of a spin- 1/2 operator, O = aSz, one 
can make use of the relation S^l^) = (1/4) |^} or simply Sl = 1/4. Thus for 
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« = 0, 1,2,3,... 


sr = (i)- a„a 


sf+‘ = 


(45.8) 


That is. 


cos(aSz) = 


cos (a/ 2) 


(45.9) 




sin (aSz) = 


2Sz sin(a/2) 


(45.10) 




CHAPTER 46 



Spin Hamiltonians 



The following list of Hamilton operators refers to the laboratory or the molecular 
frames of reference. In practical treatments, the use of rotated reference frames 
is ubiquitous. Corresponding transforms are presented below in Chap. 48 after 
introduction of unitary transformations. 

46.1 

Zeeman Interaction 

Consider a particle having a magnetic dipole moment^ 

ji = Ynhl (46.3) 

The magnitude is p — the z component pz = Depending on the 

particle properties the gyromagnetic ratio y„ = gPn/f^ can be positive or negative. 
The nuclear magneton is pn = eh I (2m p), where e is the positive elementary charge 
and mp is the proton rest mass. The “g factor,” g, is to be taken as negative if y„ is 
negative. 

The Zeeman Hamiltonian follows from the dipole term of the multipole expan- 
sion, i.e., the Taylor series about the origin, of the magnetic energy of a classical 
current density distribution jn(r) in a vector potential Ao(r) (see Eq. 49.40), and 
the classical definition of the magnetic dipole moment, Eq. 46.1. For a magnetic 
flux density Bq = BqUz^ the standard versions of the Zeeman Hamiltonian are 

Ho = -p'Bo = -Ynhl • Bo = -YnBohIz = -ooohlz (46.4) 

^The classical precursor of the nuclear dipole moment is defined in connection with the 
corresponding term of the multipole-expansion of the magnetic energy of a current density j 
exposed to an external vector potential (see Eq. 49.40) as 

/'class = i ^ 

The current density formed by a discrete particle of charge q, position and orbital velocity 
Vq is j(r) = qVqS(r — Vq) where S(r — Vq) is Dirac’s delta function. As the orbital angular 
momentum of a particle of mass m is given by L = m(rq x Vq), the classical magnetic dipole 
moment is readily found to be 



II = -i-r 
^class 2m 



(46.2) 
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where coq = y^Bq. 



46.2 

RF Irradiation 

The RF flux density is assumed to oscillate along the x axis (unit vector Ux) of the 
laboratory frame. That is 



Brf = 2Bi cos(coct) Ux = Bi + e Ux (46.5) 

where 2Bi is the amplitude and cOc the “carrier frequency.” The Hamiltonian of a 
magnetic dipole in this field is 



TYr/ = —p • Brf — —2hco\lx cos(coct) = —^hcoi[I^ + I ] + e (46.6) 

where coi = Yn^i- Note that Eq. 46.6 refers to both counterrotating circular polarized 
components of the RF field. 

46.3 

Internal Spin Interactions 

“Internal” means that the spin interactions reflect phenomena taking place inside 
the samples. These interactions can be intra- or inter-molecular in nature. Chemical 
shift interaction, dipole-dipole coupling, indirect spin coupling, quadrupolar inter- 
action, and - by circumstance - spin-rotation interaction are of particular interest. 

The Hamiltonians of internal spin interactions generally consist of spin- 
dependent and coordinate-dependent parts referring to the “spin space” and the 
“real space,” respectively. The common Cartesian tensor form of spin interaction 
Hamiltonians is 

Hx = I - (46.7) 

where 7 is a (row) vector operator of a spin, is the second-rank Cartesian tensor 
of the spin coupling depending on real-space coordinates, and is a (column) 
vector depending on the type of the spin interaction. A, as listed in Table 46.1. 

The second-rank coupling tensors of dipole-dipole and quadrupole interactions 
are symmetric and traceless so that no isotropic contributions exist. Chemical shift, 
spin-rotation, and indirect spin-spin couplings, on the other hand, provide isotropic 
contributions. These reveal themselves under motional averaging conditions as 
scalar interaction constants 

CW = ixr{C‘^>} (46.8) 

There are also antisymmetric contributions which, however, are negligible in NMR 
spectroscopy. 

Rotations in spin and real space can conveniently be described on a spherical 
basis. This means that eigenfunctions of angular momentum are used as a basis, 
i.e., spherical harmonics. The spin-interaction Hamiltonians can correspondingly 
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Table 46.1. Nomenclature of the internal spin interaction Hamiltonians (Eq. 46.7). 



coupling 


A 


Hx 


— j . (jW . yW 


CW 


yU) 


chemical shift 


cs 


Ucs 


= J • a Bo 


shielding tens. 


static magn.-flux 
density 


dipole-dipole 


d 


na 


= ^YiYsh^I D S 


dip.-int. tens. 


spin vector op. S 
coupled to I 


indirect 


/ 


H; 


= hl ■ } S 


/-coupling tens. 


spin vector op. S 
coupled to I 


quadrupole 


Q 


W, 


= I ■ T ■ I 


el.-field grad. tens. 


spin vector op. I 


spin rotation 


sr 


H^r 


= hi ■ • / 


spin-rotation tens. 


molecular angular 
mom. op. / 



be represented as "irreducible spherical tensor (1ST) operators.” The general theory 
of 1ST operators can be found in [63, 422], for instance, and is outlined in Chap. 49 
and [86, 179, 336]. 

The internal spin interaction Hamiltonians consist of secular and non-secular 
terms. The term "non-secular” in this context indicates that spin transitions are 
induced which do not conserve the Zeeman energy of the spins. This sort of tran- 
sition is relevant for relaxation but not for the evolution of spin coherences in the 
high-field limit. For spectroscopic purposes one can therefore restrict oneself to 
the consideration of the secular parts, generating either no spin transitions or only 
transitions conserving the spin Zeeman energy. Typical expressions of internal spin 
interaction Hamiltonians are listed in Tables 46.2 to 46.5. 
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Table 46.2. Representations of the chemical shift Hamiltonian of a spin I [433, 465] (1ST, irre- 
ducible spherical tensor; LAS, laboratory axes system (Bq z-axis); PAS, principal axes system). 



specification 



basic form: Ties 



1ST operators: Hes 



secular part: 



Hamiltonian 



hfri l a ' Bq where Bq = I 0 I 

V Bo ; 

^Yni^xz^x ^yz^y ”1“ ^zz^z^^Q 

S S (— 

/= 0,2 m=-l 

dcs = ^YnBo 

^0,0 = CTi 

>l2,o = yf(a33-<r,) [y|72,„(^,f) 

+ l{Y2,+20,f)+Y2.-2m))] 

M,±i = I (c^33 — on) sin p {±3 cos p 

+JJ |^sinh(/2y) =p cos p cosh(f2y)j | 
To,o = = Iz 

T 2.0 = = ^/^h 

T 2 .±, = 

T2,±2 = 0 






non-secular part: 



n,r. 



hyJzBoOzz 

hyr,IzBo(On cos^ <p sW & + CT22 sin^ <P sin^ + O33 cos^ &) 

hyJzBo |<7, + - a,)[y2.o(t?; <p) 

+ \n\[liY 2 , 2 {&,<p)+Y 2 .-l{^,<p))]} 

hfrilzBo {oi 4- (cj33 - a/) I [3 cos^ & — I — rj sin^ & cos(2<p)]} 
hYni<^33 — (^i) [hBox + lyBoy + ^IjiB^I^ B~ I )] 



definitions: 



(^11 y ^22y c^33 elements of cr in the PAS 
CTjj (f, j = X, 7, z) elements of a in the LAS 
a, p, Y Euler angles bringing the LAS 
into coincidence with the PAS 
(p = Y azimuthal angle 1 of Bq 
& = P polar angle J rel. to the PAS 

= |Tr {a} = |(cTii -h 022 + <^33) 
isotropic shielding const. 
n = {O22 - CTii)/(C 733 - Oi) 
anisotropy constant 
B^ = Bqx ± iBoy 
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46.3.1 

Chemical-Shift Interaction 



The background of the chemical-shift Hamiltonian (Table 46.2) is the local field at 
the nucleus 

Bi = Bq — gBq (46.9) 



That is, the externally applied flux density Bq is shielded^ by the electron shell which 
in this respect is characterized by the second-rank shielding tensor a. The Zeeman 
Hamiltonian, 

ni = -p- Bi (46.10) 



can thus be analyzed into 



Hi = Ho- Hcs 



(46.11) 



where the chemical-shift Hamiltonian is defined as 



Tics = hy„I a Bo 



(46.12) 



The shielding tensor can be related to the states of the electron shell in an external 
magnetic field with the aid of first-order perturbation theory [388, 393]. 



Table 46.3. Representations of the indirect spin-spin coupling (or / coupling) Hamiltonian for 
a spin pair I and S located in the same molecule. Under most practical circumstances merely 
the isotropic part is relevant. Note that the same isotropic coupling form arises for unpaired 
electrons with a finite residence probability in a spin-bearing nucleus (“scalar interaction”). The 
scalar nature of this interaction makes an 1ST representation superfluous, because rotational- 
transformation properties do not matter here. 



specification 


Hamiltonian 


basic form 


Hj = hIJS 


isotropic part 


Hf = hJI-S 




= hj[i,s, + \(i+s- + rs+)] 




where / = |Tr{/} 


form effective 


1 

¥ 

II 


in the weak-coupl. limit 





^This term should not be taken literally in general, because paramagnetic contributions 
possibly dominate. In that case, the local flux density exceeds that of the externally applied 
field. Anyway, under normal conditions the chemical shift is of a diamagnetic nature. The local 
field is then reduced relative to Bq. 
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46.3.2 

Dipolar, Scalar, and Indirect Couplings 

The Hamiltonian of the dipole-dipole interaction (Table 46.5) can be traced back 
to the classical energy of a magnetic dipole in a magnetic field (compare Eq. 46.4) 

Wm = -pi’Bd (46.13) 

of a magnetic dipole ji\ in the magnetic field Bd of a current loop. Using Biot/Savart’s 
law, one finds in the far-field limit: 



_ ^ / 3(jj2 • r)r _ ^ 
471 V 



(46.14) 



The magnetic dipole moment of the current loop is defined by the current I and 
the loop area vector A as jti 2 = lA (Eq. 46.1). 

The indirect spin-spin coupling between the nuclei of a molecule (Table 46.3) 
is mediated by the common electron shell. The electron states are perturbed by 
the presence of nuclear spins in principally two different ways. First, the orbital 
contribution to the electron Hamiltonian is perturbed by the vector potential orig- 
inating from the nuclear dipoles. Second, nuclear and electronic magnetic dipoles 
with the dipole moments pn and respectively, interact with each other, so that 
an additional energy contribution arises. This turns out to be the dominating effect. 

The Hamiltonian of an electronic magnetic dipole in the magnetic field of a 
nucleus is given by 

nis = -pe-Bn (46.15) 

where the dipolar magnetic flux density of the nucleus, is related to the vector 
potential A„ by 

Bn = Vx An (46.16) 

The vector potential of the nuclear dipole field is given by 



^ ^ Pn^r ^ Mo ^ 

47t 47t r 



(46.17) 



where the origin, r = 0, is in the nucleus. The interaction Hamiltonian hence is 



Wjs = —pe • 



47T 



Vx 





Using the relation 

V X (V X a) = V(V • a) - V^a 
for a vector a, the above Hamiltonian can be rewritten as 



(46.18) 

(46.19) 



Wjs = ^\(Fe- Pn)V^ 
47T 3 

V 

term (a) 



r ) 4n 



{pe ■ V)(p„ • V) - jipe • Pn)V^ 

V 

term (b) 



(46.20) 
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Table 46.4. Representations of the Hamiltonian of the quadrupole interaction of a spin I > 1/2. 
For a derivation see Sect. 49.6. 



specification 



basic form Hq 

PAS of EFG tensor : 

(low magn. fields, 

i.e., {Hq) « {Ho)) Hq 



Hamiltonian 






21 ( 21 - 

T = 



I T 



— I I 

\r=oi 



(^,v = 1,2,3) 



EFG tensor 



e^qQ 
4/(2/- 1) 



[ 3 / 2-/2 + 3 {( J +)2 + (/-) 2 }] 



definitions: 



= 






= ^f^Po(r)d^r 



(principal axes values of the EFG tensor) 



Til + ^22 + F33 = 0 

q = 133 /^ 

q = (Fii - F22)/r33 where |r33| > |r 22 | > IFnI 
and 0 < q < 1 (anisotropy constant) 

Q = {m = I \Qii\m = I) (quadrupole moment (PAS)) 

Qa^ ~ g J ^ d T 

(quadrupole moment tensor) 



1ST operators (PAS) 



Hq 



laboratory system: 

(high magn. fields, 
i.e., {Hq) » (7fo»* 
secular part (q arb.) 

tot. Ham. (q = 0) Hq 



Uq E i-^r 

m =-2 

a - , /I_g-S- 

“ V 2 /( 2 /- 1 ) 

T2,o = [37'“)' - 7(7 + D] 

= ^[3^i-^a + D] 

T2.ii = [/(0)j(±i) + j(±i)j(0)] 

Ti,±2 = 

= 

■^ 2,0 = 2 

^2,±1 = 0 

^2.±2 = 



siqI-d [3^z-^(J + 1)] [(3cos^ - 1) + rjsin^ t?cos(2^)] 

4fzT) { (3 cos^ - 1) [37,^ - 7(7 + 1)] 
+3sini?cos#[72(7+ + 7“) + (7+ +7“)7J 
+ 1 sinV[(7+)^ + (7-)^]} 

((py & azim. + pol. angles of Bq in the 
PAS of the EFG tensor) 
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Table 46.5. Representations of the dipole-dipole interaction Hamiltonian for a spin pair I and 
S separated by the dipole-dipole distance vector r with the Cartesian components Xi, X 2 , and 
X 3 . The polar and azimuthal angles are & and (p, respectively (compare Fig. 42.1). 



specification 



Hamiltonian 



basic form 



HoYiYs!^ h . s - 3 (/-n(>S-r) ] 

47T j 

fd = ^YiYs^^ 



o® = /A-i(j+s- + rs+) 
CO) = -|(7+s, + /,s+) 

0<2) = -II+S+ 

4 

p(0) ^ i (1 - 3cos^#) 

= ~7S \0Y2,o{i?,(p) 

pw = = 4 sin t? cos & e-‘i’ 

pG) ^ F<-2)* = 



Y2,-2i&,<p) 



truncated form 






form effective in the 
weak-coupl. limit 



ffi»^(l_3cos^^)4S, 



Cartesian tensor 



^SiYiYsh"! D S 

Dki = (fc,Z=l, 2, 3) 



1ST operators 






^2.0 = T6 - j • S] 

= ^ [37,S, - / • S] 

r2.±i = ^[i<±os<'» + /<»)s(±‘)] 

= ^i(4S± + /±S,) 

T 2.±2 = -/<±1) S <±» 

= i/±S± 

A 2 .-^ = 
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Two cases can be distinguished: r = 0, i.e., the electron is at the position of the 
nucleus, and r > 0. It can be shown that term (b) vanishes in the limit r = 0 whereas 
term (a) may be reformulated with the aid of the relation V^(l/r) = —4nS(r) as 

'Hf = -^ fio (Pe ■ Pn)S(r) (46.21) 

This result represents the Fermi contact interaction between nuclear and electronic 
magnetic dipoles. In context with nuclear relaxation, it is also called scalar in- 
teraction because of its orientation independent character (by contrast to dipolar 
coupling and in principle also to indirect interaction of two nuclei via the electrons 
within a molecule). 

On the other hand, in the case r > 0, the Fermi contact interaction obviously 
vanishes whereas the term (b) after carrying out the derivatives takes the form 

^ Po (Pe ■ Pny - 3(^I„ • r){pe ■ r) 

nd — ^ (46.22) 

47t 

which we recognize as the (electron-nuclear) dipole-dipole interaction Hamiltonian. 
The total Hamiltonian is thus represented by 



Tiis = UF + nd (46.23) 

With diamagnetic molecules, first-order perturbation theory does not yield any 
effect on the basis of the above Hamiltonians because all electron spins are paired 
in the ground state. The first non-vanishing contribution is found with the aid of 
second-order perturbation theory [388, 394]. It turns out that the energy shifts 
provided by the Fermi contact interaction dominate the indirect coupling of nuclei 
via the electron shell by far. This so-called / coupling is mainly an effect of the 
finite probability density of electrons at the positions of the coupled nuclei. 



46.3.3 

Quadrupolar and Spin-Rotation Couplings 

The derivation of the quadrupolar Hamiltonian requires somewhat more extended 
considerations. This is delineated in a separate section based on the multipole ex- 
pansion of the electrostatic energy (Sect. 49.6). Various versions of the result are 
summarized in Table 46.4. 

The spin-rotation interaction is mentioned here for completeness. It refers to 
couplings of nuclear dipoles with magnetic dipoles of the rotating charge distribu- 
tion of the molecule, i.e., of the nuclear spin with the molecular angular momentum. 
It is clear that this sort of interaction only becomes perceptible in gases or liquids 
with rather low viscosity. 




CHAPTER 47 



The Density Operator 



47.1 

Definition of the Density Operator 

Density operator treatments [140] are appropriate for all cases dealing with state 
mixtures. A ‘‘state mixture” is understood to characterize an ensemble of indepen- 
dent systems, each of them having a pure but potentially incoherent state. A “pure 
state” is characterized by a certain linear combination of the eigenstate wavefunc- 
tions (a certain vector in Hilbert space). As a special case, the state of a system may 
be one of its eigenfunctions themselves, so that an eigenfunction may also represent 
a pure state. The ensemble described by a state mixture (a distribution of vectors 
in Hilbert space) therefore implies a distribution of the coefficients of the linear 
combination forming the pure states of the ensemble members. 

The crucial point is now that in the case of a state mixture the expectation value 
of an observable is not determined by a pure state function. Rather, one must form 
the average over the ensemble of independent systems. This is most conveniently 
done with the aid of the density operator. 

Let us consider pure states characterized by the ket 



/ ^ 



(«) 

1 



\ 



m=\ 




(47.1) 



and the bra 

(%l = E (47.2) 

m'=l 

The functions q>i represent eigenstates. The coefficients are complex constants 
with normalized squared magnitudes. The sub- or superscripts n indicate the state 
vectors occurring in the ensemble of identical quantum-mechanical systems. Within 
this ensemble, the state vectors of the systems may vary with respect to their eigen- 
state compositions (magnitudes of the coefficients cj”^) as well as regarding the 
phases of the eigenfunction contributions (complex phase factors of the coeffi- 
cients cj"^). 
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tVi 

With the statistical weight of the rr^ pure state within the ensemble, the 
density operator is defined by 

p = 

n 

= Y, ^nCt^ct’*\9m){(Pn^\ (47.3) 

n,m'ym 

The density-matrix elements are then 



Pij = i<Pi\p\<Pi) = Y ^ncfcf* = (47.4) 

n 

A direct consequence of this definition of the density operator is that the (en- 
semble average) expectation value of an operator O is given by the relation 



{O) = Tv{pO] = Tr{Op] 



(47.5) 



From this equation, it follows in particular that the magnetization vector is related 
to the spin vector operator by 



M = nYnhTr{pI} = nYnhbTr{aI} (47.6) 



where n is the number density of spins, a is the reduced density operator (see 
footnote 2 on page 431). The factor b is defined in Eq. 47.27 for thermal-equilibrium 
conditions.^ With the rules of Chap. 43, it can easily be perceived that the three 
components of M are determined by density operator terms implying the spin 
operators Ix,Iy, and 4 respectively. The complex transverse magnetization is given 
by 



m = Mx-\- iMy — nYnbbTr{(Ix + ily) a] 



(47.7) 



The density operator implies the information of an ensemble of spin systems 
as far as it is accessible by measurements at all. It is therefore the quantity which 
is - explicitly or implicitly - employed in all treatments concerning the evolution 
of spin coherences, longitudinal spin polarizations, and spin order. For a general 
introduction into the theory of density operators the reader is referred to [50, 140]. 



The diagonal elements of the density matrix represent the populations of the 
eigenstates, 

Pii = \cf\^ (47.8) 



^The quantity b is also valid for non-equilibrium orientations of the local magnetization as 
long as the magnitude is not affected. That is, the spin states may be arbitrarily manipulated 
by RF pulses, but the magnitude of the local magnetization must not be subject to irreversible 
processes such as relaxation or diffusion. 
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obeying 

Trip} = 1 (47.9) 

The difference of the populations of spin-up and spin-down states is characterized 
as the “longitudinal spin polarization,” which is proportional to the longitudinal 
(or simply z) magnetization, (see the following section). In the case of uncoupled 
spins 1/2, these quantities are given by 

(47.10) 

M, = ^PzriYnh (47.11) 

“Longitudinal spin order” or simply “spin order” indicates that populations of 
the spin states are correlated with the interaction state. For instance, a spin-up state 
of the coupling partner may be accompanied by a high population whereas the 
spin-down state means the opposite, A typical procedure for producing spin order 
during a certain interval is the Jeener/Broekaert pulse sequence [208] originally 
proposed for dipolar coupling in solids. It is, however, of a quite general nature and 
leads to “longitudinal scalar order” or “/ order” if indirect coupling dominates, 
“dipolar order” if dipole-dipole interaction prevails, and “quadrupolar order” for 
quadrupole nuclei. It should be noted that spin-order terms in density-operator 
expressions do not include longitudinal polarization of the spins. The spin-up and 
spin-down partial z magnetizations cancel. Superimposed longitudinal polariza- 
tions are represented by separate terms. 

Finite values of the off-diagonal elements. 



pij = pji = a 7^ ;) (47.12) 

indicate “spin coherences” within the ensemble. This includes transverse magne- 
tization if the states “i” and “j” are linked by a single-quantum transition, i.e., 
z — j = ±1. It is important to note that zero- and multiple- quantum transitions (i.e., 
i — j = 0 and i — j — ±n, « = 2, 3,4, . . ., respectively) are addressed alike. In this 
case, however, the transitions are not connected with detectable electromagnetic 
radiation. Dipole radiation of this sort is forbidden because it violates the con- 
servation of angular momentum. As radiationless phenomena, multiple-quantum 
coherences nevertheless exist and can be detected indirectly by conversion into 
single-quantum coherences after a certain evolution interval. It is also evident that 
in thermal equilibrium there are no coherences, i.e., the off-diagonal elements of 
the density matrix vanish. 

47.2 

Thermal Equilibrium 

Consider an ensemble of independent spin systems with a Hamiltonian H. “Inde- 
pendent” means that the wavefunctions form non-overlapping entities. In this case, 
the population or statistical weight of a state i of the systems is determined by the 
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Boltzmann factor, i.e., 



where 



-Ei/iksT) 



Wi = 






Ei = {(piimipi) 



(47.13) 



(47.14) 



is the eigenenergy corresponding to the eigenket \<pi), kg is Boltzmann’s constant, 
and T the absolute temperature. The denominator is the partition function. With 
Eqs. 45.1 and 47.14 the Boltzmann factor becomes 






so that 



Wi — 



{<PM 






\<Pi) {<Pi\e 



-n/ikeT) 



\9i) 



' Tr{e-mksT)} 



(47.15) 



(47.16) 



The diagonal matrix elements of the equilibrium density operator are defined by 
the equilibrium populations, 

{(pi\po\(pi) = n 



^-n/(kBT) 



It follows by comparison that 
The equilibrium density matrix elements are consequently 



(47.17) 



(47.18) 



{Poli; — 



p-EiUksT) 



6ii 



e-Smli.kBT) 



(47.19) 



Off-diagonal elements are zero as it must be. 

In the high-temperature limit, Ei/{ksT) 1, the equilibrium density operator 
can be written in linear approximation as 



Po 



1 - n/iksT) 



Tr{l -n/ikeT)} 

For spins 7 in a field Bq = BqMz. the Zeeman Hamilton operator is 

Ho = -p-Bo = -YrfiBolz 

With 



(47.20) 



(47.21) 






= Tr{£] 



(47.22) 
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we obtain^ 



where 




(47.24) 



= h 

_ 1 

= T^} 

^ YnhBp 

~ ksTTriS} 

For uncoupled spins the denominator in Eq. 47.24 is 

Tr{£} = 21+1 



oo 

a 

b 



(47.25) 

(47.26) 

(47.27) 



(47.28) 



With the equilibrium density operator in the high-temperature approximation, 
the equilibrium magnetization Mq is given by 

Mo = nTr{pop} (47.29) 

where ju is the dipole moment, and n is the number density of the spins. This leads 
to Mqx = Moy = 0 and 



Moz = Mo = 



nynh 
21 + 1 



Tr 



r iMji] 



(47.30) 



After evaluation of the trace (see Chap. 43), we find the Curie magnetization 



Mo 



SksT 



Bo 



(47.31) 



which is valid for paramagnetic particles in the high-temperature approximation. 



^ The constants a and b defined by Eq. 47.24 are irrelevant for the evolution of spin coher- 
ences. This is demonstrated with Eq. 2.12, for instance, for the density operator description of 
the Hahn spin echo. Therefore it is often more convenient to treat coherence evolution pathways 
by the reduced density operator a defined by 

p(t) = a-\-ba(t) (47.23) 

For this definition the high-temperature limit must be assumed, of course. Note also that the 
reduced density operator a does not comply to the normalization rule (Eq. 47.9). 
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47.3 

Evolution of the Density Operator 



Starting from the thermal equilibrium, for instance, the density operator evolves 
in the course of time as a consequence of RF field irradiation and the influence of 
spin interactions. The general equation of motion is the Liouville/von Neumann 
equation 



dt 






(47.32) 



Provided that there is no explicit time dependence of the Hamilton operator, the 
solution is given by the ‘‘sandwich” expression 



p(t) = p (0) 



(47.33) 



This solution for time-independent Hamiltonians can easily be verified by inserting 
it into Eq. 47.32. The time evolution operator, 

U (t) = (47.34) 



is also called “propagator.” Note that the solution (Eq. 47.33) is of the unitary- 
transformation type which will be considered in more detail in Chap. 48. If the 
Hamiltonian refers to the Zeeman interaction this expression is equivalent to the 
precession of the magnetization about the z direction (see Eq. 48.58). Generalizing 
this issue to Hamiltonians of the same analytical form, we speak of “precession-type 
solutions.” 

In practical situations, the total Hamilton operator often is a time-dependent 
function at least because in pulsed NMR experiments the RF is switched on and 
off. The formal solution of the Liouville/von Neumann equation is then obtained 
with the aid of the propagator for time dependent Hamiltonians, 

U(t) = r exp I - ^ ^ W(t') d^' I (47.35) 

where T is the Dyson time ordering operator. It ensures that the propagator acts in 
the proper order of the infinitesimal intervals dt' in case the Hamilton operators, 
at different times t' and t"y are not independent from each other, i.e., are not 
commuting: ^ 0. 

The propagator (Eq. 47.35) is often expanded in analogy to the Baker/Campbell/ 
Hausdorff formula (Eq. 45.5). The result is the Magnus expansion [315] which reads 

[7(0 = exp{-(i/h)[H^^^ H- + . . .]0 (47.36) 



where 



= 7 / 
0 



(47.37) 
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t t2 

n^''’ = ~YtJ / dfi[W(t2),W(ti)] (47.38) 

0 0 

t t-i t2 

d^3 J d ^2 J df, {in{ti)An{t2),n(h)]] 

0 0 0 

+ [W(ti),[W(f2),Wa3)]]} (47.39) 

The two principal means for achieving a situation where the precession-type 
version of the solution (Eq. 47.33) applies (see Eq. 48.58) are 

• segmented treatments of pulse sequences as delineated in the following section 

• unitary transformations to a reference frame in which the Hamiltonian merely 
contains z components of the spin operators, that is, components along the 
direction of quantization.^ 



47.3.1 

Segmented Treatments 

Frequently, it is possible to treat pulse sequences on the basis of Eq. 47.33 by splitting 
the pulse train into several intervals tj in which the Hamilton operator takes station- 
ary values Hj. Such intervals used to be demarcated by RE pulses and free-evolution 
periods. In this case, the solution (Eq. 47.33) can be written as intercalated sandwich 
operators. The result of the propagator action in each time step forms the initial 
value of the density operator in the subsequent interval. In a period t segmented 
into n such intervals, the density operator is propagated according to 



7=1 



/o(ri+T2) 

/ ^ 

^ ^ ^ ^-(i/h)n^^h2 ^aih)n^^h2 

" V ^ 

pM 

V 

p(ri +...+!„) 






(47.40) 



The evaluation of Eq. 47.40 for a given pulse sequence and secular Hamiltonians 
is convenient if the effective field is aligned along the z axis of the rotating reference 
frame. The task is therefore reduced to the transformation of the Hamiltonian to 
the appropriate coordinate system. This is relevant in the presence of offsets by 
stationary spin interactions, RF irradiation, or magnetic field gradients leading to 
effective fields tilted with respect to the rotating frame axes. Evolution is then treated 
by transforming the Hamiltonian to the tilted rotating frame (see Sect. 48.5). Non- 



^This operation is sometimes called “diagonalization” of the Hamiltonian in allusion to its 
matrix representation. 
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secular contributions arising as a consequence of these transformations must be 
truncated again, of course. Examples are given in Sects. 48.9 to 48.11. 

Pulse sequences can produce complicated superpositions of spin coherences, lon- 
gitudinal spin polarizations, and spin order following different coherence pathways. 
These become more transparent by the application of product operator treatments 
which are feasible for small spin systems (see Chap. 51). Note that these convenient 
formalisms are entirely equivalent variants of the more general propagation rule at 
Eq. 47.40. 



47.3.2 

Average Hamiltonians 

A second source of time dependence is molecular dynamics leading to fluctuating 
spin interactions. This is the origin of relaxation processes and, under appropriate 
conditions, of motional averaging of anisotropic contributions to the spin interac- 
tions. In the treatment of coherence evolution during pulse sequences, relaxation 
can normally be ignored or considered separately as an independent phenomenon. 
Motional averaging, on the other hand, is crucial for any sort of high-resolution 
NMR. 

Let Tc be a time constant characteristic for the time variation of the Hamil- 
tonian. In context with stochastic fluctuations it is identical with the correlation 
time.^ Motional averaging is then effective in a coherence- evolution period r if the 
condition 

T » Tc (47.41) 

is fulfilled. The interval r is considered to be shorter than the mean coherence life- 
time, i.e., the transverse relaxation time. Then the evolution is effectively governed 
by the average Hamiltonian 



= ^ j (47.42) 

0 

In context with low- viscous isotropic liquids, the condition at Eq. 47.41 is nor- 
mally uncritical for the segmented treatment of pulse sequences as sketched above 
(Eq. 47.40). Solid-like and anisotropic liquids such as mesomorphic systems, how- 
ever, can have correlation times reaching or even exceeding the usual time scale in 
which intervals are incremented in spin-echo or phase-encoding pulse experiments. 
Incrementing a pulse delay in this case means that the average Hamiltonian of this 
interval is also changed, and - hence - is not a constant any more. The evolution 
of spin coherences is then superimposed by correlation effects of the Hamiltonian 
between the free evolution intervals. 



^Note that motional averaging does not only occur in context with fast Brownian motions but 
can also be produced artificially either by rapidly spinning the sample [430] or - in a somewhat 
generalized sense - by applying multipulse sequences. The conditions for the applicability of 
average Hamiltonians for periodic time dependences of the Hamiltonian (and “stroboscopic” 
signal acquisition) have been examined in detail in the literature [139, 178, 179]. 




CHAPTER 48 



Unitary Transformations in NMR 



Unitary transformations are ubiquitous in treatments of NMR problems. They are 
based on unitary operators or matrices (see Eq. 42.42) which are represented in the 
form of exponential operators (Chap. 45). Examples of applications are the evolu- 
tion of spin coherences in the presence of time-independent Hamilton operators, 
the transformation between coordinate systems rotated against each other, or the 
rotational diffusion of molecules. 

A major part of the following sections formally refers to rotations of the reference 
frame leaving the physical object untouched. Such transformations are formally 
equivalent to the opposite rotation of the physical object leaving the reference frame 
untouched. Therefore, one often refers to “rotation” as such, leaving it a matter of 
the context whether the rotation refers to the reference frame or to the physical 
object. Note, however, that the sign of the rotation angles is reversed with these two 
views. 

48.1 

Diagonalization of a Matrix 



48.1.1 

The Eigenvalue Problem 

A matrix is diagonalized, i.e., transformed to the principal- axes system, by solving 
the eigenvalue problem. This is best demonstrated by considering a given 2x2 
matrix as a simple example, 

A^( ) 

V ^21 ^22 / 

The eigenvalue equation reads 
or 

where A stands for the eigenvalues, and Ci and C 2 for the components of the eigen- 
vectors. Equation 48.3 is equivalent to a set of two linear homogeneous equations 



Cl 

Cl 



(48.1) 



(48.2) 
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which possess nontrivial solutions only if the secular determinant vanishes: 

= 0 (48.4) 



All — ^ Ai2 
^21 ^22 ~ ^ 



This is the so-called characteristic equation. In the present case, it is equivalent to 
an equation of second order in A: 



(All — ^)(^22 — A) — A 12 A 21 = 0 (48.5) 



The solutions are the two eigenvalues Ai and A 2 . The eigenvector components can 
then be determined for each eigenvalue by inserting the eigenvalues in Eq. 48.3. For 
the first eigenvalue, for instance, this gives 



or 



All — M Ai2 \ j 
A21 A22 — Ai y I C2^ 



(48.6) 



(All “ ^ 1 )^ 1 ^^ Ai2^^2^^ — 0 (48.7) 

(A 22 — Ai)Cj^^ -|- A2 iC2^^ = 0 (48.8) 



That is, we have a system of two linear equations determining the components 
and € 2 ^ of the first eigenvector. Likewise, the system of linear equations for the 
components of the second eigenvector reads 



(All ~ A2 )c^ -h Ai2C2^^ — 0 
(A 22 — A 2 )cP -h A 2 iC 2 ^^ = 0 



With the two eigenvectors 






.( 1 ) 






.(2) 



(48.9) 

(48.10) 



(48.11) 



and the two complex eigenvalues Ai and A 2 we have solved Eq. 48.2. If the matrix 
A is symmetric, i.e., Au = A 21 , the eigenvalues are real, and the eigenvectors are 
orthogonal to each other. 



48.1.2 

Transformation Matrices 



On the same basis, the matrices U with the eigenvectors as columns. 




(48.12) 
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and A with the eigenvalues as diagonal elements, 



A = 



A, 0 \ 

0 ) 



(48.13) 



may be defined. It is then easy to show that the eigenvalue equation at Eq. 48.2 can 
be rewritten 



( Ml Ml 

\ Ml Ml 



Jl) ^(2) 






-I 



,(1) M) 

^1 



.(1) 



.(2) 



Ai 0 
0 \2 



(48.14) 



or in a symbolized form, 

AU = UA (48.15) 

Multiplying this equation by the inverse matrix U~^ either from the right-hand or 
from the left-hand sides, and using the property UU~^ = £ (unity matrix), gives 
the matrix transformation equations 



A = UAU-^ (48.16) 

A = U~^AU (48.17) 



These equations obviously link the matrix A with its diagonal matrix A and vice 
versa. 



48.1.3 

The Inverse Matrix 



If the matrix A is symmetric, the eigenvectors are orthogonal on each other, and 
the inverse eigenvector matrix, 17“\ is equal to the transposed matrix, i.e., U~^ = U 
with the elements (U)ij = Otherwise the inverse matrix of 




is formed according to 

17-1 = J- ( ^21 

||17|| V Vi2 V 22 

where the determinant of U is given by 

II17II = [7„1722 - [7i2l72i 



(48.18) 



(48.19) 

(48.20) 



The algebraic complement Vik of 17 is generally equal to (— l)'"''*^ times the subdeter- 
minant obtained from the residual matrix of U after crossing off the f-th row and 
the fc-th column. In the case of 2 x 2 matrices considered here, we have 



f V^2i \ / U22 -Un \ 

V V ,2 1^22 ; I -U 2 X t/„ 



so that the inverse matrix reads 



UuU 22 — U12U21 



-U12 

Un 



(48.21) 



U22 

-U21 



(48.22) 
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48.2 

Coordinate Systems 



In NMR, three different coordinate systems are in use depending on the problem 
to be described. The coordinates of a vector 



r = 




in the standard right-handed rectangular Cartesian system are related to polar 
coordinates^, r (magnitude), & (“polar angle” spanned between the z-axis and r), 
and (p (“azimuthal angle” spanned between the x-axis and the projection of r on 
the x,y plane), by (compare Fig. 42.1) 



X = rsind' cos <p , 
y = r sin & sirup, 

z = r cos & , 



r = ^Jx^ + + z^ 

i9* = arccos 






(p — arccos 






(0 < r < oo) 

(0 < < 7T) 

(0 < ^ < 2tt) 

(48.23) 



The coordinates in the spherical system (in the proper sense), x+i,Xo,x_i, are 
related to those in the rectangular Cartesian and polar systems by 



x+i = --^(x + iy) = -4^rsin&e‘‘i’ , 




Xq = Z 


= r cos & , 


7= -^{x+i + x^i) 




= -^rsin&e-^^ , 

V2 


Z = Xo 



(48.24) 



48.3 

Euler Angles 



The Euler angles, a, p, y, specify an arbitrary rotation of an orthogonal Cartesian 
coordinate system S{x,y,z] about the origin. The rotation is performed in three 
steps. 



5{x,y,z} ^ S'{x',y,z'} 4 5"{x",/,z"} 4 5'"{x'",/',z'"} 



defined by^ 

a) a rotation about the original z axis through an angle d 

b) a rotation about the new y' axis through an angle p 

c) a rotation about the new z" axis through an angle y 



^In the literature the latter system is often called “spherical.” Note that the third type of 
coordinate system is also termed “spherical” so that one must be somewhat careful to avoid 
confusion. 

^We are applying the convention used by Brink and Satchler [63] and Rose [422], for instance. 
Note that other definitions are also common in the literature. 
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Positive angles are defined by the right-hand screw sense. Cartesian (column) vec- 
tors, r, and Cartesian tensors, <7, are transformed to a correspondingly rotated frame 
by 

r"' = Rr and o" = RoR~\ 

respectively. The Cartesian rotation matrix is [63, 422] 

( cos a cos p cos y — sin a sin y sin a cos p cos y -h cos d sin y 

— cos d cos Psiny — sin d cos y — sin d cos ^ sin y -h cos d cos y 
cos d sin p sin d sin 

The inverse matrix R~^ can in this case be formed as the transposed matrix, i.e., 
R~^ = R with the elements (R)ij = (R)ji- 

For example, a rotation of the reference frame through an angle S about the z 
axis is generated by d = d; ^ = y = 0, or, equivalently, by d = ^ = 0; y = d. That 
is, the unit vectors i/i, U2> W3 along the x, y and z axes in <S, respectively. 



(48.25) 



- sin p cos y 
sin p sin y 
cosp 



Ui 



0 

W2 = I 1 
0 



0 

U 3 = [ 0 

1 



appear in S'" as 

Ui'" 



U2 = 



1/3 



R(a = S, p = Oyf = 0)ui = R(a = 0, p = Oyf = 6)ui 

cos 6 
- sind 
0 

R(a = SyP = Oyf = 0)U2 = R(d = Oy P = Oyf = 6)U2 

sind 
cosd 
0 

R{a = 6y P = Oyf = 0)^3 = R(d = Oy P = Oyf = 6)Us 

0 
0 
1 



respectively. 



48.4 



(48.27) 



(48.28) 



Transformation of the Chemical-Shift Tensor 



The chemical-shift screening tensor in the principal-axes system (S{xpy yp, Zp}) fixed 
on the molecule is given by 







G\i 0 0 

0 O22 0 

0 0 a33 



(48.29) 
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where an are the principal-axes values. The transformation equations 48.25 bringing 
the principal axes system into coincidence with the laboratory frame^ yields the 
third diagonal element of the tensor relative to the new reference frame as a function 
of the original diagonal elements, 

CTzz = <^11 cos^ a sin^ p + 022 sin^ a sin^ p + C 733 cos^ p (48.30) 

As the external magnetic field is aligned along the z axis of the laboratory frame, 
the tensor element (Eq. 48.30) determines the secular part of the chemical-shift 
Hamiltonian. It is independent of the Euler angle y because this would describe 
rotations about the magnetic field direction which are irrelevant for NMR.^ 

48.5 

Transformations by Single-Spin Operators 

In the following we consider rotations either of the reference frame or of the object 
(the particle or the vectors and tensors linked to the particle orientation). Let the 
rotation angle be (p and the rotation axis coincide with the k axis of the (orthogonal 
Cartesian) reference frame. 

The unitary operator generating 

either 

a counterclockwise rotation of the reference frame through an angle (p when looking 
along the positive k axis, 

or 

a clockwise rotation of the object through an angle (p when looking along the 
positive k axis 

is given by 

R((p) = {k = x,yyZ) (48.31) 

Changing the sign of (p changes the rotation sense. 

Any operator O complying with the cyclic commutation rules at Eq. 44.10 is 
transformed to an operator O' according to^ 

O' = RO R-^ = O (k = x, y, z) (48.32) 

The operator O' acting in the rotated state is expressed by the operator O acting in 
the original situation. The inverse operation is 

0 = R-^ O' R = O' (k = x, y, z) (48.33) 

^Note that this transformation refers to the coordinate system while the object (the molecule) 
is left fixed in space. 

^Note that the Euler angles here refer to the molecular frame which is brought into coin- 
cidence with the laboratory frame by the three Euler angle rotations. The angle y therefore 
describes a rotation about the field direction. 

^Quantities and operators referring to the rotated state are marked by primes or correspond- 
ing subscripts only if they are to represent functions of time, rotation angles, or spin operators. 
This particularly means that spin operator symbols are normally written without reference to 
the frame to which they apply. There is no danger of confusion because of this convention. 
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meaning that the operator O acting in the original state is expressed by the operator 
O' after the rotation. Wave functions are transformed to their counterparts after 
the rotation as 



|xp'} =R\^^) = e 



-i(plk 



1^) 



and vice versa, 



I'P) = R-^ I'P') = I'P') 



(k = X, y, z) 



(k = x,y,z) 



(48.34) 



(48.35) 



The “sandwich” operations defined in Eqs. 48.32 or 48.33) can easily be carried 
out by representing all operators by their matrices. For instance. 



can be rewritten for spins 1/2 with the aid of the relations 



i<ph _ f exp{-zV/2} 



Ix 



t 



e‘9h ^ 

Multiplying the matrices leads to 

1 
2 
1 
2 
1 
2 



0 

0 1 
1 0 

exp{/^/2} 

0 



0 

exp{-fz^/2} 



0 

exp{-/^/2} 



0 exp{—i(p] 
exp{+/^} 0 

0 cos (p — i sin cp 

cos (p-h i sin (p 0 

1 



(48.36) 

(48.37) 

(48.38) 

(48.39) 

(48.40) 



sm (p 



(48.41) 

(48.42) 



0 1 \ 1 / 0 -z 

1 0 )“'*’+5 ( i 0 

= Ix cos (p-\- ly sin (p 

The result can be interpreted as a transformation equation to a reference frame 
rotated by an angle (p about the z axis while keeping the object fixed. The x com- 
ponent in the rotated frame is expressed by the x and y components in the original 
system. The rotation sense is counterclockwise when looking along the positive z 
axis. Another interpretation justified as well is the rotation of the object by (p in the 
opposite rotation sense while keeping the reference frame fixed. 

A more general derivation for arbitrary spins is to formally introduce functions 

/ ((p) = Ik ij, k = x,y, z) 

The first and second derivatives are 

df 



(48.43) 



dip 

dip^ 



= [IjAhJj]] 



(48.44) 



(48.45) 




442 



48 Unitary Transformations in NMR 



Table 48.1. Unitary transformations of spin operators corresponding to rotations by angles (p 
about the coordinate axes with the unit vectors Uk where k = x,y, z, respectively. 



o 


O' = 


O' = e-'i’‘yOe‘‘<’'y 


O' = e-‘i‘’‘‘Oe‘i’’^ 


h 


II 


1'^ = lx cos (p — Iz sin (p 


7^ = 7x cos (p + ly sin (p 


h 


= ly cos (p -\- 1 z sin (p 


I'y^ly 


7^ = ly cos (p — lx sin (p 


h 


= Iz cos (p — ly sin (p 


7' = Iz cos (p + lx sin (p 


K = h 


/+ 


= ilz sin (p-\- cos^ | 


1'^' = — Iz sin (p cos^ 1 


/+' = 7+e-'V 




+ sin 1 


- 1~ sin 1 




J- 


I~ = —ilz sin (p-\-l^ sin^ | 


1~ = —Iz sin (p — 1^ sin^ | 


= /-e'V 




+ 1~ cos 1 


+ 1~ cos 1 





Using the commutators, Eqs. 44.10, leads to the linear differential equation 

The solution is of the form 

f{<p) = /(O) cos(p+ ^ 

Ifk = X and j = z, for instance, this gives 

Ix = lx cos (p + ly sin (p (48.48) 

reproducing the above result. 

Finally the Baker/Hausdorff lemma, Eq. 45.5, may conveniently be employed 
for the derivation of the unitary transformation equations for spin operators. The 
resulting expressions are summarized in Table 48.1 for the convenience of the reader. 

Unitary transformations of the form described above form a most useful tool 
for the treatment of continuous or intermittent precession of spins about stationary 
(effective) fields, whatever the origin or nature is. This certainly is one of the most 
important concepts of magnetic resonance. 



sm (p 



(48.47) 



48.5.1 

Transformation to the Rotating Frame 

The unitary operator for the transformation to a frame rotating with an angular 
frequency co about the z axis^ has the form 

R = (48.49) 



^The rotation sense is assumed to be equal to that of the Larmor precession defined by 
coi = — y„Bo where Bq = BqUz. If not stated otherwise, the gyromagnetic ratio y„ is assumed to 
be positive, so that the rotating frame rotates counterclockwise when looking along the positive 
z axis. 
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The time-dependent laboratory frame density operator, p(0> is converted into the 
rotating-frame density operator 

p\t) = (48.50) 

= p^Q>^^i(co-coo)th (48.51) 

where we have inserted Eq. 47.33 assuming that the total Hamiltonian acting on the 
spins refers to the Zeeman interaction, i.e., Ti = T~Co = —coohiz. 

If the new reference frame rotates with the resonance frequency, co = coo, all 
time dependences are removed, and the rotating-frame density operator becomes 
stationary, i.e., 

p'(t) = p(0) (48.52) 

This corresponds to a stationary expectation value of the magnetization in the rotat- 
ing frame. However, if the Hamiltonian contains a term with a transverse spin vector 
operator component, the rotating-frame density operator becomes time dependent 
as outlined in the following section. 



48.5.2 

RF Pulses and Unitary Transformations 

The rotating-frame Hamiltonian during an RF pulse with Bi aligned along the x' 
axis, for instance, is given by 



K/ = -hfnBiI^c = -hcoj^ (48.53) 

where coi = Yn^iy Yn is again assumed to be positive. The evolution of the 
reduced density operator under the action of this Hamiltonian is determined by 

= (48.54) 

For example, if a(0) = 4, we obtain according to Table 48.1 

a(t) = Iz cos(coit) + ly sin(coi0 (48.55) 

For a 90° pulse, for instance, that is, coitgo = njl, the reduced density operator is 
converted into cr(t 9 o) = 1^ The magnetization M(0) = MqW^ is correspondingly 
reoriented along the y' axis, i.e., M(tgo) = MqU^ 



48.5.3 

Precession 



The solution of the Liouville/von Neumann equation 



(48.56) 
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under the action of the stationary Zeeman Hamilton operator 

Wo = -YnhBoIz = -hcooh (48.57) 

is of the unitary-transformation type (see Eq. 47.33) 

p (t) = p (0) 

= p (0) (48.58) 

where coq = YnBo- The precession of the complex transverse magnetization readily 
follows from 



m (0 = Mx (t) + iMy (t) = HYnh Tr { p (t) -h ily) } (48.59) 

if the initial density operator, p(0) = a bcr(O), implies transverse spin operators 
corresponding to single-quantum coherences.^ For example, a (90° )_^ pulse leads 
for positive y„ to 

p(0) = fl-hfe/x 

ct(0) = (48.60) 

m(0) = Mo 

The transverse magnetization is purely real at this instant, i.e., it is aligned along 
the X axis. 

Using Table 48.1, we find the laboratory frame quantities 

p(t) = a-\-b[Ix cos(coot) — ly sin(coof)] 

a(t) = IxCos(coot) — lysm(o)ot) (48.61) 

m(t) = Mq [cos(coot) — i sin(a)ot)] 

The transverse magnetization, m(t), precesses with the angular frequency 

col = ~YnBo = -coqUz (48.62) 

about the z axis (unit vector Uz)^ For positive y„, the precession sense is counter- 
clockwise when looking along the Bq direction.^ 

48.6 

Transformations by Bilinear Spin-1 /2 Operators 

The secular parts of the indirect spin-spin coupling and of the dipole-dipole in- 
teraction Hamiltonians (see Table 46.5) contain products of the form These 



^Note that the only time dependence in this expression arises from p(t) = a -\-b a(t). 

®The comparison of the exponent signs in Eqs. 48.50 and 48.58 verifies the formal equiv- 
alence of the rotation of the reference frame on the one hand, and, on the other hand, the 
rotation of the object, i.e., the spin vector operator, in the opposite sense. 
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Table 48.2. Unitary transformations of spin- 1/2 operators by bilinear spin operator terms. 



g - iaSz iaSz h t 


g iaSz Iz t ^ iciSz Iz t 


0 i(^Sz Iz t ^ ittSz Iz t 


lx COS (|t) -h llySz sin (|t) 


ly COS (f ^) - sin (f i) 


Iz 



spin operator terms are crucial for NMR spectroscopy. A typical example of unitary 
transforms mediated by single spin operators was (see Table 48.1) 

e~i(piz i^e^(piz _ (p ly sin (p (48.63) 

The angle (p can now be formally interpreted as ^ = atSzy where a is a constant. 
Thus 

^-ias,htj^gias,ht ^ cos(aSzf) + ly sin{aS,t) (48.64) 

Inserting Eqs. 45.9 and 45.10, which are valid for spins 1/2, results in 

^-iaSMj^giaSM ^ ^ 21yS^ sin (48.65) 

The transforms of the other spin components are derived analogously (see Table 
48.2). 



48.7 

Equations of Motion in the Rotating Frame 



48.7.1 

Classical Precession Equation 

A magnetic dipole pirn magnetic field B obeys the laboratory-frame equation of 
motion 

^ X B (48.66) 

df 

where y is the (positive) gyromagnetic ratio. The magnetic flux density is assumed 
to consist of the stationary part Bq = BqUz and a component oscillating along the 
X axis, 2Bi = (Bi exp{icot} + Bi exp{—icot})Ux. Here we have analyzed the linearly 
polarized oscillation into two counterrotating, circularly polarized components rep- 
resented in complex notation. 

The transformation of this equation of motion to a frame rotating with the 
angular frequency oo assumed to be equal to the oscillation frequency of the time- 
varying part of the magnetic flux density is performed by applying the following 
rule known from classical mechanics to the left-hand side: 
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where the prime refers to the rotating frame. The right-hand side is transformed 
by replacing 



B = Bqu'^ -\-Biu'^-\- Bi [cos(2o>f)w^ + sin(2a>f)w^] (48.68) 

The magnetic flux density in the rotating frame consists of a stationary part includ- 
ing the originally oscillating component which was circularly polarized in the same 
sense as the rotation angular frequency of the reference frame. This is in contrast to 
the originally circularly polarized component rotating in the opposite sense, which 
has doubled its rotation angular frequency relative to the new frame. As only secular 
terms are able to affect the vector direction of p, and, hence, contribute the time 
derivative, the rapidly rotating field can safely be neglected. 

The transformed equation of motion thus becomes 

= yp X Be (48.69) 

where the magnetic flux density effective in the rotating frame is 



Be — 



Bo 



CO 

Y 



(48.70) 



48.7.2 

Liouville/von Neumann Equation 

The general equation of motion in the laboratory frame is given by the Liouville/von 
Neumann equation 

f = (48.71) 

The transformation operator to the frame rotating at the angular frequency co about 
the z axis is given by 

R = (48.72) 

The laboratory frame density operator is then related to its rotating frame counter- 
part by 

p = (48.73) 

The time derivative is 

^ - icop' (48.74) 

at \ at ) 

Inserting Eqs. 48.73 and 48.74 into Eq. 48.71 and multiplying by exp {—icotl^] from 
the left and exp [icotlz] from the right gives 



dt ~ 



(48.75) 
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where we have introduced the Hamiltonian effective in the rotating frame, 

He = RHR~^ + hcoh 

= n' + ihRR-^ (48.76) 

The transformation of the laboratory frame expression, Eq. 48.71, to the rotating 
frame thus leads to the same analytical form. Note the difference between the 
effective Hamiltonian, He, and the unitary transform, H' = RHR~^. 



48.7.3 

Time Dependent SchrOdinger Equation 



The time dependent Schrodinger equation in the laboratory frame. 



9f 




(48.77) 



can likewise be transformed to the frame rotating at the angular frequency co about 
the z axis. The laboratory- frame wavefunction, |'T), is related to its rotating-frame 
counterpart, |'T'), by 

IT') = R~^ IT'') = IT'') (48.78) 



The derivative is 



dt 



= im/JT'') -t- e 



dt 



(48.79) 



Inserting Eqs. 48.78 and 48.79 into Eq. 48.77 and multiplying by e from the 
left leads to the rotating-frame Schrodinger equation 



9|T'') 

dt 



-^KI'P') 



(48.80) 



where the Hamiltonian effective in the rotating frame, He is given by Eq. 48.76. 



48.7.4 

Heisenberg Equation 

Another frequently used equation of motion is the Heisenberg equation 

^-^ = l[H,0] (48.81) 

dt n 

where (9 is a time dependent operator. In contrast to the Schrodinger representation, 
the wavefunctions are now assumed to be time independent. The transformation to 
the frame rotating at the angular frequency eo about the z axis is entirely analogous 
to the treatment of the Liouville/von Neumann equation in Sect. 48.7.2. The result 
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where 

O' = (48.83) 

The different equations of motion are, in principle, equivalent and can be derived 
from each other: The choice is more a question of which representation is more 
adapted to the problem. The most important result of the above considerations is 
that the same quantum mechanics is valid in the rotating frame provided that the 
Hamiltonian is replaced by the effective Hamilton operator at Eq. 48.76. 

48.8 

Rotating-Frame Hamilton Operators 

The laboratory frame Hamiltonian is assumed to consist of the Zeeman, the radio 
frequency, and the spin interaction terms. That is 

= 1~Cq + l~Crf (48.84) 

where 

Ho = -hcooh (48.85) 

Hrf = ~h~ (/+ + /-) (48.86) 

and coq = and = fnBi. The RF field is assumed to oscillate along the x axis 
with an amplitude 2Bi and the carrier angular frequency cOc. 

The unitary transformation to a frame rotating at an angular frequency co = 
—couz about the 2 : axis with the unit vector Uz is mediated by the operator 

R = (48.87) 



According to Eq. 48.76 the Hamiltonian effective in the rotating frame is then^ 



'hCe — 1~Cq + ihRR ^ / 


(48.88) 


where 


n'o = R Ho 


(48.89) 


n'i = R Tii R-^ 


(48.90) 


7 

II 


(48.91) 


Carrying out the unitary transformation of Eqs. 48.85 and 48.86 gives 


TYq — HcoqIz 


(48.92) 


H'rf = -ft Y 


_|_ J- ^^i(C0+COc)t _j_ j 


(48.93) 


ihRR~^ = hcolz 


(48.94) 



^Rotating-frame operators are indicated by primes. Spin operators in the rotating frame are, 
however, written without primes for simplicity with the exception of a few ambiguous cases. 
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If the frame rotates with the carrier angular frequency, i.e., co — cOc, and after 
neglect of the non-secular terms oscillating with exp(±z2cOc0> Eq* 48.93 becomes 

n',f = -h^ [l+ + r] = -hcoil^ (48.95) 

This expression corresponds to a stationary RF flux density aligned along the x' axis 
of the rotating frame. Combining Eqs. 48.88, 48.92, and 48.95, and summarizing the 
spin operator components in vector form leads to to the effective Hamiltonian 

Tie = -Ynhl • Be + (48.96) 

where the effective magnetic-flux density is 

. COr 

Be = B[-{- Bo (48.97) 
Yn 

where Bq = Bou'^y B[ — Biu'^y and cOc = (if Yn positive). The unit vec- 

tors along the x' and z' axes of the rotating frame are designated by u'^ and u' , 
respectively. 

The modulus of the effective flux density is^® 



Be 




Yn 






(48.98) 



where we have again assumed a positive y„. The polar tilt angle of the effective flux 
density against the z direction is 



0 = arctan 



coi 

COo - COc 



— arccos 



(Op - COc 

COe 



(48.99) 



where (Oe = YnBe- 

If the carrier angular frequency equals the resonance angular frequency, i.e., 
COc = coq = —YnBp, the effective Hamltonian becomes 

lie = -Ynhl • B[ + (48.100) 



i.e.. Be = Bi, 

48.9 

Dipolar Hamiltonian in the Tilted Rotating Frame 

Consider a system of like spins, i.e., yi = Ys = Yn- The secular dipolar Hamiltonian 
of this system is (see Chap. 46) 



= (48.101) 

k<l 



^°The RF flux density vector synchronously rotating with the rotating frame is marked by a 
prime, whereas its modulus is symbolized by Bi. 
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X 



Fig. 48.1. Laboratory (x,y, z), rotating (x',y, z') and tilted rotating (x",/',z") frames of refer- 
ence. 

where 

dki - akdlhJi, - + Ikl,^)] 

= aul’^hzhz — (Ik ■ h)] (48.102) 

and ^ 

aki = -Scos^Al) (48.103) 

hi ^ 

&ki is the polar angle between the z axis and the internuclear vector between the 
spins labeled with the subscripts k and /. 

The objective is now to transform the secular dipolar Hamiltonian valid in the 
laboratory frame to the corresponding Hamiltonian acting in the tilted rotating 
frame (Fig. 48.1). In other words, the spin operator components in the Hamiltonian 
of the tilted rotating frame are to be expressed as a function of the spin operator 
components relative to the laboratory or the rotating frame. 

Two unitary transformation steps are required according to 

nd,m = T R nf R-^ T~'^ (48.104) 

where 

R = (48.105) 

provides the transformation from the laboratory frame to the frame rotating at an 
angular frequency coc about the z axis. The operator 



J _ g-i®ihy+^y) 



( 48 . 106 ) 
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transforms the result to the frame tilted by an angle 0 about the y' axis. 

The scalar product in Eq. 48.102 is invariant with any coordinate transformation 
and need not be considered for the moment. The spin operator expression is 
transformed by R into itself, i.e., 

^'kz^iz ~ ^ hzhz ^ ^ = hzhz (48.107) 

The secular dipolar Hamiltonians in the laboratory and in the rotating frame are 
identical. The transformation to the tilted rotating frame leads to 

44 = T r-' 

= (Ijcz cos 0 + hx sin 0) (Iiz cos 0 + Iix sin 0) 

— ^kzhz COS 0 + Ikx^ix sin 0 

■i-ihzhx -f- hxhz) cos 0 sin 0 (48.108) 

Thus we have 

d]^ = TR dki R~^ T-^ 

= aki 1(3 cos^ © - - h ■ h) 

+lsi4 ©(/+/+ + 44) 

+ - sin 0 cos 0 {Ikz(Ij^ + f/ ) + hzi^k 4 )} (48.109) 

This expression consists of a secular and two nonsecular terms. Note that the 
latter are the result of the transformations because all nonsecular terms of the 
Hamiltonian in the original frame were truncated. The total Hamiltonian of dipolar 
interaction in the tilted rotating frame is 

^d,TR = Plicos 0) + sin^ 0 'P + sin 0 cos 0 Q (48.1 10) 

The secular part of the Hamiltonian acting in the tilted rotating frame is thus related 
to the secular Hamiltonian in the laboratory frame with the second-order Legendre 
polynomial as a proportionality factor. That is 

= P2(cos0) nf (48.111) 

where 

1 9 

P2(cos0) = -(3cos^0 - 1) (48.112) 

is the secular dipolar Hamiltonian acting in the tilted rotating frame. It is 
expressed as a function of the secular dipolar Hamiltonian in the laboratory frame, 
Note that vanishes for the magic angle 0 = arccos(l/V3) ^ 54°44'. 
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The nonsecular operators are given by 

(48.113) 

k<l 

s = f + in + hzHk + in) ( 48 . 114 ) 

^ k<l 



48.10 

Quadrupolar Hamiltonian in the Tilted Rotating Frame 



In the high-field case, the axis of quantization is the external magnetic field rather 
than the electric field gradient. We therefore designate the laboratory reference 
frame as ‘‘Zeeman frame.” The secular quadrupolar Hamiltonian of a spin / > 1 /2 
is in this frame (see Chap. 46 and [106, 455]) 






e^qQ 3cos^t^— 1 
4/(27 - 1) 2 






(48.115) 



where & is the polar angle between the z axis of the Zeeman frame and the z 
principal axis of an axially symmetric electric field-gradient tensor. 

Let us now transform this expression from the laboratory to the tilted rotating 
frame (Fig. 48.1). P is invariant with coordinate transformations. The operator 
is transformed in two steps as with dipolar interaction. The first transformation 
refers to a frame rotating with a frequency coc about the z axis. It follows 

= (48.116) 



The transformation from the rotating to the tilted rotating frame leads to an operator 
expression 

/;^ = T ii T-^ 

= T h T~^T h 

= (Iz cos 0 + /x sin 0) (Iz cos 0 + 7^ sin 0) 

= 7^ cos^ 0 + fx ^ 

-j-(lzlx ~h /x/^) COS 0 sin 0 (48.117) 

Thus we have 



T~Lq,TR = 



T R nf R~^ T~^ 
e^qQ 3 cos^ & — I 



47(27 - 1) 



-(3cos'0-1)(372-7^) 



+ -sin'0 [(7+)2 -f- (7-)'] 

4 

sin 0 cos 0 {7,(7+ + 7“) -h (7+ + /-)7, 



(48.118) 
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where we have used the relation 

- iD + i[(7+)' + il-y] (48.119) 

Equation 48.118 consists of a secular and two nonsecular terms. The latter arise 
as a consequence of the transformations. The secular part of the Hamiltonian act- 
ing in the tilted rotating frame is related to the secular Hamiltonian acting in the 
laboratory frame by 

=-P2(cos0)Wf (48.120) 



48.11 

Spin-Spin Coupling in the Doubly-Rotating Frame 

Indirect spin-spin coupling between different nuclear species reduces under mo- 
tional averaging conditions to the scalar form^^ 

Hj = hJI^S (48.121) 

where / is the spin-spin coupling constant (expressed in frequency units) and / and 
S are the dimensionless spin vectors. In the homonuclear case, the scalar product is 
invariant to any transformation to a rotating frame, and the interaction Hamiltonian 
remains of a secular nature. With heteronuclear spin systems, spin-spin coupling 
implies nonsecular terms. This is of interest in context with double-resonance ex- 
periments such as / cross-polarization [189]. Figure 38.1a shows a corresponding 
pulse scheme. 

During the spin-locking/contact pulse pair the total laboratory-frame Hamilto- 
nian of the spin system is 

Ti = —hcoojiz — hcoo^sSz -\-hJI -S — Ihcoijly cos(coit) — Ihcoi^sSy cos(cost) (48.122) 

where coqj = YiBqj, coo,s = ys^o,s> ^i,i = YiBi,h ^^i,s = ys^i,s« coh and (Os are the 
angular carrier frequencies of the two RF channels. 

Performing the unitary transformation to the doubly-rotating frame, 

He = RnR~^ ifiRR-^ (48.123) 

where 

R (48.124) 

leads to 



He = -h(cooj - COi)Iz - Hcoq^s ~ COs)Sz - hcoijly - hcoi^sSy 

— hcoij[lycos(2coit) — Ix sin(2coit)] 

— hcoi^slSy cos(2cost) — Sx sin(2ci>st)] 

+ hJ{IxSx C0s[(C0/ — COs)t] -I- lySy COS[(CO/ - COs)t] 

— IxSy sin[(a>j - 07s)f] + lySx sin[(ft>/ - 0 ) 5 )?] + ( 48 . 125 ) 

^^Note that the subsequent theory contains elements also valid for weakly dipolar-coupled 
spin pairs as outlined in Sect. 51.4. 
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The terms oscillating with frequencies (coj — cos), 2cu/, or loos have zero time 
averages and practically do not influence the spin evolution. They are therefore 
discarded, so that 

He = -H^OJ - 00i)lz - - C0s)Sz ~ hcoijly ~ hcDi^sSy + hJIzSz (48.126) 

If the carrier frequencies are resonant, Eq. 48.126 simplifies to 

He — — ft.C0ijIy — hcoi^s^y “1“ hJIzSz (48.127) 

Let us now define the average frequency in the doubly-rotating frame, co\ and the 
deviations from it, diAa>i/2, by the equations 

Acoi 

co\j = coi H ^ — (48.128) 

Acoi 

^i,s = — (48.129) 

Inserting these expressions into Eq. 48.127 gives 

He = -h ly-h Sy + hJI^Sz (48.130) 

Finally, we perform a transformation to a reference frame rotating at the angular 
frequency coi about the y' axis of the doubly-rotating frame according to 

W; = R' He R'~^ + ihk'R'-^ (48.131) 

where 

R' = (48.132) 

The result is 

H'^ — -h^^Iy-\-h^^Sy-\-hJ[IzSzC0s^(coit)-{-IxSxSin^i(Oit) 

— IzSx cos(coit) sin(coi0 — HSz cos((Oit) sin(coif)] (48.133) 



Rapid oscillations are again irrelevant for the evolution of the spin system. Therefore 
replacing the corresponding terms by their time averages, we obtain 



K = + f^^Sy + ^[hS, + I A] 


(48.134) 


Under Hartmann/Hahn matching conditions, i.e.. 




= (^i,s = (Oiy 


(48.135) 


or 




> 

8 

II 

o 


(48.136) 


the Hamiltonian reduces to 






(48.137) 



This is the Hamiltonian effective in the “rotating doubly-rotating frame” for / cross 
polarization under Hartmann/Hahn matching conditions. 
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Irreducible Spherical Tensor Operators 



All Hamiltonians of spin interactions, which are based on second-rank tensors (see 
Tables 46.1 to 46.5), can be expressed in the general form 

i 

= «' E E (49.1) 

1=0,2 m=—l 

where is a constant specific for the interaction. The quantities A/,_^ are functions 
of the spatial orientation and distances (usually given in polar coordinates (r, % 
as defined in Chap. 48), whereas 7^^ represents functions of spin operators. The 
analytical form of these expressions are chosen in such a way that the Hamiltonians 
transform under rotations like spherical harmonics of rank /. They are therefore 
referred to as irreducible spherical tensor (1ST) operators of the spatial and the 
spin coordinates, respectively. “Irreducible” means that no decomposition in terms 
transforming under rotations other than spherical harmonics of the same rank I 
is possible.^ The subscript m indicates the order of multiple-quantum transition 
induced by Tim. 



^This is to be seen in contrast to Cartesian tensors t. For example, consider a Cartesian 
tensor of rank 2 formed by the dyadic product of two vectors u and u 

{tij} = {uiVj} (49.2) 

This is a reducible tensor as can be seen by (the straightforward) decomposition in terms that 
have different rotational transformation properties: 



UiVj = 



UV^ UiVj — UjVi f UiVj -f UjVi U-V^\ 

+ 2 2 

scalar product antisymm. tensor symm. traceless tensor 



(49.3) 



The scalar product is invariant under rotations and is specified by a single component. The 
second term is an element of an antisymmetric tensor and has a form €ijk(u x v)k. This tensor 
is determined by three independent components. The last term is an element of a symmetric 
traceless tensor which is characterized by five independent components. 

Altogether we have nine independent components corresponding to the 3 x 3 elements of the 
second-rank Cartesian tensor assumed. We note that the numbers of independent components 
of the three objects, into which we have decomposed the Cartesian tensor, are related as the 
multiplicities for angular momentum quantum numbers / = 0, 1,2. This suggests that we have 
decomposed the reducible Cartesian tensor into three different irreducible tensors. 
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49.1 

Rotational Transformation of 1ST Operators 

The rotational transformation properties defining the analytical form of spherical 
tensor components are the same as those of spherical harmonics (see Sect. 42.4). 
The component T^rn of an irreducible spherical tensor of rank / is transformed 
into 

i 

Um = (49.4) 

m'=-l 



This in particular means 



T,„ = T;„ e''”’’ (49.5) 

The rotation operators, R and referring to subsequent rotations through the 
Euler angles, dCypyf (Sect. 48.3) are given by (Sect. 48.5) 

R =3 = (49.6) 

R~^ = R~^(a,p,f) = (49.7) 

where the rotations refer to the z, y' and z" axes of the original, <S{x,y, z}, and 
the two intermediate reference systems, S'{x! yZ'\ and S"{x!' ^y" yz"\y which are 
defined by the Euler angles. 

The system S"[x’' ^y" yz"} is the result of a rotation of <S'{x',y,z'} about the y' 
axis through an angle so that the exponential operator exp(— zy/^/) complies with 
the unitary transformation 



^ (49.8) 

Likewise, the S'{x'yy'yZ'} system results from a rotation of 5{x,y, z} about the z 
axis through an angle a, that is, the exponential operator exp(-iply) is generated 
by 

= e-iahg-ipiyei»h ( 499 ) 

Finally, we may formally write 

(49.10) 

Inserting the transformation relations, Eqs. 49.8 to 49.10, into Eq. 49.6 (in that 
order) readily gives the total transformation operator expressed by operators for 
rotations about the axes of the original reference frame, <S{x,y, z} through angles 
fypydc (in that inverse sequence). 
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Table 49.1. Reduced Wigner rotation matrix elements for the transformation of irreducible 
spherical tensors of rank 1 = 2 [63]. 

= \Ocos^p-l) 

sin p cos p 

= ±j(2cos^P±cosP — 1 ) 

^ 2 ^ii ~ I sin ^ (1 ± cos P) 

= ^(IzbcOS^)^ 



R = R(a/p,y) = 



(49.11) 



The Wigner rotation matrix elements, are then defined as the expectation 

values of the total rotation operator for all 2/ + 1 values of the magnetic quantum 
numbers m and m' of the angular momentum / generating the rotations. That is 



D 



(i) 






m 



^-iak -fpiy -iflz 



/, m 



(49.12) 



The exponential operators with Iz in the exponent can be evaluated in terms of the 
eigenvalues m, m' so that the Wigner matrix elements may be factored in the form 



D 



(/) 



7(0 



,CP)e 



—lym 



where the reduced Wigner rotation matrix elements are 






.-my 



/, m 



(49.13) 



(49.14) 



The only elements of interest in NMR are those for I = 2. They are listed in Ta- 
ble 49.1. 



49.2 

Commutation of 1ST and Spin Operators 

The characteristic transformation behavior of irreducible spherical tensor operators 
under rotations also reveals itself in the commutation properties with spin opera- 
tors. The corresponding rules can therefore be used for a check of the irreducible 
spherical character of an operator expression. A component T^m of an irreducible 
spherical tensor operator obeys 






(49.15) 
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[/+, Urr.] = - V2 [/<+'>, T,,^] = ^l(l+i)-mim+l) (49.16) 

ir,Ti,„] = +V2 T,.^] = v^/(/ + 1) - m(m - 1) (49.17) 

49.3 

Analytical Form of 1ST Operators 

The analytical form of irreducible spherical tensor operators readily follows from 
that of spherical harmonics depending on the orientation of any vectorial quantity 
(Table 42.4 on page 403). In context with magnetic resonance, one refers either to 
the orientation of a position vector r = xux + yuy + zuz or to that of an angular 
momentum vector, e.g., a spin vector I = IxUx-\-IyUy~\-IzUz. An irreducible spherical 
tensor operator of rank 1 consequently has - apart from a constant numerical factor 
- an analytical form identical to that of spherical harmonics of rank 1. For the vector 
r, we thus formally define the set of spherical tensor components 

r<‘) = (r.,_i, r,,o, r,.+i) 

= z, --^ix + iy)^ (49.18) 

The corresponding set of spherical-tensor components for the spin vector operator 
I are 




1 






/(«>, /(+!>) 



(49.19) 



Analogously, the analytical form of second-rank irreducible spherical tensors is the 
same as that of spherical harmonics of rank 2 apart from a numerical factor. That 
is, formally we are dealing with a set of spherical-tensor components 

_ (T 2 - 2 ^ ^ 2,-1 > ^ 2 , 0 > ^ 2 ,+ l> "1^2, + 2 ) (49.20) 



The second-rank 1ST components expressed in Cartesian components of the vector 
r are defined as 

T2.2 = \(x + iyy 

T2,+i = -z(x + iy) 

T2,o = y^{5z^-r^) 

12.-1 = z(x - iy) 

T2-2 = j(x-iy)^ 



(49.21) 
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In terms of the spin vector operator I we have 
T2,+i = (7(0)/(+i) + 7(+i)/(0)) , 

Ti,o = ( 3(/<«))2 - 7 ^) 

T2_i = -1 (7(«>7(-^^ + = 

V. = (f-V 



i(Z+)2 

-\{hl++l+h) 



Te 



p) 

h) 



(49.22) 



From the spin-operator expressions, the meaning of the 1ST subscripts becomes 
obvious: m is the coherence order; the rank I is equal to the multipolar order of 
the spin system. That is, for N spins 1/2 we have the restrictions 0 < I < N and 
-I <m <l 



49.4 

Wigner/Eckart Theorem 

The Wigner/Eckart theorem^ serves factoring of the matrix elements of irreducible 
spherical tensor components into Clebsch/Gordan (alias Wigner) coefficients^, 
{lkmq\I'm')y on the one hand, and reduced matrix elements, (T||r^^^||/), on the 
other: 

= {Ikmq\rm') (r||rW||Z) (49.23) 

The actual analytical form of the factors on the right-hand side is of minor impor- 
tance in this context. We rather concentrate on the properties that can be attributed 
to these quantities. 

The Clebsch/Gordan coefficients^ link three quantities of angular momentum 
character here represented by the angular-momentum quantum numbers 7, /c, V and 



derivation can be found in Slichter’s book [455], for instance. 

^Instead of the Clebsch/Gordan coefficients, Wigner ’s 3j symbols are also in common use 
[63, 422]. 

^The Clebsch/Gordan coefficients play two important roles in quantum physics. Apart from 
the subject of this section, they were introduced in the first instance for the treatment of coupled 
pairs of angular momenta. Consider two angular momenta with the quantum numbers ji, 
and j 2 ,mj 2 which are coupled by any interaction so that a coupled system is formed with 
the quantum numbers of the total angular momentum, /, m/. The coupling leads to a set of 
commuting operators for the observables J = j\-\- jiy Jz = jiz + jiz- That is, we have four 

“good quantum numbers”, ji, j 2 > L ^j, characterizing the eigenfunctions of the coupled system. 
These are given as a linear combination of the eigenfunctions of the uncoupled system: 

^hh^iif»ii\}m])\hi2mj\mj2)^ (49.24) 

^ ^ ^ rriji ,mj2 ^ ^ ^ ^ ^ ^ 

coupled Clebsch/Gordan uncoupled 

or vice versa: 

h +J2 

\jij 2 mjimj 2 ) = (j\h^nmj2\Jm,) (49.25) 

uncoupled Clebsch/Gordan coupled 

Thus, the Clebsch/Gordan coefficients mediate a unitary transformation between the coupled 
and uncoupled systems. They can be found in explicit and tabulated form in [98], for instance. 
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the magnetic quantum numbers By contrast, the reduced matrix elements 

solely depend on the quantum numbers /, /c, but not on the “projection” quantum 
numbers m,q,m'. That is, the Clebsch/Gordan coefficients refer to the magnitude 
as well as the orientation of the angular momenta involved, whereas the reduced 
matrix elements are determined by the magnitudes alone. We are therefore mainly 
interested in the Clebsch/Gordan coefficients, the selection rules of which determine 
the angular momentum transitions addressed by the irreducible spherical tensor 
operators (see footnote 4). 

For example, second-rank irreducible spherical tensor operators {k = 2) link 
only angular momenta with quantum numbers: m' — m = 0, zbl,di2, V — 1 — 
0, ibl, di2, where I = I' = 0 is excluded. As m' = q m or q = m — m', irreducible 
spherical tensors of rank k = 2 have five independent components for ^ = 0, ±1, ±2 
corresponding to a traceless symmetric Cartesian tensor. 

Likewise, rank A: = 0 tensors connect angular momenta according to the rules 
m' = m and V = L That is, there is only one component (q = 0): we are dealing 
with a scalar. 

From the Wigner/Eckart theorem an important relation between matrix elements 
of any pair of irreducible spherical tensor operators of the same rank follows. For 
instance, consider rank-fc irreducible spherical tensor operators as functions of the 
position vector and the spin vector, i.e., and respectively. Factoring 

the matrix elements of the components of the two tensors with the aid of the 
Wigner/Eckart theorem, Eq. 49.23, and eliminating the (common) Clebsch/Gordan 
coefficients, leads to 



{Im\Tk^q(r)\rm') = (49.27) 



where 



(riirW(r)iiJ) 



(49.28) 



is constant with respect to m', m. On this basis, matrix elements of any like-rank 
pair of irreducible spherical tensor operators can be converted into each other. 
The same applies to linear combinations of like-rank irreducible spherical tensor 
components. 



Physically the squared Clebsch/Gordan coefficients may be interpreted as the probability for 
the occurrence of the single-spin magnetic quantum numbers niji and nijj when the coupled 
system is in the state \j 1 j 2 Jrrij). 

The eigenfunctions of the uncoupled system are given as product functions of the eigen- 
functions of the two (independent) angular momenta considered. The selection rules for finite 
Clebsch/Gordan coefficients are 



mj = niji-\- rrij 2 and |;'i - jil < J < ji ji (49.26) 



(The latter is known as the “triangle rule.”) 
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49.5 

Selection Rules for Stationary Nuclear Moments 

A fundamental application of the Wigner/Eckart theorem is the determination of 
the allowed orders of stationary electric and magnetic nuclear multipoles for a given 
nuclear spin.^ The electrostatic energy of the nuclear charge density distribution, 
Pny in the potential <I>o of an external charge density distribution, po> 

We= f Pn^od^r =j^ff d^od\ (49.29) 

J 47160 J J \ro- r„| 

can be expanded in terms of spherical harmonics, i.e., 

1 oo +/c J t 

, — J — = 4tt ^ <Pn) (Po) (^0 > 0) (49.30) 

1'“ '■”1 fc=0 ^ ^0 

where r„, t9*„, (pn and ro, i?b> <Po are the polar coordinates of r„ (nuclear charge distri- 
bution) and ro (external charge distribution), respectively. The origin is assumed 
in the center of the nucleus. Furthermore, the continuous charge densities and 
may be replaced by 



p(^\r) = e6(r-r^) (49.31) 

p^^\r) = c^^8{r-r^) (49.32) 

referring to the proton charges e in the nucleus at r = ry and to the external point 
charges at r = r^. 

Interpreting the terms of the above expansion as (irreducible spherical tensor) 
operators and replacing the complex conjugate spherical harmonics according to 
Eq. 42.20 readily leads to the Hamiltonian in the scalar-product form 

k 

(49.33) 

k q=—k 



^Here we are referring to stationary nuclear moments. However, in context with “electro- 
magnetic multipole radiation,” nuclear multipoles of an oscillating nature also arise and entail 
characteristic angular distributions of the radiation. Note that - apart from the triangle rule (see 
footnote 4) for the angular momenta involved - the selection rules for the transient occurrence 
of oscillating multipoles are different from those for the stationary case, because the nuclear 
wavefunctions may change their parity in the course of a radiative transition. Thus, in context 
with Y radiation, even and odd orders of multipole radiation may occur for electric as well 
as magnetic multipoles. For example, electric dipole radiation (“El”) or magnetic quadrupole 
radiation (“M2”) are permitted if the parity of the nuclear wavefunctions is changed (“yes” 
transition) and the triangle rule is fulfilled. On the other hand, atomic spectra are practically 
dominated by electric dipole (El, yes) transitions, whereas magnetic resonance and nuclear 
quadrupole resonance are connected with magnetic dipole (Ml, no) transitions. 
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where^ 

(49.34) 

refers to the external point charges at r^y&Ky^PKy and 

Bk,q = ^ E '■v (»^v, (pv) (49.35) 

represents the proton point charges e at ry, i?v> 9>v within the nucleus. The nuclear 
multipole moment tensors are defined as the expectation values of the nuclear 
operators B^^q. 

For k = Oy this results in the electric monopole moment (or total charge of the 
nucleus of atomic number Z): 

{Bo,o) = eZ (49.36) 

For k = 1, we find the (vanishing) electric dipole moment tensor: 

{Buo) = {Bu±i) = 0 (49.37) 

There is no stationary electric dipole moment contribution because the parity of 
spherical harmonics of rank 1 is odd, and the nuclear wavefunctions have a well- 
defined (either even or odd) parity, so that the expectation value integral vanishes. 
The same applies to all terms of higher odd ranks k. 

The rank k = 2 terms lead to the electric quadrupole moment tensor. The 
expectation value of the operator ^ 2,0 for the highest magnetic quantum number, 
i.e., m = I, is of particular interest as the definition of the proper nuclear quadrupole 
moment: 

Q=-{II\B2,o\U) (49.38) 

e 

Note that the second-rank spherical harmonics have even parity so that the electric 
quadrupole moment tensor (and those of all higher even orders) may be finite. 
However, there is a further selection rule owing to the Wigner/Eckart theorem 
applied to the expectation values of the operators B^^qi 

{Im\Bk,q\Im) = (Ikmqllm) (49.39) 

The Clebsch/Gordan coefficients in this expression vanish unless 0 < k <2L That 
is, for a given spin I, the allowed electric multipole orders are restricted to even 
values of k < 21. 

The non-vanishing stationary magnetic multipole moments can be derived in 
an analogous manner starting from the magnetic energy of the nuclear current 
distribution in the vector potential Aq of an external current distribution jo 

Wb = - J )„■ Aodh = -^ J J dVo dV„ (49.40) 

^Linear combinations of spherical harmonics referring to orientations of independent vec- 
tors are also forms of spherical tensor operators, because spherical tensor operators are solely 
defined by the corresponding transformation behavior under rotations (see Eq. 49.4). 
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Table 49.2. Allowed stationary nuclear multipole moments up to the order 3 (2, atomic number; 
ju, magnetic dipole moment; Q, electric quadrupole moment; O, magnetic octopole moment). 



spin 


orders 

k 


electric 

2^ -poles (k even) 


magnetic 
2^ -poles (k odd) 


1 = 0 


k = 0 


Ze 0 


0 




A: = 0,1 


Ze ^ 0 


pjto 


I = 1 


A: = 0,1,2 


Ze 0; Q 0 


p^O 


J = f 


k = 0, 1,2,3 


Ze y^ 0; Q y^ 0 





It turns out that only odd multipole orders k are allowed in this case, where the 
order must again comply tok <21 for a given nuclear spin I. Table 49.2 summarizes 
the nuclear moments relevant for most experiments.^ 



49.6 

1ST Representation of the Quadrupolar Hamiltonian 



In this section we express the Hamiltonian of the electric quadrupole interaction in 
terms of spin operators. The electric quadrupole contribution, i.e., the rank 2 term 
in the expansion, Eq. 49.33, is 

2 

(49.41) 



where the spherical harmonics in the 1ST terms A 2 ,q and B 2 ,q can be expressed by 
the Cartesian coordinates of the external point charges at the positions r^, ^Ky 
and by those of the proton position in the nucleus ry, Xy, /y, Zy, (see Table 42.4 on 
page 403). The external-charge terms are then 



^2, ±2 
^2,±1 
^2,0 



-A- V6 ^(e) (xK±iyKy 

4n€o 4 ^ 

K 

1 V6 (e) z^{x^±iy^) 
4neQ 2 

K 



1 

4neo 









(49.42) 



^The interaction of the stationary nuclear moments with fields originating from outside 
the nucleus leads to energy splittings between which electromagnetic resonance transitions 
can be induced as everybody knows. Thus, magnetic dipoles in external magnetic fields can 
be the subject of nuclear magnetic resonance (NMR). Electric quadrupoles in electric field 
gradients make nuclear quadrupole resonance (NQR) experiments possible if the magnetic 
dipole interaction is suppressed by keeping magnetic fields low or absent. The next experiment 
in this series would be magnetic octopole resonance (OMR) [1]. This experiment has not been 
carried out up to now. The difficulty is to suppress sufficiently the interactions of the lower 
nuclear moments with external fields that otherwise dominate. 
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whereas the nuclear charge distribution is represented by 



B 



2, ±2 = 



_ ^ 



eY,(Xv ± iyv)^ 



_ ^ 

2 

= ieE(3Zv-''v) 



B2,±1 = ^ eX)zv(^v ± I>v) 



J2,0 



(49.43) 



The irreducible spherical tensor components referring to the nuclear properties, 
B 2 ,q, are now to be converted into functions of the spin operators using the theorem 
at Eq. 49.27 and the corresponding spin operator expressions given in Eq. 49.22: 



{Im\ B 2 ,q(ry) \Im) = C (7m | T2,^(7) |7m) (49.44) 

The constant C readily follows from the definition of the electric quadrupole mo- 
ment, Q, given in Eq. 49.38 and this theorem. That is 

^ = {J/IB 2 . 0 I//) = c (//|r 2 ,o|//) = C (49.45) 



SO that 



C = 



3 eQ 
2 1(21 - 1 ) 



The operators B 2 ,q can then be replaced by 



(49.46) 



B 



2,q - 



3 eQ 

2 



(49.47) 



where the standard irreducible spherical tensor operators in spin coordinates are 
listed in Eq. 49.22. 

The quantities A 2 ,q characterize the electric environment of the nucleus. In par- 
ticular, they can be related to the electric field gradient tensor taken at the origin in 
the center of the nucleus. The (Cartesian) components of the electric field gradient 
tensor, T, are given as the second derivatives of the electrostatic potential of the 
external charge distribution: 







(/,; = 1,2,3) 



where 



^o(r) = 





and r = (xi,X 2 ,X 3 ), = (x^i,x^ 2 ,^k 3 ). Using 



(49.48) 



(49.49) 



1 



I^K-rl 



[r^ + - 2(r^ ■ r)] 



rl + 



3 

2 x^iXi 



- 1/2 



(49.50) 
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we readily find for the second derivatives of the electrostatic potential 
dxidxj |r^ - r| \r^ - rp |»V - rp 



The elements of the field gradient tensor at r = 0 are then 

1 



Tii = 



47T6o 



^ij^K (e) 
r5 



(49.51) 



(49.52) 



In the principal-axes representation, all off-diagonal elements vanish, i.e., F/j = 0 
for i ^ j. The convention is to choose the principal axes in such a way that the 
diagonal elements obey 

|F33| > |F22| > |Fn| (49.53) 

The field gradient tensor is then determined by two independent parameters^ 



q = F 33 /C (e positive) 

n = - F22)/r33 (0 < /] < 1) ^ ^ ^ 

i.e., by the largest principal-axes field gradient value and the asymmetry parameter, 
respectively. On the basis of these parameters the field gradient tensor reads 

/ Tn 0 0 \ / -i(l-n) 0 0 \ 

r= 0 T 22 0 0 + 0 (49.55) 

voorss/ Vo 0 1/ 



Two cases are of particular interest. For rotational symmetry about the “3” direction 
of the pricipal-axes system, i.e., about a corresponding molecular symmetry axis, 
one expects Fn = F 22 so that q = 0. Second, in case of cubic symmetry, the three 
principal-axes values must be equal, Fn — F 22 = F 33 . This in turn means that all 
field gradient tensor elements are zero. Fa = 0, owing to Laplace’s equation. In 
particular we have then q = 0. 

Combining Eqs. 49.42, 49.52, and 49.54, the components of the irreducible spher- 
ical tensor can thus be expressed in terms of the (Cartesian) field gradient tensor 
elements: 



^2, ±2 = 


r22±2jTi2) — 




M,±\ = 


^(Fb ± 2X23) 


= 0 


(49.56) 


0 

11 


|r 33 


= 





where the fact was used that all off-diagonal elements of F vanish in the principal- 
axes system. 

The resulting quadrupolar Hamiltonian thus adopts the form 

= vf u!^) E (49.57) 



®The third parameter needed for the characterization of a diagonal second-rank tensor 
follows from Laplace’s equation, i.e., Tr{F} = 0. 
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where 

Tlfi = ;^[3/W2-J(J+l)] 

T2.±i = ^ [7Wj(±D + = 

t 2,±2 = 



i[37|- 7(7+1)]; 




= \eq 


+ i[7J±+7±7,]; 


A2,±\ 


= 0 




M,±2 








(49.58) 



Further formulations of the total quadrupolar Hamiltonian, Hqy derived as out- 
lined above, are listed in Table 46.4 on page 424. Note that the principal-axes systems 
to which the above irreducible sperical tensor operators and refer are iden- 
tical. In the absence of strong magnetic fields the axis of quantization evidently 
coincides with the ‘‘3” direction of the principal- axes system of F, so that the def- 
inition of the nuclear quadrupole moment, Eq. 49.38, is consistent with the use of 
the principal-axes system of F. 




CHAPTER 50 



Derivation of Basic NMR Spectra 



50.1 

Pake Spectrum 



50.1.1 

Dipolar Coupling 

Consider isolated pairs of like spins 1/2, I\ and / 2 , in a solid environment. Chemical 
shift and indirect spin interactions are assumed to be negligible. The spin Hamil- 
tonian is then dominated by the Zeeman interaction and dipolar coupling: 



H = Ho 



(50.1) 



For spectroscopy the secular part of the dipolar Hamiltonian is relevant, i.e., the 
truncated form (for like spins) given in Table 46.5 on page 425: 



H 



( 0 ) 

d 






jUo I — 'i COS^ & 

47t 2 



[?>I\zhz — h ' h 



(50.2) 



The single-spin wavefunctions for the magnetic quantum numbers m = -f-1/2 and 
m = —1/2 are denoted by a and respectively. The eigenkets of the two-spin 
system are composed of the basis product function kets,^ I eta), |ajS), |^a), and 
which are eigenkets to Ho- As a general rule of quantum mechanics, systems 
of identical particles may only have eigenfunctions which are either symmetric or 
antisymmetric against particle interchange. These are the symmetric ‘‘triplet states” 



\ipi) = \aa) (50.3) 

\Wi) = i\ap) + l^a)) (50.4) 

\y^) = m (50.5) 

and the antisymmetric “singlet state” 

IV'4) = ^ (i«^> - \poc)) (50.6) 



^The first factor in the product ket is to refer to spin Ii and the second to spin I2, for 
instance. 
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That is, the time-independent Schrodinger equation, 



n\tpi) = E\ipi) (50.7) 

is fulfilled by these states. The energy eigenvalues are 





(50.8) 


= (3cos^# 1) 

4n 2r^ '' ’ 


(50.9) 


= YnhBo (3cos^,^ 1) 


(50.10) 


= 0 


(50.11) 



The selection rules for transitions induced by electromagnetic radiation imply Am = 
zbl, and the conservation of the symmetry. Consequently there are two allowed 
transitions of the triplet system, i.e., \ipi) ^ \ip 2 ) and lipi) ^ lv^). The resonance 
frequencies are 



(^1,2 



= YnBo± 



3 po Ynfl 

1671 



(Scos^ — l) 



= COq =t Cb 



(50.12) 



where coq = y„5o, a) = 6 (3cos^ — l), d = 3jLioy;J/2/(167rr^). The line intensities 
are equal. In the following, the resonances corresponding to the plus and minus 
signs in Eq. 50.12 will be called “-h transition” and transition”, respectively. 

In a powder, all orientations of the internuclear vector r are equally probable. 
Therefore the spectrum consists of a superposition of doublets weighted according 
to the probability, p(&) di9*, that the polar angle is found in the range & 
where 0 < & < n. This probability is given by the quotient of the solid angle defined 
by this polar-angle range, and the full solid angle. That is 



.nx 27 t sm di9* 1 . ^ 1 ^ 

p(&) d& = = - sm&d& = -|d(cosi?*)| 

47t 2 2 

We express cos i9* as a function of d) 



COS& = 



1 

3 




ll/2 



(50.13) 



(50.14) 



The probability, g+(d>) dd), that the transition” takes place in a range d) . . . d) + 
dcjy is 

g+(d>) deb = pi&) d& (50.15) 

The lineshape function of the “+ transition” thus is 






1 


d(cos 


1 


[i 




2 


deb 


“ 1^ 


.3 ' 


U )\ 



- 1 - 1/2 



(50.16) 




50.1 Pake Spectrum 



469 



The relevant frequency range is —6 < 6 d < 26 corresponding to polar angles 
& == 7r/2...0(7T). 

The lineshape function for the transition” is readily found by replacing d) 
by — d) in the above expression. That is, 







(50.17) 



In this case, the relevant frequency range is — 2d < d> < d corresponding to polar 
angles & = 0(n) ...njl. 

The total lineshape function, 

g(^) = \ +^+(®)] (50.18) 

is referred to as "Pake spectrum” [379]. It is plotted in Fig. 50.1. The relevant 
frequency range is —2d < d) < 2d. There are singularities at d> = ±d corresponding 
to the polar angle & = nll^ whereas d* = 0 (or n) is attributed to the outer edges 
of the total spectrum. 




(0 



Fig. 50.1. The Pake spectrum of powdery solids. It refers to dipolar-coupled pairs of spins 1/2 
as well as to quadrupolar- coupled spins 1 in axially symmetric electric-field gradients. Lifetime 
broadening has not been taken into account so that the singularities at d) = ±d and the edges 
are not smeared out. The dashed lines represent the partial spectra corresponding to the + 
and — transitions. The solid line is the total spectrum. 
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50.1.2 

Quadrupolar Coupling 

The same sort of (high-field) solid-state spectrum is obtained for quadrupole cou- 
pling of spins 1 in axially symmetric electric-field gradients (q = 0). Chemical 
shift, indirect or direct spin interactions may be considered to be negligible. The 
spin Hamiltonian is then dominated by the Zeeman interaction and quadrupolar 
coupling: 

n = 7io + nq ( 50 . 19 ) 

For spectroscopy purposes, only the secular part of the dipolar Hamiltonian is 
relevant (Table 46.4 on page 424): 

^(0) ^ £-|^(372 _ 2)(3 cos^ - 1) (50.20) 

where & is the polar angle of Bq in the principal-axes system of the electric-field 
gradient tensor. 

commutes with Hq so that there are common eigenfunctions. The eigen- 
energies are 



Em = -YnfiBom -h 



m 



2 

3 



3e^qQ 

8 



(3 cos^ & — 1) 



(50.21) 



where the magnetic quantum number takes the values m = — 1,0, +1. With the 
selection rule for electromagnetic excitation. Am = ±1, we obtain two resonance 
lines at 

co\^2 = coq ib d)' (50.22) 

where cdq = y„5o, d)' = 6' (3cos^ — l), and S' = 3e^qQ/(8h). The line intensities 
are equal. Formally we thus have the same situation as with Eq. 50.12. The powder 
spectrum is derived as in the previous section. The result again is a “Pake spectrum” 
as plotted in Fig. 50.1. 



50.2 

Chemical-Shift Anisotropy Spectrum 

Chemical-shift anisotropy becomes relevant if spin couplings are weak, and if mo- 
tional averaging is absent. Such a situation arises with isolated, i.e., well separated, 
spins 1/2 in solids. The only anisotropy is then due to the chemical-shift interaction. 
The spin Hamiltonian can be written as 

n = no-\- Hcs (50.23) 

The shielding tensor which determines the chemical-shift distribution of a nucleus 
in a certain compound in the solid state is denominated by cr. The secular part 
of the chemical-shift Hamiltonian, which is relevant for spectral properties, is (see 
Table 46.2 on page 421) 






(50.24) 
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where Ozz is the ‘‘secular” diagonal component of the chemical-shift tensor in the 
laboratory frame. The orientation of the chemical-shift principal axes relative to the 
external magnetic field can be defined by the Euler angles a, p, y as described in 
Chap. 48. On this basis, the “secular” chemical-shift tensor component is given by 
Eq. 48.30, i.e.. 



Ozz = CTii cos^ a sin^ p + G22 sin^ a sin^ p + <733 cos^ p (50.25) 



where an are the principal- axes values of the chemical- shift tensor. 

In a powder, the probability that the third principal axis points in a solid-angle 
range O . . . Q H- dQ defined by corresponding polar and azimuthal-angles ranges is 

p(Q)dQ = —dQ (50.26) 

47T 

where p(Q.) is a probability density with respect to the solid angle. Equation 50.25 
shows that there is an unambiguous relation between the tensor orientation and the 
chemical shift, so that this probability can be equated to the probability g(azz) dozz 
that the chemical shift is found in a range . . . azz + dazz- That is, 

-^dQ = g{Ozz) dozz (50.27) 

47T 

or 

For rotational symmetry, i.e., cJn = cj 22 , which applies to linear molecules, Eq. 50.25 
becomes 

Ozz — On + (cj 33 - On) cos^ p (50.29) 

Using the explicit expression for the solid angle element for rotational symmetry. 



dn = In sin p dp 



and 



we find 



Q I Ozz ^11 \ 

cos p = 

' O33 - On J 



1/2 



giOzz) = 



1 f dOzz \ 



-1 



2 \sinpdpj 



= i sin^ ( 2 [a 33 - an] cos) 8 sin) 0 ) ' 



4(a33 - aii)i/2(a^^ _ ctj,)1/2 



(50.30) 

(50.31) 



(50.32) 



where an < Ozz < < 733 . Otherwise g{azz) = 0 . This chemical-shift anisotropy 
lineshape function has a singularity at azz = cth. A graphical representation is 
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Fig. 50.2. Chemical- shift anisotropy lineshape function for rotational symmetry. Lifetime broad- 
ening has not been taken into account. 

shown in Fig. 50.2. The general case without rotational symmetry was treated in 
[44, 336, 455]. Under motional-narrowing conditions, the spectrum coalesces to a 
narrow line at the isotropic chemical shift given by the shielding constant 

— ^Tr{cr} = 3 ^22 + < 733 ) (50.33) 



50.3 

A2, AB, and AX Spectra 

We consider a spin system consisting of two /-coupled spins la = 1/2 and 4 = 
1/2. We further assume motional-narrowing conditions That is, the spin system 
is in a low-viscous, isotropic, liquid environment, so that all dipolar couplings 
and chemical-shift anisotropies are averaged out. The chemical-shift difference (in 
frequency units) is denominated by A = fni^a ~ Bb]/(2n) = — <7^^^]/(27t), 

where BayBy denote the local magnetic flux densities at the positions of the nuclei. 

Depending on whether A / or A ^ /, we speak of AX or AB spectra, respectively.^ 
If A = 0, the nuclei are equivalent, and the spin system is of the type A 2 . 

The Hamiltonian is given by^ 



T~t = Ho 'Hj — —YnMBahz + B^hz) + hj 






+ 4 



(50.34) 



^A typical compound providing proton spectra of the AX type is uracil (compare the two- 
dimensional spectra of this substance in Figs. 7.1, 7.2, and 7.4. 

^The exact treatment in the following demonstrates that the spin-spin coupling Hamiltonian 
in the weak-coupling limit, / <^ A, can be approximated by its secular form Hj ^ hjiazhz- 
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The single-spin wavefunctions for the magnetic quantum numbers m = +1/2 and 
m = —Ijl are denoted by a and p, respectively. The (orthonormal) basis functions 
of the two-spin system are formed as products of the single-spin functions.^ The 
kets \ipi) = \aa) and \ip 4 ) = \pp)y are eigenkets to Tio as well as to so that 
the corresponding energy eigenvalues readily follow from the time-independent 
Schrodinger equation: 



El = hY„Bo ^-1 + + ^h} (50.35) 

E4 = hY„Bo (l - + hj (50.36) 



The other two eigenkets can be represented by linear combinations^ 

\ip2,5) = Ci\aP) + C2\Pa) (50.37) 

where the coefficients c\ and C 2 must be determined in such a way that \ip 2 , 3 ) forms 
eigenkets to Hq as well as to Hj. 

We start with the time-independent Schrodinger equation 



n\ip) =E\tp). 



(50.38) 



Multiplying this equation with the basis functions (ajS| and (j3a| from the left 
produces a set of two linear equations for the coefficients Ci and C 2 , which can be 
represented in matrix form as 



{ap\n\aP) - E {ap\n\Pa) 

ipa\n\ap) {pa\n\Pa)-E 



Cl 

C2 



Equation 50.39 is soluble if the secular determinant vanishes, i.e., 

h A hj c- M 



-.n\ — hL — p 

2^ 4 ^ 2 

hL h\ _ M _ p 

2 2^ 4 ^ 



0 



The solutions are the eigenvalues 



= (A’ + /=)■" 



(50.39) 



(50.40) 



(50.41) 



From Eq. 50.39 we obtain the coefficients for the corresponding eigenfunctions. The 
result is 





1 


( ^ ' 


. 1 


Iv^) = 






) 




1 , 




. 1 


IVh) = 


vi' 


1 





A . 

A 

1 + , \Ba) (50.43) 

V/^ + A2y ^ 



^The first factor in the product ket is to refer to spin la and the second to spin /&, for 
instance. 

^Recall that the spin-bearing particles considered here are not necessarily identical as was 
assumed in the case of a dipolar-coupled two-spin system treated in Sect. 50.1.1! 
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The transition matrix elements lead to the relative line intensities Si of the four 
allowed resonances v^: 



Vi = V + I + + p 

V2 = V - I - |VA^ P 
Vi = v+’j- + p 

V4 = i> - I + + p 



'^1,2 



7 

VA^ + p 



^ 3,4 — 1 + 



7 

VA2 + P 



(50.44) 

(50.45) 



where v = (Va+v^)/2 = +Bi,)/(47r). Different limits of this result are schemat- 

ically shown in Fig. 50.3. 
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Fig. 50.3. Schematic representation of A 2 (A = 0), AB (A ^ /), and AX (A ^ /) high-resolution 
NMR spectra. Lifetime broadening has not been taken into account. 




CHAPTER 51 



Product Operators for Spins 1/2 



The evolution of spin coherences, longitudinal spin polarizations, and spin order 
in the course of pulse sequences can generally be treated on the basis of the den- 
sity operator formalism (see Chap. 47). After several pulses and evolution periods, 
however, the result tends to be complex, and it is difficult to pursue the coherence 
pathways leading to the final signal contributions. Depending on the spin system 
and the pulse sequence, all sorts of multiple-quantum coherences, longitudinal spin 
polarization, and spin order states may appear together at a time. What is of interest 
for the experimenter is that only the single-quantum coherences can be detected as 
a signal. It is therefore often more favorable to trace the individual coherence path- 
ways from the beginning. All contributions which do not lead to single-quantum 
coherences in the detection interval can then be omitted from further treatment as 
soon as this becomes obvious. 

For this purpose, a method is required permitting the decomposition of the 
density operator in terms which directly represent the possible appearances of spin 
states. The different physical phenomena are to be represented by specific terms, 
which can easily be recognized as such. This objective is approached by product 
operator formalisms which permit a convenient treatment of the propagation of 
density operators in the course of coherence evolution in RF pulse intervals, and 
coherence transfer by RF pulses. So to speak, product operators keep track with 
the different states of the spin system generated and converted into each other by 
sequences of RF pulses. 

The strategy of product operator formalisms is to express the reduced density 
operator by a linear combination of the elements of a so-called “complete set of 
basis operators,” Bj, 

£ 

o(t) = (51.1) 

1=1 

where d is the dimensionality of the Hilbert space. The basis operators are consti- 
tuted in the form of spin operator products. In the following, a plausible example 
of a product operator basis set, the Cartesian two-spin- 1/2 product operators, is 
described first. After outlining the orthogonality properties required for such op- 
erators to be eligible as basis operators, we present an interpretation revealing the 
physical phenomena represented by these operator products. In a further section, 
the Hamiltonians suitable for the description of the evolution of spin states and co- 




476 



51 Product Operators for Spins 1/2 



herences in this approach are classified and discussed. Finally, the evolution rules 
for Cartesian as well as for spherical product operators are specified and tabulated. 



51.1 

Simple Example of a Product Operator Basis Set 

The term ‘‘product operator” refers to direct products^ of spin operators of different 
particles. A further factor in such products can be the unity operator. Let us first 
formally define a typical set of basis operators, then discuss the physical meaning 
and the evolution properties afterwards. Depending on the chosen representation, 
the spin operators can be Cartesian or spherical components (see Sect. 42.6). As 
a simple example, we consider the Cartesian components of two spin- 1/2 vector 
operators I and S, Together with the unity operator, we have four single operators 
per spin, with which we can form the following 16 product operators:^ 






IxS, 




2 Ix^xy 


2 lySxy 


2 Iz^xy 


lyS, 


SyS) 


2 IxSyy 


llySyy 


2 h^yy 


Iz£, 


Sz£y 


2 Ix^zy 


2 lySzy 


2IzSz 



(51.2) 



These products form a “complete set of basis operators” of a 2-spin- 1/2 system. 
The number of 16 different operators is equal to the square of the Hilbert space 
dimensionality corresponding to the four product eigenfunctions aa, ajS, j3a, and 

Note that the basis operator set includes the ordinary Cartesian spin-vector 
operator components and the terms of the reduced equilibrium density operator 
(see Eq. 47.24 and footnote 2 on page 431), 



<7o = 4 + Sz 



(51.3) 



which defines the starting point of all evolution processes.^ 

Larger spin systems stipulate correspondingly larger sets of basis operators. If 
d designates the dimensionality of Hilbert space, i.e., the total number of spin 
eigenstates, then product operators are needed for completeness. That is a set of 
4^ operators for a N-spin-1/2 system. 



^For a definition of a “direct product” see Sect. 51.3. 

^ As will become obvious below, it is somewhat more convenient to use half the unity operator 
and to multiply all product operators by a factor of 2 for formal reasons. This of course does 
not touch the principle of the product operator representation and has no physical meaning. 
Besides, the unity operator is not explicitly written in practical treatments, but is tacitly assumed 
with each single operator occurring in expressions for a two-spin system, for instance. 

^Another simplification is the disregard of relaxation which must be distinguished from 
the evolution processes considered here. The latter refer to spin coherences, longitudinal spin 
polarizations, and spin order which are affected by rf pulses, chemical shifts, offset fields, and 
spin couplings. 
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51.2 

Orthogonality 

An arbitrary reduced density operator can always be expressed as a linear com- 
bination of the basis operators Bj formed by a complete set of product operators^ 
[140], as specified in Eq. 51.1. Product operators are orthogonal (but not necessarily 
normalized), i.e., they obey 

Tr{BiBm} oc Sim (51.4) 

This property readily permits one to identify the density operator terms leading 
to finite expectation values of the observables. The transverse magnetization com- 
ponents, for instance, are proportional to the expectation values of the transverse 
spin operators. It is thus clear that the expected signal is determined only by those 
product operator terms in the density operator which are not orthogonal to the 
transverse spin operators. The x magnetization in the rotating frame at time t is, 
for instance. 



(t) oc Tr {cj (f) Ix} = Tr c^(f)Sj7;c | oc (f) (51.5) 

where C(jj is the coefficient of the Bj a Ix term in the linear combination at Eq. 
51.1. Therefore, the Ix and ly terms in density operator terms are sometimes used 
synonymously with the x and y magnetization components, respectively. 



51.3 

Matrix Interpretation 



The meaning of product operators such as those given in the above list (Eq. 51.2) 
becomes obvious if the operators are represented in matrix form and the products 
are carried out in the form of direct products: 



0 £y 1x0 £y 
ly 0 £y 

h 0 £y 

The direct product of two 



O0V 




Sx^S, 


2 Jx ^ 


2 7y (g) Sx> 


2 /z (g) Sx, 


Sy (g) S, 


2 7x ^ 


2Iy^ Sy, 


2 Iz (g Sy, 


Sz (g) £, 


^ Ix ^ Szy 


2Iy® Sz, 


2Iz®Sz 


2x2 matrices is defined by 








/ ao! 


ab' 


ha' bb' 


( a' V 


\ 


ad 


ad' 


be' bd' 


( c' d' 


) 


ca' 


cV 


da' db' 






\ cd 


cd' 


dc' dd' 



\ 



j 



(51.6) 



(51.7) 



^There is an analogy to wave mechanics where it is known that arbitrary wavefunctions 
can be expressed by linear combinations of orthogonal basis functions provided that these 
form a complete set (e.g., all eigenfunctions of the system). The counterpart to the Hilbert 
space in wave mechanics is the Liouville space considered in density operator formalisms. The 
dimensionality of the Liouville space is, however, equal to the square of that of the Hilbert 
space for a given system. 
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More generally, the direct product of two matrices, O arbitrary and poten- 

tially different dimensions are formed by replacing each element of O by the 
matrix Onm'P- The dimension of the resulting matrix is then given by the product 
of the dimensions of the original matrices. 

The matrices of the spin operators of spins 1/2, the Pauli spin matrices (Eqs. 
42.45), are supplemented by half the unity matrix, so that we have the matrix set 



2^ ~~ 2 



lyy Sy — I 



1 0 
0 1 

0 -i 

1 0 



T S — f 
I s — f 

^zy ^z — 9 



0 1 

1 0 

1 0 
0 -1 



(51.8) 



Based on the Pauli spin matrices, the above direct products can readily be evaluated 
for two-spin 1/2 systems. Let us discuss three typical cases. 



51.3.1 

Example 1: In-phase Single-quantum Coherences 

As a first example, we consider a density operator term given by the product operator 
Sx^ E. Its explicit matrix form is 



Gi = Sx^ E = 



/ 0 1 0 0 \ 

10 0 0 

0 0 0 1 

V 0 0 1 0 y 



(51.9) 



The single-spin eigenfunctions are denoted by a and ^ for the spin-up and spin- 
down states, respectively. The matrix column numbers correspond then to a basis 
given in the form of product function kets |aa), |ajS), \pa), IPP) provided that 
spin couplings are weak so that the magnetic quantum numbers of the individual 
spins are good quantum numbers (see below). The first position in the kets refers 
to the I spin, the second to S. The row numbers analogously indicate the bras in the 
sequence (aa|, (ajS|, (j8a|, (jS^|. In the above example the finite matrix elements 
are 

{aalailap) = (aj3|cJi|aa) = {pa\ai\l3p) = (j8^|<7i|/?a) = i (51.10) 

These matrix elements symbolize only transitions of the second spin, i.e., the 5 
spin, whereas the I spin remains passive. The product operator (Eq. 51.9) therefore 
represents solely single-spin coherences of the S spins generating the transverse 
component of the S spin magnetization in the rotating frame according to 



(X Tr{(Sx E)gi} = 1 (51.11) 

where we understand that the operators of the magnetization components in the 
matrix representation of this treatment are analogously given in the form of direct 
products. Contributions to other magnetization components do not arise, i.e.. 
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M'^y (X Tr{(S;, (8) £)oi} = 0 
M52 oc Tr{(52 0 £)o\} = 0 
a Tr{(I^ <S> S)(Ji} = 0 
M'jy (X Tr{(Iy 0 £)oi} = 0 
Ml^ (X Tv{(Iz 0 f )c7i} = 0 



(51.12) 



This is not the only information this operator manifests. The matrix elements 
(aa\ai\al5) and {aP\oi\aa) reflect S spin transitions while the I spin remains in 
state a. The other two finite matrix elements, (^a|c7i|j8j8) and (j3j8|c7i|j8a), address 
S spin transitions with the I spin being in the fi state. That is, the product operator 
Sx 0 f symbolizes both doublet isochromats at a time. The x-magnetizations of 
these isochromats add constructively, i.e., both contributions are in-phase. The full 
meaning of the product operator 5^0^^ thus is in-phase single-quantum coherences 
of the S spins in the x direction of the rotating frame. 



51.3.2 

Example 2: Multiple-quantum Coherences 



A second example is a reduced density operator term assumed to be represented 
by 2 0 Sxy i.e.. 



O'! 2 0 ^ 



/ 0 0 0 

0 0 -hi 

0 -hi 0 

V +1 0 0 



+1 \ 
0 
0 
0 J 



(51.13) 



This matrix indicates the presence of transitions of the type aa ^ pp and ^ 
Pa, i.e., double-quantum and zero-quantum coherences. Similarly, all other product 
operators combining two transverse spin-vector operator components, i.e., 2 Ix<S^Sy, 
2/^0 Sjo and 2 7^ 0 reflect superpositions of double- quantum and zero-quantum 

coherences. All magnetization components connected with this sort of product 
operators vanish. That is, in the present case. 



(X Tr{(S;c f )CJ2} = 0 
oc Tr{(S;, 0 £)g 2 } = 0 
oc Tr{(S 2 0 £)g 2 } = 0 
Ml, oc Tt{(Ix^£)g 2 } = 0 
Mly oc Tr{(Iy ^ £)g 2 ) = 0 
Ml^ oc Tt{(Iz 0 £)g 2 ) = 0 



(51.14) 



This result directly manifests the orthogonality property (Eq. 51.4). A more phys- 
ical reading is, ^-quantum coherences represent transitions which are forbidden 
for electromagnetic radiation. The transitions are radiationless. On these grounds 
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no finite transverse magnetization can arise, whereas the z components are not 
represented by coherence terms anyway. 

The matrix representation of reduced density operator terms of the form 
Szy 2/^0 Szy 2Sx hi or 2 Sy h reveal antiphase single-quantum coherences 
of the I and S spins, respectively, as the physical background. The expectation 
values of all magnetization components vanish as with the n-quantum coherences. 
However, the explanations of these findings are of a different category. Antiphase 
single-quantum coherences represent transitions which are certainly connected with 
electromagnetic radiation. The reason why the expectation values of the transverse 
magnetization components vanish is that the Cartesian product operator formalism 
does not keep the isochromats of a multiplet explicitly distinct.^ Therefore the 
antiphase isochromat partial magnetizations formally cancel each other. 

However, in high-resolution Fourier-transform spectroscopy, these partial mag- 
netizations maybe resolved and differentiated from each other owing to the different 
resonance frequencies of the isochromats. The two partial magnetizations then re- 
veal themselves as distinct signals. Single- quantum coherences which are antiphase 
at the beginning of the acquisition interval appear as a pair of lines with positive 
and negative intensities. 

The interpretation of the product operators is also directly possible without 
detour to matrix representations. Omitting the direct-product symbol, the operator 
2Ix<S) Sxy for instance, can be expressed by raising and lowering operators: 

02 = 2IxSx = + 7+5'^ + rS~) (51.15) 

OQ-coh. 2Q-coh. 

(Compare Eqs. 42.76 and 42.77.) The physical meaning is obvious: as above with the 
matrix representation, it is discernible that this operator represents zero-quantum 
and double- quantum coherences. 

This direct consideration of the operators is the usual, less tutorial but more 
general way of interpreting product operators since operator algebra does not refer 
to a particular basis of wavefunctions as was assumed above. The independence of 
any matrix representations in particular means that one need not care whether the 
magnetic quantum numbers of the individual spins are good or not. 



51.3.3 

Example 3: Longitudinal Scalar Order 



Finally, consider a density operator term given by the direct product 2h 0 The 
explicit matrix form is 



03 = 2Iz 



/ 1 0 0 0 \ 

0-100 
0 0-10 
V 0 0 0 1 / 



(51.16) 



^This is in contrast to the spherical product operators to be described below. 
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The expectation values of all magnetization components vanish for this density op- 
erator. However, this does not mean that all isochromat magnetization components 
are zero. The situation is similar to the antiphase single-spin coherences above. 
That is, the 2 : components of the partial magnetizations of the isochromats have 
opposite signs for each spin, and, therefore, cancel each other. 

Closer analysis of the situation reveals the following isochromat magnetization 
polarities: 

5 in state a -> magnetization of I positive 

S in state jS ^ magnetization of I negative 

I in state a magnetization of S positive 

I in state ^ magnetization of S negative 

The polarity of the isochromat partial magnetization obviously is correlated to 
the spin state of the coupling partner. Therefore one speaks of “longitudinal scalar 
order” or simply of “/ order.” A further term in use is “zz order.” 



51.3.4 

Summary of the Interpretations of Cartesian Product Operators 

The interpretations of all product operators of the set at Eq. 51.2 are summarized 
in Table 51.1.^ Products referring to up to three spins in a w-spin 1/2 system are 
considered. 

51.4 

Hamiltonians and Applicability Limits 

The product operator formalisms in particular refer to spin systems, i.e., to cou- 
pled spins. The strengths of the spin interactions are characterized by the coupling 
constants / in the case of indirect spin-spin interactions and 

^ PO 3 YlYsh nx /Cl 17A 

Cd = — - - — ^ (1-3 cos &) (51.17) 

47T 2 2nr^ 

for secular dipole-dipole interaction (see Table 46.5 on page 425). The Hamilto- 
nians governing the evolution of density operators in NMR refer to the Zeeman 
interaction with the local magnetic field or RF fields, and to the spin interactions. 
The latter determine to what extent product operator formalisms are feasible. Table 
51.2 specifies the different cases for which product operator formalisms have been 
suggested. 

The criteria for the applicability of product operator formalisms are based on 
whether we have 

• indirect (/) coupling or dipole-dipole interaction 



^The unity operator S and the direct-product symbol <S) have been introduced for com- 
pleteness and with respect to the didactic matrix representation. In practical product operator 
treatments these symbols are usually omitted. Note also that the spin-operator products are 
multiplied by a factor of 2 as usual. 
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Table 51.1. Interpretation of typical Cartesian product operator terms arising in treatments of 
the evolution of the density operator. Each product term globally represents all isochromats 
arising from spin-spin coupling. A “coherence” is understood to comprise “emissive” as well as 
“absorptive” transitions. This ambiguity may be avoided by the use of the spherical-product- 
operator formalism (see Table 51.4). 





terms addressing spin “/c” of a (n > l)-spin 1/2 system 


hx 

hy 

hz 


single-quantum coherences of spin “A:”; isochromats in-phase in -\-x 
direction 

single-quantum coherences of spin “/c”; isochromats in-phase in -hy 
direction 

longitudinal polarization of spin “A:”; all isochromats in -\-z direction 
additional terms addressing spins “A:”, “/” of a (n > 2)-spin 1/2 system 


^^kx^lz 


single-quantum coherences of spin “A:”; 

spin “A:” isochromats caused by spin “/” up/down are aligned antiphase 
(-\-x and —X directions); spin “A:” isochromats with respect to other spins 
are in-phase 




single-quantum coherences of spin “A:”; 

spin “A:” isochromats caused by spin “/” up/down are aligned antiphase 
(-hy and — y directions); spin “A:” isochromats with respect to other spins 
are in-phase 


^^kxhx 1 
21kxlly 1 
^^kyhx 1 

21kylly ) 


superimposed OQ and 2Q coherences of spins “A:”, “/”; 


all other spins are passive; 


isochromats of spins “A:”, “/” with respect to passive spins are in-phase 


^hzliz 


longitudinal order of spins “A:”, “/”; 

spin “A:” isochromats caused by spin “/” up/down are antiparallel and vice 
versa 

(-hz and — z directions); isochromats with respect to other spins are parallel 
additional terms addressing spins “A:”, “m” of a (n > 3)-spin 1/2 system 


^hxhzlmz 


single- quantum coherences of spin “A:”; 

spin “A:” isochromats caused by spin “/” up/down or spin “m” up/down are 
antiphase in each case (-hx and —x directions); all other isochromats are 
in-phase 


^hxhx^mz 


superimposed OQ and 2Q coherences of spins “A:”, “/”; all other spins are 
passive; 

the OQ and 2Q isochromats caused by spin “m” up/down are antiphase; 
isochromats with respect to other passive spins are in-phase 


^hxhx^mx 


superimposed IQ and 3Q three-spin coherences of spins “A:”, “/”, “m”; 
all other spins are passive; 

isochromats with respect to passive spins are in-phase 


^^kz^lz^mz 


longitudinal order of spins “A:”, “m”; 

isochromats of each of the spins “A:”, “/”, “m” caused by spin up/down 

of each of the coupling partners within the triple are antiparallel 

(+z and — z directions); isochromats with respect to other spins are parallel 
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Table 51.2. Survey on strong (strg) and weak (wk) interactions in a system of two like or un- 
like spins 1/2 , 1 and S. In the last column, references of suitable product operator formalisms 
(POP) are listed, a and p are the single-spin eigenfunctions for spin “up” and “down.” The 
difference between the resonance frequencies A = Vj — Vs and the spin-spin coupling con- 
stant / are assumed to be positive. The coefficients in the strong-/-coupling wavefunctions 
are c+ = \/l -h A/^p -h and c_ = \/l — A/V p -h A^. The dipolar coupling constant is 
expressed as q = ^ | (1 — 3 cos^ &) (see Table 46.5). 



case 


fly Ys chem. sh. Hamiltonian eigenfunctions POP 


n, 

strg 


like A«; -h{co,I^ + cOsS,) + hJI -S |aa) [220,254] 

Yi = Ys 75 i ] 

^ [c+ ipa) +c_ \aP) ] 

m 


n, 

wk 


like A ^ / w —h(c 0 [l 2 + cOsS^) + hJI^S^ |aa> [360, 378] 

Yi = Ys « l«iS> [457, 489] 

\m 


unlike arb. —hicojl^ + cOsS^) + hJIzSz \aa) [360, 378] 

YiJ^Ys !«/?> [457,489] 

\^a) 

m 


Ha 

strg 


like A = 0 —hcoo(Iz + S^) -h hcdihSz — |l • 5) \aa) [502] 

Yi = Ys 7! [ \«P) + l^«) ] 

\m 

j,[\ap)-\pa)] 


n, 

wk 


like A » Q w —h(coiIz + <»sSz) + hc^I^S^ \aa) [360, 378] 

Yi = Ys « \afi) [457, 489] 

m 


unlike arb. —h(o)iIz + + jhcjI^Sz \aa) [360, 378] 

Yi 7^ Ys \»P) [457, 489] 

\M 

W) 
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• homonuclear (‘‘like spins”, fj = ys) or heteronuclear (“unlike spins”, yj / ys) 
interactions 

> 

• weak coupling (/ A; Cd A) or strong coupling (J ^ A; Cd ^ A or even 

A == 0) 

The product operator formalisms available for the treatment of cases defined in 
these terms refer to Cartesian [200, 378, 457, 458, 489], spherical [220, 360] or c3po 
[254] product operator bases. 

Interestingly, the cases for weak homo- or heteronuclear / or dipolar coupling 
and for dipolar interaction of equivalent nuclei can commonly be treated using an 
effective form of the spin-interaction Hamiltonian. 

• The / interaction Hamiltonian of like spins in the weak-coupling limit can be 
approached by its secular part, i.e., 

nf = hJlzSz (51.18) 

(see Table 46.3 on page 422 and the general treatment in Sect. 50.3). 

• The / interaction Hamiltonian of unlike spins at usual magnetic flux densities 
always complies with the weak-coupling limit so that T~Cf^ is again applicable. 

• The secular dipole-dipole interaction Hamiltonian of like spins in the weak- 
coupling limit can be approached by the corresponding secular part, i.e., 

Wf = hc^IzSz (51.19) 

(see Table 46.5 on page 425). 

• The secular dipole-dipole interaction Hamiltonian of unlike spins at usual mag- 
netic flux densities likewise fulfill the weak-coupling limit, so that applies 
again. 

• The secular dipole-dipole interaction Hamiltonian of like and moreover equiv- 
alent spin-1/2 pairs (A = Vj — Vs = 0) may be described by a Hamiltonian 
effective for the evolution of the spin coherences^ 

= hcdhS, (51.23) 



^The dipole-dipole interaction Hamiltonian of like and moreover equivalent nuclei (A = 
Vj — Vs = 0) is first approached by its secular part, 

Hf = hCd (^hS, - h • sj (51.20) 

With systems of equivalent spins (indistinguishable particles) one considers the total spin 

F = IH-S (51.21) 

The scalar product can then be replaced according to 

i s= = 1[P(F+ 1) -1(7+ 1) -S(S+ 1 )] (51.22) 

In the case of a 2-spin-l/2 system (7 = 1/2, S = 1/2), the possible spin quantum numbers are 
F = ^ — I = 0 (“singlet state”) and F = | | = 1 (“triplet state”). The singlet state does 
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Thus, a common form of the secular spin-interaction Hamilton operator, 
the standard IzSz interaction Hamiltonian 
for coherence evolution can be formulated: 

^7 = (51.24) 



where the following cases for the coupling constant are to be distinguished: 



weak / coupling of like or unlike nuclei: 


CiS 


= J 




weak dipole-dipole int. of 








like or unlike nuclei: 


CiS 


2 

= icd 








_ iio YiYs^ (-1 
4n 2nr^ ^ 


- 3 cos^ 


dipole-dipole int. of 








equivalent spin- 1/2 pairs: 


CiS 


= Cd 








_ B.3jd!L(i 
4n 2 2nr^ ^ 


— 3 cos^ &) 



We restrict ourselves to density-operator evolutions for spin interaction Hamil- 
tonians of the form at Eq. 51.24 for “standard IzSz ” or - referring to a selected spin 
pair k and / - “standard Ikzliz interactions.” The treatment is performed either on 
a Cartesian or on a spherical product operator basis. There are alternative choices 
of basis operators which are equivalent and which by circumstance provide certain 
advantages compared with the standard basis sets. An example is described in [254]. 
It should also be mentioned that the product operator formalisms are particularly 
suited for computer algebra treatments [215, 446]. 

51.5 

Evolution Rules for Cartesian Product Operators 

The Cartesian product operators listed in Table 51.1 evolve under the action of 
RF pulses, chemical shifts, field/frequency offsets, and standard hz^iz interactions 
[200, 457, 502]. We note that the initial reduced density operator of an AT-spin system 
at equilibrium (see Eq. 47.24) itself is composed of Cartesian product operators: 

N 

0-0 = ^ Ikz ( 51 . 25 ) 

k=l 

A pulse sequence is treated in a segmented way (compare Sect. 47.3.1). The 
evolution steps then consist of unitary transformations analogous to Eq. 47.33 

o{t) = a(0) (51.26) 



not show up in NMR experiments. For the triplet state the scalar product is equal to 3/4 (see 
Eqs. 42.72) and can be dropped from the Hamilton operator, because it does not influence the 
evolution of the density operator. It merely reduces all triplet energy eigenvalues by a constant 
amount —^hcd. The Hamiltonian effective for the evolution of two-spin Ml coherences is hence 
— h^dhSz- Note that this Hamilton operator is solely introduced for the treatment of the 
evolution of spin coherences, but not for the calculation of dipolar spectra. In that case the full 
truncated Hamiltonian must be used (see Sect. 50.1.1). 




Table 51.3. (cont.) 



51.5 Evolution Rules for Cartesian Product Operators 
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where H' represents the rotating- frame Hamiltonians (see Sect. 48.8) dominating 
in the corresponding intervals. 

During ‘‘hard” RF pulses,^ the relevant Hamiltonian is 



n’,f = -hcoiY^hv (51.27) 

k 

where v indicates the rotating- frame phase direction of the RF field and coi = fnBi. 
A “selective” RF pulse is correspondingly characterized by 



= -hcoJkv (51.28) 

In the free-evolution intervals, frequency offsets (particularly by chemical shifts) 
and the standard Ikzkz interactions are assumed to dominate. The rotating-frame 
Hamiltonian is then 



n' = -hY, ^khz + /i 5] (51.29) 

k k<l 

tVi 

where Q.k = Yk^Bk is the resonance offset of the spin. The coupling constant, 

tVi tF 

Ckh between the and the spin is due to / or dipolar couplings (including 
different numerical factors; see Eq. 51.24). 

Both terms in Eq. 51.29 commute so that the unitary transformations at Eq. 51.26 
can be performed in arbitrary order, interaction by interaction, and, as concerns 
the standard hz^iz interaction, spin pair by spin pair of a given (multi) spin system. 
The basic relations are listed in Table 51.3.^ 

Note that RF pulses can change the coherence order, whereas it is conserved 
during free evolution at high fields. If zero- or multiple- quantum coherences occur, 
one distinguishes “passive” and “active” interaction partners (with respect to the 
participation in the M-quantum coherence). Only the spin-spin coupling to passive 
spins has an influence. Spin-spin coupling among active spins does not affect the 
evolution of multiple-quantum coherences. 

51.6 

Evolution Rules for Spherical Product Operators 

The advantage of product operators on a spherical basis (Eqs. 42.70) is that physical 
interpretation is even more direct than with the Cartesian basis. This refers in 
particular to multiple-quantum coherences. With spherical product operators, each 



^That is, the bandwidth of the pulses which are to be applied in the middle of the spectrum 
is much broader than the spectral range. 

^We define the rotating-frame direction corresponding to the RF phase by the direction 
of the vector Bi. Note that in the literature the RF phase is often related to the vector of the 
precession frequency about Bi instead of to the opposite direction. The signs of the operator 
terms resulting from the action of a RF pulse are then partly reversed. Both conventions lead 
to equivalent descriptions, of course. 
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Table 51.4. Interpretation of spherical product operator terms (for the definition of spherical 
spin operators see Eqs. 42.70), typically appearing in treatments of the evolution of the density 
operator of spin 1/2 systems. Each product term globally represents all isochromats arising 
from spin-spin coupling. The attributes “emissive” (em.) and “absorptive” (abs.) indicate the 
direction of the transition corresponding to the respective coherences (assuming positive gyro- 
magnetic ratios). Note that the transitions characterized in this way do not necessarily involve 
electromagnetic radiation. This applies only in the case of single-quantum coherences. 



terms addressing spin “A:” of an (n > l)-spin system 



r(0) 

r(+l) 



9 r(0) r(0) 

9 r(+l) 

9 r(~l) 

47f‘>7/^'»7») 

47f«7f‘)7(±‘) 

47f»7f'>7;f» 



longitudinal polarization of spin “/c”; all isochromats in -hz direction 
emissive single-quantum coherences of spin “/c”; all isochromats in-phase 
absorptive single-quantum coherences of spin “/c”; all isochromats in- 
phase 

terms addressing spins “/c”, “/” of an (n > 2) -spin system 



longitudinal order of spins “A:”, “/”; spin “A:” isochr. caused by spin “/” 
up/down are antiparallel and vice versa (-hz and — z dir.); all other isochr. 
are parallel 

emissive single-quantum coherences of spin “A:”; spin “A:” isochr. caused 
by spin “/” up/down are antiphase; spin “/c” isochr. due to all other spins 
are in-phase 

absorp. single-quantum coherences of spin spin isochromats 
caused by spin “/” up/down are antiphase; spin “A:” isochromats due to 
all other spins are in-phase 

“emissive” 2Q coherences of spins “A:”, “/”; all other spins are passive; 

2Q isochromats due to passive spins are in-phase 

“absorptive” 2Q coherences of spins “A:”, “/”; all other spins are passive; 
2Q isochromats due to passive spins are in-phase 

“emissive” or “absorptive” OQ coherences of spins “A:”, “/”; all other spins 
are passive; OQ isochromats due to passive spins are in-phase 

additional terms addressing spins “A:”, “/”, “m” of an (n > 3) -spin system 



em. or abs. single-quantum coherences of spin “/c”; spin isochr. caused 
by spin “/” up/down or spin up/down are antiphase; all other isochr. 
are in-phase 

“em.” or “abs.” 2Q coherences of spins “/c”, “/”; all other spins are passive; 
2Q isochr. caused by spin “m” up/down are antiphase; all other isochro- 
mats are in-phase 

“em.” or “abs.” OQ coherences of spins “/”; all other spins are passive; 
OQ isochr. caused by spin “m” up/down are antiphase; all other isochro- 
mats are in-phase 

“em.” or “abs.” 3Q coherences of spins “A:”, “/”, “m”; all other spins are 
passive; 3Q isochromats due to passive spins are in-phase 
em. or abs. 3-spin- IQ coherences of spins “A:”, “m”; all other spins 

are passive; 3-spin- IQ isochromats due to passive spins are in-phase 




Table 51.5. Evolution of the reduced density operator in terms of spherical product operators for spins 1/2 coupled by standard interactions. 

The coupling constant between spins k and /, Ckh can represent / or dipolar couplings constant with different numerical factors (see Eq. 51.24). The 
spherical spin operators are defined in Eqs. 42.70. a is the pulse flip angle (which is specified by a positive value irrespective of the pulse phase); v 
indicates the rotating frame direction of the RF field Bi; Qk = yjtAEjt is the resonance offset of spin k in the rotating frame (e.g., by chemical shift). 
The gyromagnetic ratios and y are assumed to be positive. 
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multiple-quantum coherence is represented by a separate term in contrast to the 
Cartesian basis where the corresponding terms refer to superimposed orders of 
multiple-quantum coherences. Moreover, the terms for ‘‘emissive” and “absorptive” 
transitions are distinguished. A series of typical product operator terms arising in 
treatments of the evolution of the reduced density operator of spin 1/2 systems is 
listed in Table 51.4. 

The initial reduced density operator of an N-spin system is given by Eq. 51.25 
again, which now reads 

N 

ao = '^C ( 51 . 30 ) 

m=l 

The rules for the evolution of cjo in the course of a segmented treatment of a 
pulse sequence can easily be derived from those for a Cartesian basis (Table 51.3) 
by substituting the Cartesian components according to Eqs. 42.71. The results are 
listed in Table 51.5. 

As concerns the interactions of spins, the same range of applicability as outlined 
in Sect. 51.4 applies. The rules are again given for the standard I^zhz type of spin- 
spin interaction (see Eq. 51.24), which now should be spelt interaction.” 

Strong coupling of inequivalent nuclei was treated on a spherical basis in [220]. 

The inspection of the rules in Table 51.5 shows that the order of multiple- 
quantum coherences obviously can only be changed by RF pulses, whereas in the 
free-evolution intervals the coherence level is conserved. It is also clear that the 
evolution of multiple-quantum coherences is not affected by couplings among the 
spins actively participating in these coherences. Merely passive spins within the 
spin system can influence the evolution. 




CHAPTER 52 



Spin Operators for / = 1 Quadrupole Nuclei 



The most frequent NMR application to nuclei with quadrupole interaction refers to 
deuterons (7 = 1) in the high-field case. The situation is particularly simple if the 
electric field gradient is axially symmetric (asymmetry parameter q = 0) and if 
the quadrupole interaction is the dominating coupling. We restrict ourselves to this 
standard situation. A further assumption is that chemical- shift and susceptibility 
offsets are negligible, so that the RF can be assumed to be resonant. 

The principle of the treatment of coherence evolution is to expand the density 
operator, as shown previously (Eq. 51.1), in terms of a suitable operator basis set. 
The basis operators are chosen in a way that the propagators under the action of the 
relevant Hamiltonians can be applied conveniently. Different basis sets have been 
suggested in the literature. This includes the fictitious spin 1/2 operators [496], 
single-transition operators [522], and irreducible spherical tensor operators [56, 
170, 466].^ 

The basis set to be described in the following [20, 48, 495] is closely related 
to the product operator formalisms of the previous chapter. Although the physical 
meaning of the operators cannot be expressed in such simple terms as with the 
product operators, it can be elucidated and rationalized in a certain analogy. For- 
mally speaking the basis operators are linear combinations of product operators so 
that they become Hermitian and represent observables in principle. 

A complete basis set consists of (27 -h 1)^ operators Oj, i.e., in the present case 9 
operators including the unity operator. All Hamiltonians determining the evolution 
of the coherences must be expressed in terms of these operators. Moreover, the 
basis operators must be orthogonal so that they satisfy 



TviOjOk) a 6jk 

A suitable basis set is 



e>o 


= £ 


Oi 


= Ix 


e >2 


= h 


03 


= Iz 


04 


= 7^ — - 

3 


Os 


— hh + 


a 


— lylx “F 

= p 


O7 


— ^y^z 



(52.1) 



(52.2) 



^The latter formalism was also extended to spins 3/2, 2, and 5/2 [57]. 
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With this complete set of operators one can generally express the reduced density 
operator as a linear combination 



7=0 



(52.3) 



The Hamiltonians of interest are also related to these basis operators. That is the 
secular part of the high-field quadrupole interaction Hamiltonian (Table 46.4 on 
page 424), 



Uq = hcoq 



It - 



hcOa 



^ 3 



: hoOqOi 



the rotating frame RF Hamiltonians (Eq. 48.95), 

= —hcoilv 



= —hoOqOj 



(v = x,y) 
()■= 1,2) 



(52.4) 



(52.5) 



and the rotating-frame frequency offset Hamiltonian, 

n'o = -hQh = -hcOqOi (52.6) 

where coq = 3e^qQ(3 cos^ & — l)/[87(2/ — 1)] = 3c^qQ(3cos^ & — l)/8. 

The physical meaning of the basis operators can be visualized by considering 
their matrix representation (compare Sect. 51.3 and Eq. 42.49). For example, the 
operators Oi and O 2 represent single-quantum coherences. 



and 



o = Oi=I^ = 



a = 02 = Iv 




(52.7) 



(52.8) 



Double-quantum coherences are described by 
O = 0^ = lylx + hly = 




and 



o = On = ll-ll 




(52.9) 



(52.10) 



Finally, the formal representation of quadrupolar order is 



(7 = 04 




(52.11) 
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The evolution of the reduced density operator in a time t under the action of the 
constant Hamiltonian H is described by the propagator expression (see Eq. 47.33) 



o{t) 






a{0)e 



mm 



(52.12) 



Since the Hamiltonians can also be expressed by the basis operators, we are con- 
fronted with the evaluation of propagator expressions of the type 



Generalizing Eqs. 48.44 and 48.45 to operators of our basis set gives 

d(p ^ 



dp 



= e-‘vOj 



[Oj,[Ok,Oj]m 



(52.13) 

(52.14) 

(52.15) 



The operators of the above basis set are selected to fulfill the cyclic permutation 
relations 

[OjyOk] = iaOi and = iaOk (52.16) 

where Oi is a basis operator or a linear combination of basis operators. The quantity 
fl is a numerical constant. The second derivative can then be rewritten as 



^ = -f 

df2 u c j 

in analogy to Eq. 48.46. The solution of this linear differential equation is 

d/I 



/(<P) = /(O) cos(fl^) + 



d(p 



sin(a^) 



^=0 



That is 



e = OkCos(a(p) Oisin{a(p) 

_ Oj^cos(a(p) — Oisin(a(p) 



where 



Oi = ^[Oj.O,] 
la ^ 



(52.17) 

(52.18) 

(52.19) 

(52.20) 

(52.21) 



Thus, knowing the commutators of the basis operators (or of linear combinations of 
them) permits one to calculate the propagator sandwich expression of any operator 
pair. The quantities entering into these expressions, i.e., the constants a and the 
operators O/, are implicitly listed in Table 52.1 in context with the commutators of 
the basis operators. 
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Table 52.1. Commutators of the basis operators for quadrupole nuclei. In the derivation of these 
expressions, Eq. 44.5 was employed in particular. 



[0u02] 


= 


[Ix,Iy] - Hz 


— 


iO, 


lOi,Os] 


= 




= 


-i02 


I0i,04] 








-iOj 


lOi,Os] 




[Ixylxh + h^x] = —Khly + lyh) 


= 


-iOe 




= 


Uxy^y^x ^x^y] — K^x^z ^z^x) 


= 


iOs 


lOuOj] 


= 


[I^,hly + Iyl,]=2i{ll-Il) 


= 


z(304 + O^) 


lOuOs] 


= 


[h,ll-ll\ = -i{Iyl,+IJy) 


= 


-iOy 


[ 02 , 03 ] 


== 


[lyyiz] — ^^x 




io. 


[ 02 , 04 ] 




[ly,I^ -2/3] = i(IJ,+IJ,) 


= 


iO, 


[02,Os] 


= 


[lyjxlz+lzlx] = -2i{ll-ll) 


= 


-2(304 - Os) 


[02,Os] 


= 


[ly,Iyh + hly] = -i{lyh + Uy) 




-iOj 


[ 02 , 07 ] 




Uyy^z^y H“ ly^z] — ^i^x^y H“ ly^x) 




iOe 


[02,0«] 




[Iy,li-ll] = -i{IzIx+Uz) 




-iOs 


[ 03 , 04 ] 




UzJl - 2/3] 


= 


0 


[ 03 , 05 ] 


= 


[Hz^^x^z + ^z/jc] = i(Iyh + Iz^y) 


= 


iOj 


[03,06] 


= 


[l„lyl^+ljy]=-2i{ll-lj) 


= 


-2iOs 


[ 03 , 07 ] 


= 


\Jz->^z^y "t~ ^y^z] — H^z^x ”1" ^x^z] 


= 


-iOs 


[03,0g] 


= 


[h,ll-ll]=^2i{IJy+IyI^) 


= 


2iOe 


[ 04 , 05 ] 


= 


[ll-2/3,I,I,+IjA ^‘=\ly 


= 


202 


[04,06] 




[I^,-2/3,IyI, + I,Iy] 






[ 04 , 07 ] 




Ul- 2/3, IJy+Iyk] 




-20, 


[04,0«] 
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[l\-2/3,ll-l]] 






[05,06] 




[IJ, + Izlx> lylx + Ixly] -Hx 
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-fO, 


[ 05 , 07 ] 




[IxIz + IzIxJzIy + IyIz]^'=^ Hz 


= 


iOi 


[05,0s] 


r= 


[hh+IJ„ll-l]] ^'=Uly 


= 


i02 


[06,07] 
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[lylx + Ixlyi Izly + lyh] ^ ^ ~Hy 
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[06, Os] 
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